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From the zero-field metal-insulator transition in two dimensions to the quantum Hall transition:
A percolation-effective-medium theory
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Effective-medium theory is applied to the percolation description of the metal-insulator transition in two
dimensions with emphasis on the continuous connection between the zero-magnetic-field transition and the
guantum Hall transition. In this model, the system consists of puddles connected via saddle points, and there
is loss of quantum coherence inside the puddles. The effective conductance of the network is calculated using
appropriate integration over the distribution of conductances, leading to a determination of the magnetic-field
dependence of the critical density. Excellent quantitative agreement is obtained with the experimental data,
which allows an estimate of the puddle physical parameters.
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Extensive experimental and theoretical effort has been inrandom QPC energies. Effective-medium theory for such
vested in an attempt to understand and characterize the oteandom resistor network was developed many years*ago,
servation of metallic-like behavior in two dimensioh@ne  and it agrees with exact solution of this network on an infi-
of the intriguing experimental findingss that this zero- nite lattice (Cayley tre¢. The resulting equation for the ef-
magnetic-field “transition” is continuously connected with fective conductance of the total network is given by
the integer quantum Hall transition. In previous G-0o
publications® | presented a simple noninteracting electron o:f dG f(G) =————, )
model, combining local quantum transport and global classi- G+(z=2)o
cal percolation, which treated the zero-field transition and thevhere f(G) is the distribution function of the conductances
guantum Hall transition on the same footing. Numerical cal-in the network andz is the coordination number of the lat-
culations showed behavior qualitatively similar to that ob-tice.
served experimentally. In the present paper, | present an ana- In the present case, the conductance through a point con-
lytic approach, based on the effective-medium theory oftact, given by Eq(1), depends on the threshold energy of the
percolatior, that allows quantitative comparison with the quantum point contact and the chemical potential in the
experiment. This comparison also allows a determination opuddles that are connected by it. At zero temperature, it re-
physical properties of the underlying electronic state. Theduces t0G(u,T=0)=2e’/hXO(u—¢), where O(x) is
implications on transport in the quantum Hall regime due tothe Heaviside step functlon. For an a(bltrary dlstnbuthn of
this continuous connection to the zero-field transition are disthe threshold energieis,(ec), the equation for the effective
cussed and shown to be in agreement with experimental ofPnductance of the network reads
servations in the quantum Hall regime. 1-o

The model is based on two assumptiof@:the potential 0=I fmﬂl—lf)m, 3
fluctuations due to the disorder define density puddles, con-
nected via saddle points, or quantum point conté@BCs,  with |;=[*_fy(e.)de.. Solving for o, one finds
and (b) the electron wave function totally dephases in the
puddles, i.e., the time the particle spends in the puddle is o(p)= 00X (n= o), )
larger that the dephasing time. Each saddle point is charaevith oy and u. the nonuniversal prefactdof the order of
terized by its critical energy,, such that the transmission e?/h) and the critical point, respectively, which depend on
through it is given byT(e) =0 (e— €;), where quantum tun- the distribution function and the lattice. The conductance
neling has been neglected. Thus the conductance througianishes below the critical chemical potent{density .
each QPC is given by the Landauer formula, and grows linearly above it. The mean-field critical conduc-

tance exponent was found to be uflitgompared to=1.3 in

— O

2¢? dfep(€) two dimensiony
G, T)= h de| — Je T(e) In the presence of a finite perpendicular magnetic fizld
the situation becomes more complicated. Landau levels form
2e? 1 in the puddlegsee inset to Fig.)] and the chemical potential
~ T - : @ in each puddie oscill ith ic field, as it is stuck i
h 1+exd (e.—u)/KT] in each puddle oscillates with magnetic field, as it is stuck in

the highest occupied Landau level in the puddle. If the
whereu is the chemical potential anigp is the Fermi-Dirac  puddle potential is modeled by a parabolic well, character-
distribution function. ized by its depth,eq, and by its confining energyh wg
The system is now composed of classical resistors, wher@vhich also defines its characteristic Sizénen the chemical
the resistance of each one of them is given by @g. with potential is given by
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FIG. 1. The magnetic-field dependence of the chemical potential . .FlG' 2. C_Zomparlson of_th_e experlmental daﬁ‘?f' 2 for the
in two different puddles. The chemical potential is stuck to thecrmcal density to the prediction of eﬁec‘uve-mgdmm theory. The
topmost occupied Landau level, which leads to the observed OSCiEx_ceII_ent agreement between_ thec.)ry.and_ experiment allows a deter-
lations. The two puddles differ only in their depth. Inset: the param-mInatlon of the puddie potential distributidsee text Note that if

L ) - . the magnetic field is changed for a fixed dendigyg., n=1.15
eters characterizing a puddle and a neighboring point contact. % 10% along the broken link there will be a finite region of mag-

netic fields where conductance, in the zero-temperature limit, will
be nonzero, in contradiction with the quantum-phase-transition de-
' scription of the quantum Hall effect.

Mo— ha)olz_ €p

(o, €9,00,B)=€gthiw/l2+hw P

wherefs0 and fw0 are the distribution functions of the re-

where[  ];; denotes the integer pa= \/w02+ wc2/4, and spective puddle parameters. In the following, these were as-
w,(B) is the cyclotron energy. The parametgyis the zero- sumed to be uniform distributions around characteristic en-
field chemical potentialdensity. For large field the chemi- ergy scalessy and wq, respectively, with respective widths
cal potential ise;+7 w/2, the energy of the lowest Landau Aey andAwg. The energy of the lowest Landau levily/2,
level. As magnetic field is reduced, there will be a first jumpwas subtracted, as it does not contribute to the kinetic energy
in the chemical potential fop—#% wy/2— ep=%w, which  of the electrongor holes.®

defines the filling factow=1. In Fig. 1, a typical magnetic- The magnetic-field dependence of the critical density
field dependence of the chemical potential in two puddles igto(B) is now determined by the relation

depicted. The two puddles differ only in the valueegf the
depth of the potential.

Transport through a single QPC in perpendicular field has
been studied experimentally in detdiln accordance with For large fields ¢<1), the chemical potential in each
the above picture, one finds that the critical gate voltagg,yqdie varies linearly with magnetic fieldee Fig. 1 Thus
(density oscillates with magnetic field due to the depopula-it js clear that the averaged chemical potential will also vary
tion of Landau levels. o linearly with field at large fields. As the field is reduced,

The system consists of many puddles, each having its oWhere will be a discontinuous jump in the chemical potential
characteristic physical parameters. Consequently, the integrgf each puddle at its respective integer filling factors. One
over the distribution of the conductances in E2), which  might expect that after averaging, only the largest jump, at
depends on the distribution of the local puddle parameters— 1 may survive, and will be replaced by a smooth rapid
through the local chemical potential( o, €0, o,B), hasto  increase. This has indeed been seen experimefit&iyure
appropriately performed. Then E() turns into 2 depicts the experimental data, compared to the predictions

of the effective-medium theory, Eq&) and(7). The param-
(B, o) = 0oX [ 1 o,B) — mel, etersey and w, determine the value of the magnetic field
where the rapid increase in the critical density occurs
with (around v=1) and the saturation value at zero magnetic
field. The width of the puddle potential distributichiw
_ determines the rate of increase of the critical density mear
M(Mo,B):f degf e ( Eé)J dwof,,(wg) =1. The excellent agreement between the experimental data
and theory is evident, and allows a determination of the
X[ (o, €9,00,B)—hwl2], (6)  physical characteristics of the puddle distribution. One finds

w(po,B)=pe. @)

073108-2



BRIEF REPORTS PHYSICAL REVIEW B 63 073108

that the typical confining energy in the puddle is 0.25 meV density (arbitrary units)
(with about 10% dispersionleading to a typical puddle size 5 10 15
of 100 nm, for the parabolic confining potential assumed * *
above. Depending on the particular shape of the confining 15
potential in the dot, the size of the puddle may be larger
(e.g., about a factor of 2 larger for the hard-wall potential
The experimentally demonstrated connection between the
guantum Hall transition and the zero-field transition indicates
that both stem from the same physical process. The fact tha
the quantum Hall transition, at least in these systems, islg 1 E
driven by percolative behavior and cannot be described by £ .
the usual theory of quantum phase transition is demonstrate: §
by the fact that the experimental data in Fig. 2 show thatas § 1
the magnetic field changes a fixed for density(e.g., n
=1.15x 10 along the broken line in the figurethere is a .
finite (and substantialrange in magnetic fields, where the N D NN
zero-temperature limit of the conductance remains nonzero . O
This is in contradiction with the usual theory of quantum 0.4 0.5 0.6 0.
phase transition that predicts, at zero temperature, a singl filling factor
point where transport is dissipative. Such data have already . .
been reported in the pagand the density and temperature | FIG. 3. _The exponential dependence of.the resistance or_l den-
dependence of the longitudinal resistance was well describe: experiment(Ref. 7) vs theory (at zero field. The magnetic
by the relationp,(n, T) = p,exg (n—n)/(aT+B)], wheren, fleld_, according to Ehe theory, on!y shifts the tran_sn'l'o_n. As pointed
is the critical density ang,, «, and 8 are some constants °Ut " Ref- 3, the “temperature-independent point” in the model
. L2 has nothing to do with the critical point, which, in this casenis
(note the finite resistivity when extrapolated to zero tempera

. . ) =1.05, way off the scale. Thus one may speculate that the entire
ture). This behavior looks remarkably like the one reportedregion depicted in the figure is on the metallic side, which might

for the zero-field transitiof, p(n,T)=po+piexd(n explain why the Hall resistance remains quantized, as the density

—ng)/(aT)]. In order to check this functional dependence, thegrosses this “temperature-independent poiffRef. 16.
effective-medium equatio(2) was solved for finite tempera-

tures, where a uniform distribution of critical energisvas _
assumed for simplicity. The resulting effective resistance iflu@ntum coherent Hall insulator. It should be noted, though,
depicted in Fig. 3, and compared to the experimental obsethat as pointed out in Ref. 3, the identification of the
vation in the quantum Hall regimeSimilar to the experi- temperature-independent point” with the critical point is
mental data, the theory shows that there is a wide range iﬂUQStiOﬂab'e, and within the model it lies well within the
temperaturéa high-temperature regime in the theowhere  metallic phase. In this picture, the fact that the Hall conduc-
the effective resistance displays exponential temperaturince remains quantized through the “transition” is a trivial
dependenc@. issue, as this point is not the true transition point to the
The fact that the quantum Hall transition, at least in soménsulator. For the parameters corresponding to the curves de-
of the reported observations, stems from the same mechaicted in Fig. 3, the critical point occurs at=1.05. Thus
nism that leads to the metallic behavior in zero magnetione may speculate that all the points in the figure lie in the
field is further supported by the fact that the reported currentmetallic phase, and no change in the quantized Hall resis-
voltage duality across the quantum Hall transitfowas also  tance is expected.
reported for the zero-field transitidf The relevance of per-  To conclude, the excellent agreement with the experimen-
colation to the quantum Hall transition has already been esg| data, in addition to previously demonstrated quantitative
tablished experimentall, where it was shown that the tran- 54reement with temperature and parallel magnetic field data,
sition occurs when the metallic phase percolates through the™, frther validation of the relevance of the theory to the
system, and not at a fpged filling fa}ctor, as expec"[ed from th‘?jescription of this phenomenon. The theory further predicts
ggg%ﬂgf&gggigﬁ?ﬂ|kseiear;alr?l’?/;/hé)naglrtiﬁ[;riggvtieeg?sl?n%at when the conductance is measured in a mesoscopic
agreement with the quantum Yohase transition scenario t lece of the syste_m, the conduqtance W!” show abrupt
anges, as a function of the density, as point contacts open

mixing with higher Landau levels. with increasing density. Such mesoscopic jumps in the con-

' .The relevgnce of the underlying puddle str.ucture and th%uctance in the quantum Hall regime have indeed been re-
finite dephasing rate to these observations in the quanturgently observed’

Hall regime has already been pointed out and elaborate
upon by Shimshoni and co-workefs Also, Pryadko and The author would like to thank D. Shahar and his group

Auerbach have claimédthat the finite quantized value of for valuable discussions and for making their data available
the Hall conductance reported in the insulating redfhean  to him. This work was supported by the Israel Science

only be explained when finite dephasing is taken into ac+oundation—Centers of Excellence Program and by the Ger-
count, and the Hall resistance should be infinite in a trulyman Ministry of Science.
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