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Abstract
In this thesis we mainly study two aspects of the weak gravity conjecture (WGC). First, we look at an indirect argument in favor of the
WGC based on holographic entropy bounds. We make the existing
proposals more precise and relate them to recent work on communication bounds. In the second part, we explain the connection between
the WGC and the phenomenon of emergence. Here, we make a precise
toy-model calculation and discuss similar observations in String Theory. Most of the relevant formalism and concepts are provided either
in the main part of the thesis or in the appendix, hence the > 100
pages.
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1
1.1

Introduction
Summary and Outline

In this thesis we discuss aspects of the weak gravity conjecture. We study
direct and indirect arguments and explain the context around them in some
detail. We begin with a general introduction to the topic and a brief summary
of the relevant concepts, arguments and results in this thesis. Some things,
that the author of this thesis found particularly interesting or worth typing
up, can be found in the appendix.
1.1.1

Part I

Summary In part I, we study a possible indirect argument for the weak
gravity conjecture. The argument we consider was first mentioned by Banks
et al. in [1] (2006) and was more recently further elaborated on by Saraswat
in [2] (2017). They point out, that a finite gauge coupling is necessary in
order to measure the charge of an object. A gauge symmetry with vanishing
coupling constant is essentially a global symmetry, which is believed to be
inconsistent with quantum gravity. They argue that in addition to being nonzero, the gauge coupling should also be bounded from below by some finite
value due to general bounds on the resolution of detectors. If the gauge
coupling passes this lower bound, any observer would have a fundamental
ignorance regarding the exact value of the charge. The authors claim that
one should associate to this an additional entropy that goes like log g1 . This
entropy grows and diverges in the limit g → 0. Below some value of g this
entropy would violate holographic entropy bounds. They propose that there
should be lower bound on g for that reason. A lower bound on g could be
similar in nature to the WGC. An optimist may even hope to recover the
WGC with these kinds of arguments. In fact, people like Saraswat argue
that this approach may be more adequate for ruling out certain EFTs as
inconsistent with quantum gravity. They distinguish between bottom up
and top down approaches. Most of the evidence for the WGC comes from
exploring existing QG candidates (in particular String Theory) and deriving
from them constraints on EFTs. This is a top-down approach. Saraswat and
others find it questionable, whether one can truly rule out EFTs in this way,
that is, by saying that because an EFT is inconsistent with String Theory
it is inconsistent with the fundamental theory of nature (which so far String
Theory is not). Instead they suggest a bottom-up approach; that is, use
what we believe to be fundamental principles of nature and see which kinds
of statements about EFTs one can derive from that.
5

Outline In the first part of this thesis we will be interested in a bottom-up
type approach. So rather than enlarging circumstantial evidence of the topdown kind (e.g. by testing the WGC in particular models of string theory)
our starting point will be a widely accepted property of a UV complete
fundamental theory: the holographic principle. We rederive the conjectures
summarized above in a more rigorous manner and make a connection to
recent work on fundamental bounds on detector resolution in the context of
charge measurement ([3], [4] (Bousso et al., 2017). In section 2 we start by
setting the scene and explaining the arguments by Banks, Saraswat et al.
for why there should be a lower bound on the gauge coupling g. In section
3 we attempt to make their statements more precise and rederive the log g1
dependence of the entropy associated with measuring charge. In section 4
we give a more or less self-contained review of holographic entropy bounds
and discuss the two papers on universal bounds on measurement in section
5. In section 6, we apply the results of the previous sections to the original
problem and discuss the connection between bounds on measurement and
the weak gravity conjecture.
Results First, we find that the entropy associated with an unknown charge
distribution, where only the expectation value and the variance hQ2 i are
known, is
S ∼ log Q2 + log

1
δtg 2

Bounds on measurement [4] provide an upper bound on the variance
r2
δt2
Putting the two statements together, we find, rather surprisingly, that the g
dependence of the entropy cancels entirely due to a bound on measurement.
And we are left with
Q2 ≤ g 2

r2
S ∼ log 3
δt
While it looks like we cannot derive the WGC from requiring that this entropy
be bounded, we notice that both our ability to measure charge (via scattering
experiments) as well as the quantum noise that prevents us from making
precise measurements grow with g. In order to measure the charge of an
object arbitrarily precise, one could just make the charge very big in the
limit g → 0. This would keep the variance fixed or even decrease it, thus
improving the accuracy. However, the bound on measurement is only valid
6

in the regime where the distance from the charged object is large compared
to the object. Increasing the charge of the object, means throwing in more
stuff. Eventually, the distribution will collapse to a black hole whose radius
will start growing proportional to the mass. So eventually, the entropy will
grow indirectly as a function of g because one has to increase r in order to
keep the variance fixed because more and more charged matter has to be
added. So, what we find is an indirect dependence of the entropy on the
gauge coupling through the radius of the distribution after it collapses to a
black hole for fixed variance. This growth in entropy is harmless in the view
of holographic entropy bounds because it grows as log r2 while holographic
entropy is proportional to r2 . If we don’t want the entropy to grow faster
than that we could require that every time we add to the p
black hole a particle
with mass m and charge gq, the change in fluctuations ∆ hQ2 i don’t exceed
the change in charge itself (∆Q = gq). Together with the simple-minded
observation that the measuring time δt is bounded from below by the Planck
time tp ∼ m1p we arrive at the statements
m
≤q
mp
which seems to be similar to the electric version of the WGC.
1.1.2

Part II

Summary In the second part, we look at a direct argument for the weak
gravity conjecture inspired by [5] (Harlow , 2016). The original inspiration
came from considering the factorization problem in AdS/CFT, which arises
when looking for a complete dictionary of gauge invariant operators between
the bulk theory and the boundary CFTs in AdS2 /CF T1 . There exists an IR
bulk operator (a Wilson line that extends all the way through the bulk, going
from one side of the AdS boundary to the other) that cannot be decomposed
into two separately gauge invariant boundary operators without introducing
charged states and a premature UV cutoff in the bulk. Factorization problem
can be solved by introducing charged states that are light in cutoff units, cut
the Wilson line in half and let the two parts end on those charges. One
can then bring the charges so close together that a low-energy bulk observer
cannot resolve the distances (which corresponds to the mass of the particles).
In other words, she cannot distinguish between a genuine Wilson line and
one that is cut in the middle. Only after probing the bulk at energies above
the mass of the charges she will notice that God has cheated her and the
gauge field she thought was fundamental is really emergent from fine-grained
degrees of freedom. More precisely, we explain the phenomenon of emergence
7

as a result of integrating out massive modes above a certain energy scale. It
turns out that effective charges emerging in this way naturally obey the weak
gravity conjecture in various setting - we discuss one setting in detail and
mention another one briefly. The setting we discuss in detail is the CP(N-1)
model, where a dynamical U(1) gauge field emerges in the IR. We briefly
comment on similar situation in String Theory and the possibility of scalar
fields emerging in a similar way.
Outline In section 7, we give a general introduction to effective field theory
as far as useful for our purposes. In section 8, we calculate in detail the oneloop propagator of scalar QED; We will be using the result later on, when
we look at the low energy effective theory of the CP(N-1) model, which we
derive in section 9 and 10. In section 11 we interpret the results obtained
in section 8-10 and explain in what sense on can speak of emergence in
this case. Finally, in section 12, we briefly discuss a similar observation in
String Theory and explain the factorization problem, which was the original
motivation for Harlow’s paper.
Results The following results were not discovered by the author of this
thesis. Some of them can be found in common literature others in recent
papers. Here, we summarize the main results for the sake of a brief summary
of part II. In scalar QED the vacuum polarization diagrams yield the running
of the gauge coupling in the sense of an RG flow. It is given by
1
1
Λ
1
= 2
+
log
2
2
e sQED e (Λ) 12π
m
In the low energy effective theory of the CP(N-1) model, we find an emergent gauge field under which the scalar fields are effectively charged. The
effective gauge coupling corresponds precisely to the amount by which the
fundamental gauge coupling in scalar QED runs
1
N
Λ
=
log √
2
2
e CP(N) 12π
σ0

√
where σ0 is the mass of the scalars. Thus, we find that two theories that
look very different in the UV look the same in the IR. One can argue that
scalar QED is an emergent gauge theory in the sense that it looks the same
as a different theory without a fundamental gauge field after integrating out
massive modes. A similar observation was made in [6] where a gauge kinetic
function emerges from integrating out an infinite tower of states
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In both cases, some version of the WGC is naturally obeyed.

1.2

The Weak Gravity Conjecture

Effective field theories (EFTs) are successful at describing our world at low
energies. However, they have cutoff scales beyond which they lose predictive power and probably physical meaning. With only an EFT at hand, we
remain largely ignorant to nature in the ultraviolet (UV), where quantum
gravity effects supposedly become important. It is generally believed that
certain low-energy EFTs cannot emerge from a UV complete theory. One
distinguishes between a swampland (theories that are not IR limits of UV
complete theories) and a landscape (theories that emerge from a UV complete theory at low energies). In this context, the Weak Gravity Conjecture
(WGC) is a generic statement about the kinds of EFTs that can emerge from
a UV complete theory. It can be thought of as a constraint on low energy
EFTs coming from quantum gravity (in particular String Theory) and semiclassical arguments involving black holes. There are several versions of the
WGC that vary both in strength and evidence. Despite that evidence, the
WGC remains a conjecture - a general proof is missing although some controversial claims have been made. A large part of the evidence comes from
the absence of counter examples in String Theory. The conjecture was first
formulated by [7] (AMNV, 2007) can be stated in the following way:
In a world with general relativity (GR) in a 3+1 dimensional asymptotically flat space-time coupled to a U (1) gauge field with gauge coupling g there
must exist charged states. Furthermore, the authors claim that some of these
states cannot be too heavy (in cutoff units). More precisely, consider a state
with mass m and charge q ≡ gnqf , where qf is the fundamental charge and
n is an integer accounting for charge quantization. The conjecture is that, in
the setting described above, there has to exist a state (particle) whose mass
m is smaller than its charge q in Planck units. This is called the electric
WGC. Recently, [8] (Palti, 2017) proposed a generalization of the WGC in
the presence of scalar fields. In other words, the electric WGC is a general
upper bound on the strength of gravity relative to gauge forces in quantum
gravity. It can be written as follows:
m ≤ q · mp
9

(1)

This means, that gravity is always the weakest force among all the forces. The
same authors made another, similar claim known as the magnetic WGC. It
says, that there should exists a premature (before Planck length) energy scale
Λ, where the low-energy EFT breaks down. The existence of this cutoff scale
is due to states that lie above Λ but below the quantum gravity cutoff mp ,
see Fig.(1). Usually, one of the reasons why EFTs (and therefore, in practice,
all of physics) work, is scale separation - the notion that high energy degrees
of freedom don’t talk to low energy ones. This is the reason why one can
formulate an EFT in the IR without precise knowledge of UV physics. An
effective field theorist would tell us that her effective gauge theory breaks
down at the Landau pole or, if the Landau pole lies above the Planck scale,
at the Planck scale. New physics below the cutoff scale of her theory would
come as a surprise. The magnetic WGC seems to be telling us something
different. It says that the EFT breaks down prematurely at an energy scale
q
(2)
Λ ∼ qmp ∼ √
G
regardless of how high up the Landau pole is. Fig.(1) represents this statement pictorially. The new physics required by the WGC does not necessarily
lead to an immediate breakdown of the EFT. It is more like a soft cutoff
where the new physics starts making qualitative corrections to the EFT. For
example, if the lightest particle (possibly in a tower of particles) of the new
physics has mass ml ∼ Λ one can still use the low energy EFT above the scale
set by Λ. But one would have to include quantum correction generated by
the new particles running in loops. Their running in loops affects things like
the RG-flow of coupling constants, whose values in the IR can be calculated
from integrating out those massive particles between Λ and mp . On the way,
the EFT may deviate increasingly from its IR behaviour.

10

Figure 1: The shaded region below Λ is where the EFT works well. Λ is the
premature cutoff suggested by the WGC where new physics starts. The new
physics is here represented as a tower of states that qualitatively changes the
EFT. In this picture the Landau pole (the naively expected EFT cutoff) is
above the Planck scale.
AMNV suggested that Eq.(1) can also be viewed as a lower bound on the
gauge coupling, which is a generalization of the statement that there are no
continuous global symmetries in a consistent theory of quantum gravity. This
is, in fact, one of the major arguments for the WGC, since it is generally believed that a theory of quantum gravity should have no global symmetries.
One reason is that global charges would result in an infinite tower of states
within an arbitrarily small energy interval δE (one can view the gauge coupling g as the spacing between different charged states. As g → 0 the spacing
goes to zero and the density of states becomes arbitrarily large for any arbitrarily small interval). If the light particle has fundamental charge q = gqf ,
a lower bound on g would take the form
m
(3)
qf m p
(usually when people write this, they set qf = 1). Considerable circumstantial evidence for the WGC comes from String Theory. Other arguments
come from black hole physics, where the WGC is necessary to prevent pathological situations, which include black holes with higher entropy than the
g≥

11

Beckenstein-Hawking entropy and very high entropy remnants that dominate
phase space and violate entropy bounds. These situations can be resolved
by requiring that extremal black holes should be able to decay, as shown
in Fig.(2). This roughly translate to the statement that there should exist
particles whose mass to charge ratio is smaller than that of an extremal black
= 1), so
hole (which has M
Q
m
≤1
q
which is equivalent to the electric WGC (here we set G = m12 = 1). This
p
requirement allows complete kinematic decay of any (up to extremal) black
hole to a Planck size remnant with no charge.

Figure 2: This figure depicts the kinematic decay of an extremal black hole.
A kinematic decay can only happen from top right to bottom left. Allowed
black holes can be found on and below the dashed line (this restriction is a
consequence of cosmic censorship). In order for an extremal BH to decay,
there must be a charged particle with m < q as shown above the graph.
Black holes must decay For completeness, we will now go through the
above black hole argument in detail:
The solution of a charged black hole is given by the Reissner-Nordström (RN)
metric
ds2 = −f (r)dt2 + f (r)−1 dr2 + r2 dΩ2
Q2

(4)

where f (r) = 1 − 2M
+ r2 is the gravitational redshift factor (we use units
r
where c = ~ = G = 1). RN BHs have two horizons at

12

r± = M ±

p
M 2 − Q2

(5)

The radii are only real (and therefore the solution only physically meaningful)
if M ≥ Q. Complex radii yield naked singularities which are forbidden by
cosmic censorship. Here, we have set G = 1. If we carry it along the bound
becomes
Q
(6)
M≥√
G
This is called the extremality bound. It is saturated by extremal black holes
(in fact, extremal BHs are ‘extremal’ in that sense) and defines the space of
allowed black holes (consistent with cosmic censorship). Let’s start off with
a black hole that satisfies the extremality bound (not necessarily saturates
it). Over time, it will radiate away its mass and eventually begin to radiate
its charge. This can be understood as a kinematic decay, i.e. minimizing
(free) energy or maximizing entropy while conserving total energy. Such a
decay can only happen from right to left in Fig.(2). If it radiates only mass
(this is usually the case in the beginning), it moves up towards the extremal
line. Lets assume it reaches it before it starts emitting charge. If we want
the black hole be able to decay further, there have to exist states that have
a smaller mass and at least the same charge to mass ratio. Simply from
energy and charge conservation we arrive at the requirement that our theory
needs to include a light particle with mass m and charge q that obeys
Mrest
m
≤
q
Q

(7)

In the extremal case we have Mrest = √QG . If we want even this black hole to
decay, the above equation requires that
q≥

m
mp

(8)

which is the electric WGC from Eq.(1).
The black hole based arguments in favor of the WGC are of the kind:
‘if the WGC is violated, we run into weird situations, hence it should be
obeyed!’. Of course, sometimes life is weird, so one has to do better in order
to make a more convincing case for the WGC. In the next few sections we
will try to do better and study some of the more recent and possibly more
robust arguments for the WGC.
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Part I

WGC from Holographic
Entropy Bounds
2
2.1

The Problem
Charged objects

Consider a theory with a dynamical U (1) gauge field coupled to matter.
The matter is charged under that gauge field. In the case where the matter
consists of fermions a general Lagrangian looks like
1
/ − m)ψ
(9)
L = − Fµν F µν + ψ̄(iD
4
/ := ∂µ + igAµ . g ∈ R is called the gauge coupling constant and can
with D
be interpreted as the strength with which the Aµ couples to the matter field.
Naively speaking, it determines the strength of the electric field for a given
charge distribution ρ := (ψ̄ψ). The total electric charge associated with a
distribution is a conserved quantity which is associated to a global phase
rotation symmetry of the Lagrangian above. In QFT, the electric charge is
quantized. A charge quantum is the fundamental or elementary charge qf .
The total charge of a distribution can thus be written as
Q = gnqf
where n is an integer that accounts for charge quantization. It is the number
of fundamental charges that contribute to the total charge of the distribution.
Note that neither g nor n nor qf are physical quantities. The only observable
is Q - this is what is usually referred to as the electric charge. In the case
where we have only one fundamental charge qf , g can just be absorbed into
qf . Distinguishing qf and g would be physically meaningless. In theories
where we have several fields, each charged under a different gauge field but
who couple to Aµ with the same strength g it makes sense to keep g around.
Now that we have our charge distribution set up we can discuss how to
measure its total electric charge.

2.2

Measuring Electric Charge

Measuring charges is done via scattering experiments. Successful scattering
experiments will require the charged matter fields to be coupled to a gauge
14

field with non-zero coupling g. The smaller g is the less scattering events occur in a fixed time interval ∆t. The fewer data we have, the more susceptible
to noise we will be. Measuring anything in the presence of noise limits the
accuracy of the measurement for finite time intervals - or, equivalently, for a
finite number of samples. Put slightly differently, the amount of information
that can be gained by communicating over a noisy channel is bounded. We
will study these bounds in more details in Section 5.
As a warm-up exercise, consider a charge distribution with charge Q = gnqf .
We consider the case where g is non-zero and known precisely. We live in a
world where quantum noise (vacuum fluctuations) is omnipresent. We perform a measurement for a finite time interval ∆t (for example, by putting
up detectors on a sphere around the distribution and integrating the electric
field over the surface of the sphere). Say, we are able to determine the charge
up to an uncertainty
∆Q = g∆nqf = 10.23
This uncertainty translates into a residual ignorance about the precise number of fundamental charges in the distribution - we know n up to ∆n. But
how big is ∆n? How many states are compatible with our ignorance? The
answer depends on g. For example, is g = 1 we find ∆n ∼ 10 (according to the above relation). Now let’s imagine we go to a different universe
where g ∼ 10−7 and measure the charge of the same distribution for a longer
time, such that we obtain the same uncertainty ∆Q. Since g is much smaller
this would mean that ∆n ∼ 108 . For fixed ∆Q the number micro configurations compatible with our measurement grows as ∆n ∼ g1 . g can be
thought of as the spacing between different microstates. ∆n is the number
of microstates that we cannot resolve and thus we can associate with it an
∼ log g1 . In the limit where g → 0 the entropy
entropy S = log ∆n = log ∆Q
gqf
of any charged object would seem to grow unbounded, which is bad for a
variety of reasons. But remember that we chose a finite time interval ∆t
despite the presence of noise. To remedy our problem, we could simply take
more time to do the measurement in order to decrease the uncertainty. So,
can we just take the limit ∆t → ∞ and g → 0 at the same time to ensure a
finite entropy? If, for some reason, the measuring time were bounded from
above this would imply a lower bound on g in order to keep the entropy of
charged objects finite i.e. bounded by some value. This bound may be similar in nature to the WGC. Before we do this, it is worth to motivate briefly
why we would want the entropy of a system to be finite.

15

2.3

Entropy bounds

There are good reasons to believe that nature has finite resolution and that
therefore, the number of independent degrees of freedom one can fit in any
finite volume of space-time should be bounded from above. We will now give
a brief summary of these bounds and study them in more detail in Section
4.
Let’s take our favorite distribution of massive, charged particles. As before, we can measure the charge up to ∆Q and associate with this residual
ignorance an entropy. Of course, the distribution can have more degrees of
freedom so the entropy associated with ∆Q is an additional entropy. Now
we collapse it to a black hole of total mass M = nm and total charge
Q = gnqf ≡ gq, where m is the mass of one fundamental particle. Classically, this black hole is characterized only by M and Q. What happens to
the entropy after the collapse? Naively speaking, nothing. We can still see
the total charge Q up to some ∆Q and M we can measure both before and
after the collapse. In other words, we were so ignorant to start with that collapsing the matter to a black hole hasn’t changed the amount of information
inaccessible to us. The difference, however, is that we have a black hole now.
Beckenstein [9] (1972) and Hawking [10] (1974) showed that the entropy of
a black hole is proportional to the area of its horizon. If we insist that black
hole formation be a unitary process (meaning that information is conserved)
the entropy of the distribution could not have exceeded the entropy of the
black hole at any point in time. This was conjectured and generalized by
Susskind [11] (1995), Bousso [12] (1999) and others. They worked out that
the entropy of any matter system is bounded at a fundamental level. Regardless of its microscopic structure, the entropy of matter inside a spatial region
with boundary B and surface area A[B] cannot exceed the entropy of a black
hole whose horizon area is A[B] (a more solid and general formulation can
be done in terms of light sheets and will be discussed later):
A[B]
(10)
4
This entropy bound puts a constraint on the number of compatible microstates of any system (whose logarithm is the entropy). This fundamentally
bounds the ignorance of any observer. Remember that the entropy in eq.(18)
was infinite and the entropy in eq.(19) grows with ∆n ∼ 1/g. Such fundamental bounds on entropy put a general limit on the information content of
systems. Thinking backwards from that it implies that what we don’t know
should be bounded by what there is to know. Our ignorance can never be larger
Smatter [B] ≤ SBH [B] =
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than the information available in nature, in particular it cannot be infinite.
The bound in Eq.(10) holds regardless of whether or not we have collapsed
the matter to a black hole. So, in attempt to answer the question as to what
happens to the entropy during the collapse: If we decide to ignore unitarity,
by collapsing the matter to a black hole, the entropy changes from whatever
, i.e. it can drastically decrease in this process (we do
it was before to ABH
4
not like this option because it violates the second law of thermodynamics).
If, on the other hand, we take the bound seriously the entropy of the matter
system will have been at most ABH all along despite our naive calculations.
The question is where one should cut the number of compatible microstates
such that they obey entropy bounds? The biggest problem seems to be related to not knowing Q to sufficient precision (if ∆n → ∞ then S → ∞).
So maybe this entropy bound tells us something about how well one should
be able to measure Q in principle. This can be restated as an upper bound
on ∆n and therefore a lower bound on g. This point has been raised and
briefly elaborated on in a number of papers. We will review these papers
to set the context of this part of the thesis. In section 3 and after we make
some statements more precise and discuss the connection between entropy
and communication bounds.

2.4

Black holes with global charge

Suppose that we are flying around in space and encounter what we believe
to be a black hole remnant. We don’t know anything about the black hole it
originated from nor about the matter state that proceeded the black hole. All
we know is the remnants mass (∼ mp ) and that matter systems in our universe are described by an effective theory like in eq.(9) with a gauge coupling
g. We are curious about the origin of the remnant so we do some measurements. Let’s assume that g is practically indistinguishable from zero at the
energy scale of our measurements. The remnants charge is then effectively a
global charge. Global charges are believed to be inconsistent with quantum
gravity. A global charge is essentially equivalent to the case where g = 0,
when there is no coupling between matter and the mediating gauge field. In
that case, scattering experiments yield no information and one could imagine an infinite tower of states inside any arbitrarily small interval ∆n. The
original black hole could have had any charge Q. Frustrated from how little
we can say about the remnants origin, we turn to a different question: We
want to know how much we don’t know. This question can be rephrased as
follows: What is the entropy of a remnant with mass mp and total unknown
charge Q?
This case was briefly discussed in a paper by Banks and Seiberg [13] (2011)
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and was the original motivation for the topic of this part of the thesis. They
argue that a black hole with global charge Q would surpass the Beckenstein), hence global charges should not be allowed.
Hawking entropy (S ∼ Area
4
Consider a black hole with global charge Q and mass M . Its origin can be
thought of as a multi particle representation of some global symmetry group
R ⊂ r ⊗ r ⊗ r ⊗ ... whose lightest particle is the irreducible representation
r with mass m. Hawking calculated that such a black hole will radiate its
mass until it becomes a remnant with mass ∼ mpl and radius ∼ lpl without
emitting any of its global charge. This remnant is stable because any other
representation with the same charge Q is heavier than the remnant i.e. it
cannot decay kinematically. We cannot measure the global charge of the
remnant, which means that it could have originated from any possible representation of the global symmetry group; which one, we do not know. We
quantify our ignorance about the origin of the remnant by summing up the
dimensions of all irreducible unitary representations of the symmetry group.
This quantity we call Σ and the entropy of the remnant is given by
S = log Σ
Since we cannot know anything about the original representation of the initial
state of the black hole whose remnant we are examining, Σ and therefore the
entropy are infinite. This violates the beforementioned entropy bound, which
requires that S be bounded by the area of the remnant:
4πlp2
Armnt
≈
= π(lp )2
Srmnt ≤
4
4
This can be understood as a bound on Σ, which equates to
2

Σ < eπ(lp )

2.5

(11)

Global Charge vs. Small Gauge Coupling

We will now go a step further and ask what happens when we switch on
the gauge coupling but let it go to arbitrarily small values. In [2], Saraswat
criticizes what he calls a top-down approach to constraining EFTs by looking
at QG candidates like string theory and making statements about consistent
vs. inconsistent EFTs. The most prominent version of the WGC eq.(1 - 3)
is supported by evidence from such top-down arguments. He argues that a
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bottom-up approach starting from holography would provide a more meaningful statement. He derives a somewhat weaker but similar statement to
the WGC. He considers a charged BH that obeys the extremality bound i.e.
it has charge |Q| ≤ M , mass M ∼ R and temperature T ∼ 1/R. Charge is
quantized and the black hole’s charge can anywhere between −M and M , as
shown in fig.(3).

Figure 3: allowed charges Q of a black hole with mass M obeying the extremality bound.
The number of different charged states the black hole is therefore N ∼ M
∼
∆
R
, where ∆ is the separation between charged states (it is essentially the
∆
gauge coupling). He assumes that all charged particles have a mass m much
larger than the temperature T of the black hole. The temperature of a black
hole is the amount of mass needed in order to change the entropy by one
bit. By assuming that m >> T we say that adding a new particle is clearly
distinguishable from adding no particle from an information theoretical perspective; we add & 1 degree of freedom to the black hole. If we don’t know
the charge of the black hole, only its range Q ∈ [−M, M ] we see an additional
R
. The total entropy of the
entropy associated with the charge, SQ ∼ log ∆
black hole is now its area (Beckenstein-Hawking entropy) plus SQ
Stot ≈

R2
R
+ log
2
lp
∆

(12)

The first term is consistent with entropy bounds. The second term, however,
can potentially dominate the entropy and diverge as the spacing ∆ → 0.
The regime when the second term becomes of order the first term is when
R
log ∆
∼ log ∆1 . In that regime we find that
1
R2
∼ log
2
lp
∆
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(13)

Saraswat now argues that in order to avoid gross violation of the entropy
bound we must introduce new physics to this setup at energy scales larger
than
mp
Λ∼ q
log ∆1
where Λ ∼ R1 is the energy scale associated with R and mp ∼
thought of as an effective gauge coupling g.

(14)
1
.
lp

∆ can be

In the remainder of part I we will make the above ideas more precise.
We start, in section 3, by studying the entropy associated with imperfect
measurement. We then derive a formula for the entropy of a system with
unknown probability distribution but known expectation value and variance
and reproduce the log g1 dependence as suggested by the papers discussed
above. In section 4, we study the origin and derivation of holographic entropy bounds and their relation to black hole thermodynamics. In section
5, we study the implications of those entropy bounds for the communication
between two systems. Communication and therefore measurement turn out
to be fundamentally limited (for finite time). We work out the implications
for the entropy associated with imperfect measurement and attempt to relate
this set of ideas to the WGC. We gain some intuition and point out open
questions for future work.

3

Entropy

In this section we derive Eq.(14) from the differential entropy of an unknown
probability distribution. We then review some holographic entropy bounds
(in particular the covariant entropy bound) and recently proposed bounds on
communication that limit the precision with which the charge of an object
can be measured. We are interested in the dependence of such bound on
the gauge coupling and the physical intuition behind it. We find, rather
surprisingly, that the log g1 term in the entropy cancels - the overall entropy
does not depend on g. However, it will depend on some time scale and
radius, which we may not be able to choose arbitrarily in order to obtain
perfect communication. We will investigate to what extend we can save the
idea that measuring the charge of an object cannot be done arbitrarily precise
for arbitrarily small gauge coupling, and thus the connection to the WGC.
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3.1

Measurement and Uncertainty

Let us review the classical notion of entropy. Consider a multi-particle state
in a theory with k-different fields, all of which are charged under the same
gauge field. The state has total charge Q. Suppose we can only measure
the total charge Q and nothing else. Even knowing Q precisely we remain
ignorant to the exact distribution n(i) (where i labels the different particles
in our theory). We can assign an entropy to our inability to make a more
precise statement. We have to count all micro configuration compatible with
the total charge Q. Given the total number of particles N of the state, our
ignorance about the precise configuration is


N!
(15)
SN = log Qk
n
!
i
i
(In the case where our theory has only one particle this entropy would of
N!
course be SN = log N
= 0). What happens if we don’t know N ? For
!
example, the state could consist of both negative and positive charges but
our measurement only knows about the total net charge. We would have to
sum overall N compatible with the total charge Q.


X
N!
log Qk
SQ =
(16)
n
!
i
i
N|Q
We would expect the number of compatible N to be finite and therefore the
entropy to be finite (as long as there is a finite number of different particles).
But we could be even more ignorant and not even know the total charge Q.
In that case the entropy would increase further as we would have to sum over
all possible Q compatible with...nothing. The entropy would be infinite in
every way.


XX
N!
S=
log Q
(17)
i ni !
Q N
|Q

Depending on what we know about the system there exists information at
the microscopic level that we do not see. The entropy is a measure of that
information; information hidden from an ignorant observer. Let’s return to
our multi-particle state with total charge Q. We try to measure Q but for
some reason we are able to measure it only up to some uncertainty ∆Q. The
question that arises is how are we supposed to deal with uncertainty in our
measurement when it comes to calculating the entropy. The less we know
the higher should be our entropy. Naively we would expect an entropy of
order log(∆Q) in addition to the entropy in Eq.(16):
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S=

X


log

N|Q

N!
Q
i ni !


+ log(∆Q)

(18)

We can interpret ∆Q as the number of micro configurations that live in an
interval between Q and Q + ∆Q. In Eq.(18) we sum over all N compatible
with total charge Q. If Q is not known precisely we need to sum over all Q0
between Q and Q + ∆Q like so:
Q+∆Q

S=

X X


log

Q0 =Q N|Q0

N!
Q
i ni !


(19)

But we have to be a bit more careful. Since we are talking about measurements, we should view ∆Q as a variance of an unknown probability distribution (possibly Gaussian), so in general there can still be values of Q0 outside
the interval [Q, Q + ∆Q] that contribute to the entropy. A better way of
characterizing our ignorance is in terms of a continuous probability distribution p(Q). This probability distribution exists for theories with only charged
field as for theories with several charged fields (like considered above). From
now on we will consider a theory with one charged field (k = 1). The distribution p(Q) reflects our inability to measure Q precisely (in which case
p(Q) = δ(Q)). With a given measuring apparatus, we will be able to determine the charge up to ∆Q → hQ2 i, which we call the variance of the
distribution p(Q). If Q is a global charge p(Q) becomes a uniform distribution and we expect to retain Eq.17 (where all charges contribute equally).
The entropy associated with p(Q) is
S(Q) = −

X

p(Q) log p(Q)

(20)

Q

In the following we are primarily interested in the variance of the charge
measurement and its relation to entropy. The entropy we will consider is
therefore the one in Eq.(20) or a continuous version of it.

3.2

Entropy of an Unknown Distribution

We can write the physical charge of an object like Q = gnqf , where qf is the
fundamental charge, n ∈ N the number of charged particles that constitutes
the object (n can be thought of as accounting for charge quantization) and
g can be thought of as the coupling strength between the U (1)-gauge field
and the matter field. The matter is then effectively charged under the U (1)
gauge field. Since in QFT, charge is nothing more than a conserved quantity
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associated to rotating the field by a global phase in the complex plane (only
the phase differences of π can be observed physically, that is, positive and
negative charges can be distinguished) we have the freedom to rescale q. In
particular, we can rescale it by varying the gauge coupling g. Now we try
to measure Q, but for some reason (e.g. finite resolution of detector) we
cannot measure it arbitrarily precise. We end up with
q an expectation value

µ = hQi = hni gqf and a standard deviation σ = hQ2 i − hQi2 . We can
interpret σ as the resolution of our detector, that is, we are able to determine
Q up to an interval µ ± σ as shown in Fig.(4). If both g and qf are fixed, we
find
σ = gqf ∆n

(21)

where ∆n is the range of distinct n that our detector cannot resolve. In
other words, ∆n is the number of distinct microstates compatible with our
coarse-grained observation and, as honest people, we assign it an entropy
S ∼ log ∆n. This is what the authors of [2] do.

Figure 4: Charge distribution of an object seen by an ignorant observer.
∆n ∼ σg can be thought of as the number of microstates associated with
variance σ. For fixed variance, ∆n ∼ g1 .
Suppose our resolution σ is fixed. Now we vary g for fixed qf . If σ is to stay
invariant then, according to Eq.(21), ∆n has to go up inversely proportional
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to g in order to compensate for the decrease in g. As g decreases we become
ignorant to larger and larger numbers of microstates ∆n as illustrated in
Fig.(5). Thus the entropy associated with ∆n goes like log g1 .
S ∼ log ∆n ∼ log

1
g

(22)

Figure 5: Here we compare to values of g at fixed variance σ.
If we require the entropy to be bounded by the boundary area of the charge
distribution in Planck units S . r2 /lp2 and make the associations lp ∼ m1p
and r ∼ Λ1 (where Λ is an energy scale associated with length r) we arrive at
a UV cutoff scale similar to but weaker than the WGC in Eq.(2).
mp
Λ. q
log g1

(23)

In the following we will motivate the log g1 behavior more rigorously and
look more closely at implications of holographic entropy bounds, which so
far, we have imposed rather naively. For simplicity let’s define q ≡ nqf such
that
Q = gq

(24)

where q and in particular ∆q (the difference between two different charges)
is integer valued. We consider again an object whose charge Q we do not
know precisely. But we can make probabilistic statements according to some
unknown distribution p(Q) whose expectation value µ and variance σ 2 we
do know. If n, the number of fundamental charges in our object is big, our
ignorance regarding the exact value of Q can be measured by the differential
entropy associated with p(Q).
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Z
S=−

Q∈R

dQ p(Q) log p(Q)

(25)

It should be mentioned that even for large n, p(Q) remains a discrete distribution (because charge is quantized) and one may wonder why we use a
continuous distribution. It turns out that in the limit where g → 0 (which is
the limit we will be interested in) this becomes a very good approximation
since the distinct n become more densely packed within a finite interval ∆Q
as shown in Fig.(5). The problem with calculating an entropy is that p(Q)
is unknown. We only know its variance and expectation value - but luckily
this is all we need.
Let Q1 , ..., Qk be a sequence of independent but identically distributed
(i.i.d) random variables (k sets of measurements, or sets of measurements
of k
R
identical objects) with identical expectation value µ = hQi i ≡ dQi Qi p(Qi )
and variance 0 < σ 2 < ∞. The sample average of these random variables is
Pk
Qi
(26)
Qav ≡ i
k
and its expectation value hQav i = µ, the same as that of the
√ individual
distributions. The central limit theorem (CLT) tells us that k(Qav − µ)
converges to a normal distribution centered around zero with variance σ 2 for
k → ∞, regardless of the shape of the distribution of the individual Qi . Or
equivalently, Qav converges to a normal distribution centered around µ with
2
variance σk :


1
(Qav − µ)2
2
Qav → N (µ, σ /k) = p
exp −
(27)
2σ 2 /k
2πσ 2 /k
We can now calculate an entropy associated with Qav via Eq.(25) with
p(Q) → p(Qav ) = N (µ, σ 2 /k). According to [14] this approximation is safe
to use up to deviations from the mean of order √σk (fluctuations further away
from the mean are much bigger). So for safety reasons we shall settle for a
lower bound on the entropy and evaluate Eq.(25) in an interval from µ − √σk
to µ + √σk .
Z

µ+ √σ

S(Qav )LB = −

k

dQav p(Qav ) log p(Qav )

(28)

µ− √σ

k


1
2πσ 2 
1
= Erf( √ ) 1 + log
−√
k
2
2eπ
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(29)

Eq.(28) is the entropy associated with a normal distribution between µ − √σk
and µ + √σk . This is a general statement and can be applied to any sample
average of random variables. The part of the entropy we are interested in is
log √σk . (k is the number of i.i.d. samples we average over)
According to Eq.(24) the distribution of big Q and small q are related by
the gauge coupling g. Will now use Eq.(29) to calculate the entropy associated with the probability distribution of q. g acts merely as a rescaling of the
distribution and the variance and expectations value of the two distributions
are related like

q = Q/g
µq = µQ /g
2
σq2 = σQ
/g 2

(30)
(31)
(32)

Substituting Eq.(32) into Eq.(29) we get the entropy for the distribution of
small q and find that our term of interest goes like
S(qav )LB

2
σQ
σq2
1
∼ log 2 ∼ log
∼ log
k
kg
g

(33)

as predicted by Banks [1] and others. This entropy tells us the amount
of information that remains hidden after doing k series of measurements.
Eq.(34) tells us that we can in principle compensate for arbitrarily small g
by increasing our sample size. Note, that the probability distribution is not
associated with the object we are trying to do measurements on but with
the setup of our measurement itself. Decreasing g widens the probability
distribution for fixed detector resolution. It is well known that statistical
fluctuations become increasingly suppressed as one increases the sample size.
In some sense, we can think of decreasing g as increasing these statistical
fluctuations (making the variance bigger), and increasing k as making more
measurements - or measuring longer. Naively, it seems natural to associate
2
k with a time scale δt. If we do that and write σQ
≡ hQ2 i, our entropy reads
S(qav )LB ∼ log Q2 + log

1
δtg 2

(34)

For fixed hQ2 i and fixed δt a measurement of Q seems to tells us hardly
anything as g → 0; the amount of information inaccessible to an observer
diverges.
There is, however, a caveat. It was recently shown by Bousso et al. in
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[4] (2017) that we can think of hQ2 i as the result of quantum fluctuations
of the vacuum background that interfere with our measurement. Quantum
fluctuations only occur when matter fields are coupled to a gauge field. The
weaker we make the coupling, we weaker are also the fluctuations. For the
optimal case they find
r2
δt2
We will now take a small detour to holographic entropy- and communication
bounds in order to understand where this result came from. In section 6 we
return to the discussion about the implications of this result for the WGC.
Q2 ∼ g 2

4
4.1

Holographic Entropy Bounds
Fundamental degrees of freedom

In statistical mechanics the ignorance of an observer regarding the microscopic configuration of a system is measured by a quantity called entropy;
the logarithm of the number of all micro configurations of a system (usually compatible with some emergent macroscopic quantity like energy, total
charge, mass etc.).
S = log(N )

(35)

In quantum mechanical systems this entropy is the logarithm of the number
of district orthogonal eigenstates of the Hilbert space, which is equivalent to
its dimensionality dim(H).
S = log(dim(H))

(36)

The humble approach of maximizing the entropy (the microscopic information we don’t know or choose not to know) subject only to the constraint
that energy be conserved and probabilities add up to one gives us the famous
Boltzmann distribution, which has proven to be the correct probabilistic description of macrophysics at thermal equilibrium (in QM we get a thermal
density matrix). Those probability distributions have an entropy associated
with them. We can interpret this entropy as the number bits of information
needed to fully characterize the quantum state. For example, a system of
100 spins can store 100 bits of information. The number of orthogonal states
is 2100 and its entropy therefore S = log2 (2100 ) = 100bits. Since flipping
bits requires some amount of energy, the entropy is the maximum amount
of energy required to create any microstate at some inverse temperature β.
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We can also interpret the entropy as the number of independent degrees of
freedom of the system.
Ndof = S = log(N ) = log(dim(H))

(37)

In statistical physics, entropy comes from our ignoring the microphysics.
In some sense it is like squinting the eyes when looking at something, we
coarse-grain the phase space on purpose, details blur and the information
we perceive is less than the information available in nature. Entropies arise
always when an observer sees less than nature provides.
If we look at classical black holes there seems to be a different kind of
ignorance, one that is tightly connected to causality. It comes from the
fact that no external observer, regardless of the extent to which he can resolve the world, can obtain information about anything that lies behind a
black hole’s horizon. In contrast to the thermodynamic entropy that comes
from deliberately coarse-graining phase space, there seems to be an intrinsic
gravitational kind of entropy associated with causal horizons that cannot be
resolved, at least not without knowledge about quantum gravity. Inspired by
thermodynamics it seems natural to think of the information inaccessible to
an outside observer as some kind of entropy. The immediate question that
arises is whether this entropy corresponds to new unknown microphysics of
the black hole. The idea that black holes have entropy was the beginning of
a new perspective on things in high energy theory; (q)bits of information as
the most fundamental building blocks of nature. It is worth taking a look at
how this revolution came about.

4.2

Black Holes have Entropy

In [15] (1971) Hawking showed that a classical black hole obeys an area law
dA ≥ 0
Moreover, when two black holes of area A1 and A2 merge, the new black hole
will have an area of A ≥ A1 + A2 . He noticed that the surface gravity κ
and area A of a black hole appear to behave similarly to the thermodynamic
quantities temperature and entropy respectively. In [16] Bardeen, Hawking et al. (1973) formulated what became known as the laws of black hole
thermodynamics (BH THD):
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0th law:
1st law:

κ = const. everywhere on static horizon
dM = κ · dA
dA
2nd law:
≥0
dt
3rd law: no BH with κ = 0 can be created
The zeroth law is analogous to saying that the temperature of a system in
thermal equilibrium is constant everywhere. The first law states the relationship between internal energy and information content. It tells us how much
energy dE we have to put into a system in order to change the information
content by dS. The answer of course is the temperature T , and in the case
of black holes the analogous 1st law is dM = κdA. The second law is the
statement that the overall entropy of a closed system does not decrease with
time dS ≥ 0 (at least it is statistically highly suppressed) and finally no system can be brought down to zero temperature. This would cost an infinite
amount of energy. The analogous scenario in BH THD is creating a black
hole with vanishing surface gravity. This would require an infinite amount
of mass (one would have to create a black hole with vanishing horizon curvature so it would have to be infinitely big and therefore infinitely massive.)
Hawking and others had reasons to believe that this similarity may be more
than only an analogy. The so called no-hair theorem states that a stationary
black hole is characterized only by its mass, angular momentum and charge.
Matter systems outside the black hole have some entropy Smatter . If matter
falls into a black hole the entropy is lost to an outside observer, who would
witness an overall decrease in entropy dSout < 0 and therefore a violation of
the second law of thermodynamics. As a potential remedy to this paradox
Beckenstein [9] (1972) conjectured that a black hole carries an entropy proportional to its horizon area (Hawking later shows that the proportionality
factor is 4l1p ).
r
~G
A
SBH = 2 where lp =
is the Planck-length
(38)
4lp
c3
The square of the Planck-length can be interpreted as the surface area of
the smallest possible physical black hole. It is a natural UV cutoff below
which all theoretical concepts become meaningless. This cutoff comes from
quantum mechanics and introduces in some sense a natural entropy to any
observer whose ability to make statements about nature relies on measurement.
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Since the area of black holes grows as new matter falls in, an entropy proportional to the horizon area could compensate for the loss of entropy of the
outside matter fields. Beckenstein proposes a generalized second law (GSL)
that states that the combined entropy of the black hole and matter fields
cannot decrease with time.
dStotal = SBH + Sout ≥ 0

(39)

However, the bare statement that black holes have entropy poses new
questions. If taken seriously, it implies that black holes have unknown microphysics, in contradiction to the no-hair theorem. According to eq.(36)
an entropy implies N = eSBH independent quantum states with an associated Hilbert space of an unknown fundamental theory, with dim(HBH ) = N
that describes all possilbe physics confined to the region behind the horizon.
At that time people hadn’t any deeper understanding of the microphysics
of black holes. Although some advances were made since then, when string
theorists in [17] (Strominger et al. 1996) successfully counted microstates of
a very particular type of BH state and were able to confirm that the number
of microstates of a black hole was indeed proportional to its area (including
the correct coefficients), the microphysics of general black holes and indeed
of spacetime in general remains an open question.
Another consequence of black holes carrying entropy is that they have a
finite temperature, as demanded by the first law of thermodynamics
dE = dM = T dSBH

(40)

In order to be able to measure a finite temperature as an outside observer
the black hole would have to radiate away particles. Classically there is no
way that such process can occur, no matter (massive and massless alike) can
escape from behind a causal horizon. We might therefore conclude that one
has taken the thermodynamics analogy a little bit too far. Hawking, however,
seemed to believe in it enough to keep working on it and indeed showed in
[18] (1975) that fluctuations of the quantum fields near the horizon cause
black holes to radiate at a temperature proportional to the surface gravity
κ
. It became clear that this was more than an analogy and people felt
T = 2π
encouraged to take things further.

4.3

Spherical Entropy Bound

The GSL implies an interesting statement about the entropy of matter in any
finite region of space. Consider an arbitrary, spherically symmetric configu30

ration of matter that occupies a finite spatial volume V with a boundary of
area A. Naively, the entropy of this configuration could be arbitrarily large.
For example, one could increase the entropy by throwing in more stuff and
at the same time compressing it such that A stays fixed. At some point the
matter configuration will reach a critical density and collapse into a black
hole. However, regardless of the entropy of the initial matter configuration,
the black hole will have an entropy S = A4 (in Planck units). Since a decrease
in entropy would violate the GSL, the entropy of the original matter configuration could not have exceeded the entropy of a black hole with horizon area
A. This realization can be formulated as an upper bound on the entropy
of matter fields in a finite region of space with boundary area A. Inspired
by this argument and subsequent calculations by Beckenstein [19] (1981),
Susskind formulated the spherical entropy bound [11] (1955)
Smatter ≤ SBH =

4.4

A
4

(41)

The Holographic Principle

The spherical entropy bound implies that no physical matter distribution
requires an information density greater than 1bit per Planck area. Susskind
noticed that this implied that the information content of a matter distribution
inside a 3D spatial volume with boundary A could theoretically be projected
onto a 2D holographic screen no bigger than A at a resolution no better than
1bit/lp2 . This notion, that the number of fundamental degrees of freedom in
a d-dimensional spacetime can be projected onto a (d-1)-dimensional screen,
became known as the holographic principle.
Ascreen
(42)
4
It suggests that there exists a fundamental theory with one less spatial degree of freedom that can describe all processes in nature. This is at odd with
conventional quantum field theory! Quantum field theories are composed of
harmonic oscillators at each point in space. The number of Fourier modes in
a spatial region R are the degrees of freedom inside that region. Of course,
we know that this number diverges both in the UV and IR limit (there are
infinitely many points in any region of space and each point has an infinite
number of modes). But we can impose a reasonable cut-off at both ends. If
we take the Planck length lp as the minimum distance between two spatial
points, the Planck mass mp as a UV energy cutoff for the Fourier modes
and the radius of our spatial region as an IR cutoff (it wouldn’t make sense
to assign a degree of freedom to a finite spatial region if the corresponding
Ndof ≤
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mode isn’t well located in it) we get an overall finite number of degrees of
freedom. Let’s consider a 3D lattice of spin-like degrees of freedom with an
average separation of lp . A finite spatial region has a finite volume V and a
finite number of lattice sites n = lV3 where lp is the average lattice constant.
p
The number of distinct quantum states inside that region is then
N (V ) = dim(H) = 2n

(43)

We can now naively assign an entropy to the region
S(R) = log N (V ) = n · log 2 ∝ V

(44)

and think of it as the number of fundamental degrees of freedom (bits) inside
the region. This is obviously at odds with the spherical entropy bound in
eq. 41 where entropy is proportional to the bounding area of the region.
While it is known that not all degrees of freedom of the QFT can actually be
used to store information (many configurations including high energy modes
would collapse to black holes), it is not at all obvious why this reduces the
fundamental number of degrees of freedom by exactly one spatial dimension.
Furthermore, the insistence on unitary time evolution in asymptotically flat
spacetimes demands a conservation of the number of degrees of freedom of a
system from its initial to its final state. If an intermediate black hole forms
and evaporates, the entropy of the initial state cannot exceed the area of
that black hole otherwise information would be lost. Unitarity together with
the spherical entropy bound led Susskind [11] (1955) to formulate the holographic principle in the following way:
A region with boundary of area A is fully described by no more than A/4
degrees of freedom (1bit of information per Planck area). A fundamental
theory, unlike local field theory, should incorporate this counterintuitive result.
The remarkable thing to notice and emphasize so far is that the holographic
principle is a purely geometrical statement coming from semi-classical black
hole physics. The fact that it cannot be fully understood or derived from a
QFT perspective hints at the existence of new physics behind the curtain of
human ignorance. To optimists the holographic principle is a hint towards
the nature of a fundamentally new (holographic) theory. To pessimists it
could be merely an emergent property of said theory without revealing anything about its nature. We shall henceforth take an optimistic view.
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4.5

Covariant Entropy Bound

Bousso and others noticed that the spherical entropy bound does not apply
to cosmology, inside black holes or to any cases where spherical symmetry
of the region is missing. Furthermore, it is a purely spacelike entropy bound
(therefore not Lorentz covariant) and rests on a large number of strong assumptions. It turned out to be a rather weak statement and not at all a
solid basis for such a radical formulation of the holographic principle. These
points of criticism inspired people to look for more general entropy bounds,
which the spherical bound would be a special limit of. In [12] (1999) Bousso
succeeded. He was able make a more precise statement, one that has proven
to be robust and surprisingly universal. It is a geometrically well-defined,
covariant formulation of an entropy bound that became known as the covariant entropy bound or Bousso bound (BB). It is formulated in terms of
geometrical constructs that precisely define the relation between spacetime
regions and information - light-sheets.

Figure 6: There are four families of light rays orthogonal to B. Two of them,
F1 and F3, are non-expanding until they meet at a focal point (caustic)
where they terminate by definition. For a spherically symmetric region R
with boundary B, the F1 and F3 generate the future and past light cone of
B. These are the two light sheets. The BB holds for each of the two light
sheets independently.
Consider a co-dimension one spatial region R with a co-dimension two
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spatial boundary surface B in a d-dimensional Lorentzian spacetime M. A
light sheet of B, let’s call it L(B), is a co-dimension one null hypersurface
generated by non-expanding light rays (null geodesics) orthogonal to B as
depicted in Fig. 6. The condition that null geodesics be non-expanding can
be stated as follows
dA/dλ
≤0
(45)
A
where A the infinitesimal area spanned by two neighboring light rays and
λ is an affine parameter along the light rays, increasing away from B. It
can be thought of as a covariant generalization of the notion of “inside”
some boundary B of a region R (in the end we want to compare the area
of boundary surface B with the entropy of stuff enclosed by or “inside” it).
θ(λ) is called the expansion of L(B) and is a great advance for the generality
of the BB as opposed to the spherical bound because it allows for surfaces
of all shape (not only those with spherical symmetry). One assumption is
the null energy condition (NEC) which states that a null observer sees only
positive energy densities. The BB states that the entropy of each light sheet
S[L(B)] is bounded by the area of the surface A[B].
θ(λ) ≡

S[L(B)] ≤

A[B]
4

(46)

A stronger covariant entropy bound Let λ be an affine parameter along
the light sheet away from B, with λ0 being the value on B, λ∞ the value at a
caustic (where the expansion θ becomes infinite) and λ1 a value in between
the two. Suppose we let the null generators of a light sheet terminate at λ1 ,
so before they hit a caustic, like in Fig.(7).
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Figure 7: We start with a spacetime region R with boundary B at affine
parameter λ0 . We follow a family of non-expanding light rays inwards from
B until affine parameter λ1 , where they enclose a smaller region of space and
therefore B 0 < B. Comparing the area of B and B 0 yields the GSL and a
more general version of the Bousso bound.
In that case, the resulting light sheet is smaller than one that extends all the
way to the caustic and the entropy on it cannot saturate Eq.(46). However,
Flagan et al. [20] (2000) found a more general bound which implies the BB
and is manifestly related to the GSL. The bound states that the entropy on
the reduced light sheet between λ0 and λ1 is bounded by the difference in
area spanned by the light rays:
A(λ0 ) − A(λ1 )
(47)
4
Eq.(47) is a more general version of the BB and is closely related to the
GSL. Note that if we follow the light rays through all the way to the caustics
(λ∞ ) we retain the original BB in Eq.(46). The SL of thermodynamics states
that the entropy of a closed system cannot decrease. For open systems we
need the GSL that includes the “outside” entropy in the calculation and
hence states that the combined entropy of the “inside” and “outside” system
cannot decrease, but an entropy flux between the two regions is allowed (e.g.
black hole & matter systems outside). For the case of a future directed light
SLS ≤
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sheet of a spatial surface B as depicted in Fig.(8a), the GSL states that
∆A
≤0
(48)
4
where ∆S ≡ S(λ1 ) − S(λ2 ) ≥ 0 is the entropy difference of the regions
“inside” (to the left of) the light sheet and ∆A = A(λ1 ) − A(λ2 ) ≥ 0 surface
area difference of the two regions.
∆Stotal = ∆S −

Figure 8: a) shows a family of light non-expanding light rays starting from
the boundary B of a region R in Minkowsky space. λ1 and λ2 label time
slices. b) same setting: the green arrows represent the entropy flux out of
the region enclosed by the light sheet. According to the GSL, it is bounded
by the change in cross-sectional area of the boundary at λ0 and λ1 .
The relevance of the notion of “inside” hints at a connection to the BB.
Indeed, according to eq. 46 the entropy of a light sheet starting at λ1 is
bounded by the area spanned by the light rays A(λ1 ): SLS (λ1 ) ≤ A(λ4 1 ) .
Respectively, the entropy of a light sheet starting at λ2 is bounded by A(λ2 ):
SLS (λ1 ) ≤ A(λ4 1 ) . Combining the two we retain a GSL for the part of the
light sheet in between, similar to eq. 48
∆ALS
≤0
(49)
4
We can interpret ∆SLS as the entropy on a light sheet that starts at λ1 and
terminates at λ2 as shown in Fig. 8b. It is the integrated entropy flux sµL
∆Stotal = ∆SLS −
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along the light sheet’s generating null vector k µ =
be calculated in the following way
Z
SLS =
dk µ |sµL kµ |

dxµ
dλ

from λ1 to λ2 and can

(50)

LS

with |sµL kµ | ≤

R λ2
λ1

dλ Tµν k µ k ν . We can now rewrite the GSL in eq. 49 as
SLS ≤

∆ALS
4

(51)

which is precisely the generalized BB in eq. 47. Let us restate the bound
once more:
The entropy flux through the light sheet between λ1 and at λ2 is bounded by
the cross-sectional change in area spanned by the light rays. Entropy requires
energy, energy makes light rays focus, focusing decreases the area of the light
sheet and thereby increases the area difference between two values of λ. The
universality of the BB lies precisely in a formulation purely in terms of the
focusing of light sheets due to entropy-carrying matter. However, it requires
the so called null energy condition (NEC), that is, a positive energy density
at every point in λ from the perspective of a null observer:
Tµν k µ k ν ≥ 0
Without it the GSL and with it the BB can be violated. The NEC seems
to be a reasonable assumption in the classical regime, but can be violated
when quantum mechanics is switched on. A quantum Bousso bound was
subsequently proposed by Strominger et al. in [21] (2004) and proven by
Bousso et al. in [22] (2014) requiring a weaker energy condition (the average
null energy condition or ANEC) that holds even when considering quantum
fluctuations that can violate the NEC and therefore the focusing theorem on
small time scales. Two years later, a new (quantum) focusing theorem was
conjectured in [23] (2016).

5

Bounds on Measurement

Any measurement can be interpreted as communication between two systems
A and B. If A is some system (e.g. a black hole with charge Q) and B an
observer who wants to measure A’s charge, we can think of this set up as
A sending information about its charge to B and B trying to receive that
message. In general, and most often in the real world the channel over which
messages are sent is not perfect. If can add noise to the signal which gives
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rise to the possibility that what B receives isn’t exactly what A sent. Receiving A’s noise infested message can still tell B something about the original
signal but if may not tell him everything there is to know. Even after his
measurement he remains ignorant to parts of the original signal. In some
sense B does not receive the full information. A and B could remedy this
by allowing more time ∆t for sending and receiving the measurement and
even for a fixed measuring time there are ways to improve communication.
But could there be a universal limit on the amount of information can be
transferred between two systems in finite time?. In [3] (2017) Bousso argues
that the amount of information that can be exchanged between two systems
in finite time is bounded by Eav ∆t/~ (where ∆t is the measuring time and
Eav the average energy of the signal).

5.1

Information theory basics

The set up described above is a typical situation in information theory. Let
us make it more precise and find clearer expressions to quantify the communication between two systems. Suppose A and B are people, Alice and Bob,
who have agreed on a set of N possible messages and a probability distribution p(a) that assigns a probability with which Alice will send message a.
Before she sends the message, Bob can only make a probabilistic statement
as to which message Alice is going to send (he knows p(a)). His initial ignorance about the message Alice is actually going to send is the Shannon
entropy
X
p(a) log p(a)
(52)
H(A) ≡ −
a

Independently of which message Alice sense, Bob will receive message b
with p(b). If the communication is perfect then p(a) = p(b). In this case
the information Bob will gain by receiving Alice’s signal will be equal to his
initial ignorance H(A); he will then know exactly as much as he didn’t know
in the before. But if the communication isn’t perfect then p(a) and p(b) can
differ. In other words, given Alice sent message a the probability that Bob
detects b = a is not one. This statement can be made by saying that the
conditional probability p(b|a) 6= 1. The amount of information that Bob can
gain is quantified by the mutualinf ormation.
I(A : B) ≡ H(A) + H(B) − H(A, B) ≤ H(A)
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(53)

where H(A, B) is the Shannon entropy associated with the joint probability distribution p(a, b) = p(a)p(b|a). Note that if p(a) = p(b) then
p(a, b) = p(a) and I(A : B) = H(B) = H(A) as expected. On the other
hand if p(a) and p(b) are completely uncorrelated p(a, b) = p(a)p(a) and
I(A : B) = 0. In that case Bob can gain no information. Finally one could
be interested in how different p(a) and p(b) are. The way this is measured is
by a quantity called relative entropy:
X
X
H(A||B) ≡
p(a) log p(a) −
p(a) log p(b)
(54)
a

5.2

a,b

Quantum Information basics

The Shannon entropy was generalized for quantum mechanical density matrices by von Neuman. Analogously to classical information theory we define
a mutual information
I(A : B) ≡ S(A) + S(B) − S(A, B) ≤ S(A)

(55)

where S(A) is the Shannon entropy associated with ρA
a:
A
A
S(ρA
a ) ≡ −trρa log ρa

(56)

Similarly to eq. 54 the relative entropy for two density matrices ρ and σ is
defined as
S(ρ||σ) ≡ trρ log ρ − trρ log σ

5.3

(57)

Universal Limit on Communication

In his paper [3], Bousso realizes that classically there is no bound on how
much information can be sent in finite time. The message space can be made
arbitrarily large. So, he switches on quantum mechanics to see whether quantum effects could make a difference. He reformulates the classical protocol
in quantum language in the following way:
Alice controls a region of space with radius rA . Bob sits at some finite radius
rB  rA where gravity is weak. He has tiled the entire sphere with detectors
of size ∆t. Alice prepares a quantum state ρA
a that contains the classical
message a she wants to send Bob with probability p(a). Since
PN Bob Aknows
A
only p(a) all he knows is the average quantum state ρav = a p(a)ρa . His
initial ignorance regarding is the von Neuman entropy associated with ρA
av
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which is at least the classical Shannon entropy (it is equal if all states ρA
a are
pure).
A
A
S(ρA
av ) ≡ −trρav log ρav ≥ H(A)

(58)

While Bob has only time ∆t to measure the signal, Alice can take as
much time as she likes to prepare it. In particular, she can take an infinite
amount of time. In that case the state ρA
a lives on the entire Cauchy slice.
Bob however only has access to a small region of the Cauchy slice of width
∆t. The state he sees will be ρB = trA−B ρA . After preparing the state ρA
a
unitary time evolution will take care of the modes reaching Bob at some
later time. Bob does a measurement on ρB
b in some time fixed interval ∆t.
Alice knows about this and chooses only modes that are well localized in
∆t to encode her classical information. There is a rigorous and an intuitive
argument for why the information Bob can gain is limited. The limit doesn’t
lie with Alice but with Bobs ability to reliably distinguish between arbitrarily
many different signals. The key to both arguments is that Bob has access
only to a subregion of the Cauchy slice and therefore to a reduced density
matrix ρB .
The rigorous argument Before the modes that transfer the signal reach
Bob, there is only vacuum. The vacuum state σ A lives on the entire Cauchy
slice. Bob however has access only to σ B = trA−B σ A which defines a modular
Hamiltonian K̂ = − log σ B . σ B is a thermal density matrix of the form
e−K̂
(59)
trB e−K̂
When the signal reaches Bob the energy content of his region increases. It
is the vacuum subtracted modular energy of the reduced state ρB . Since we
want to make a general argument let us from now on consider the average
energy of a signal ρB
av inside Bobs region. The modular energy is
σB =

B
B
∆K(ρB
av ) = tr K̂ρav − tr K̂σ

(60)

The modular energy in Bobs region is bounded by the expectation value
of the energy of the average signal (up to some kind of inverse temperature
β.
B
∆K(ρB
av ) ≤ βE(ρav )

(61)

A quantum version of the Landauer principle (see [24] (2014) for nice
summary) tells us that a change in entropy has to be compensated by a heat
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Figure 9: Alice prepares a state ρA at i− and lets it time evolve until the
part that contains the classical information reaches Bobs detectors. Alices
state lives on the entire Cauchy slice but Bob only has access to a small
subregion of the slice and therefore only to a reduced state ρB = trA−B ρA .
This will limit the amount of information we can retain from performing a
measurement.
flow into the system ∆S ≤ β∆Q. In this case we can interpret ∆K(ρB
av ) as
a heat flow and the Landauer principle tells us that
B
∆S(ρB
av ) ≤ ∆K(ρav )

(62)

The final and essential ingredient comes from a paper by Holevo [25]
(1973) (don’t bother looking for it unless you understand written Russian)
who states that the mutual information between two systems is bounded by
the Holevo quantity
X
)
−
p(a)S(ρA
(63)
I(A : B) ≤ χ ≡ S(ρB
av
a)
a

Combining eq.(61), eq.(62) and eq.(63) and associating the inverse temperature β with ∆t/~ we land at the expression that the maximal amount of
information that can be gained by Bob is bounded by the average energy of
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the signal times the length of the signal ∆t
B
I(A : B) ≤ ∆K(ρB
av ) ≤ E(ρav )∆t/~

(64)

The intuitive argument Since Bob lives in a thermal vacuum with inverse
temperature β = ∆t/~ there is a Boltzmann suppressed but finite probability
that his detectors will light up from thermal fluctuations. If he entertains N
detectors the number of false detections is
Nf alse ∼ N · P = N · e−∆K̂ ∼ N · e−E∆t/~

(65)

where P the probability of detecting a signal state in the reduced vacuum.
N is also related to the number of possible messages. The more messages
there are to be distinguished the better Bobs resolution has to be, so the
more detectors he must put up. The regime where Nf alse becomes of order
one is when N ∼ eE∆t/~ . In this regime Bob will detect signals that Alice
did not send and the information gain from a measurement is compromised.
This is equivalent to the statement that the mutual information (information
gain) is bounded by the modular energy that we derived before. The energy
E comes from Bob having to localize N detectors in a time interval ∆t. This
costs him an average energy of order ~/∆t per detector.

5.4

Measuring asymptotic charges in finite time

The problem with unlimited communication in [3] was really only due to
the fact that Bobs measurement is restrained to a finite time interval ∆t.
His detectors have to be localized in a shell of finite width which requires
1
per detector. As they choose larger and larger
an energy input of order ∆t
message spaces the number of detectors increases and eventually the energy
stored in the shell exceeds the energy required of one of them lighting up. So,
the cause of the mechanism that screws up unbounded communication are
quantum fluctuations of finite time measurements. This is a purely quantum effect, classically communication would be unbounded in the setting
described above.
Measuring the charge of some object can be interpreted as communication
between that object and the observer. Charge is quantized and so in order
to measure an objects charge precisely the resolution of the detector has to
be of order a charge difference of one elementary charge. Analogous to the
setting in [3] we could imagine an object with charge Q = 1024 (in units of
elementary charge). If Bob wants to measure Q precisely we has to be able
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to distinguish between 1024 different messages. Bousso tells us that Q cannot
be arbitrarily large if Bob shall be able to measure it precisely in finite time
δτ . Let’s say Bob attempts to determine the charge by measuring the electric
field and integrating of a two-sphere like so
Z
Q=
ω Er
S2

where ω is a two-form. For the same reason as before (locating the detectors)
we expect a random quantum contribution to the radial field strength Er of
2
order 1/δτ . Bob sphere of detectors spans an area of order rB
and the area of
2
one detector is δτ . In order to fill the sphere entirely with detectors he will
r2
need to put up N ∼ δτB2 detectors. The quantum fluctuations of neighboring
detectors are uncorrelated and therefore we expect a fluctuation of the charge
of order
p
√
rB
hQ2 i ∼ N ∼
δτ

(66)

Bousso et al. derive this result in [4] by constructing a charge operator for
a Maxwell-Dirac theory in 4D asymptotically flat space-time and computing
its variance hQ2 i. This derivation is of interest if one wants to examine the
role of the gauge coupling in this kind of argument. Bousso chooses g = 1 in
his paper, but we shall carry it along as we review the rigorous derivation of
eq.(66).

Bob measures the charge by integrating the electric field over a twosphere. Applying Gauss’s law this is the same operator as the volume integral
over the charge density j 0 = ρ(r) (in some appropriate coordinates), where
j µ is the electric four-current.
Z
Z
2
Q=
d x Er =
d3 xj 0 (x)
(67)
δV

V

Since the two integrals are equal to the same operator we shall choose the
ladder for convenience. With the four-current being j µ = g ψ̄γ µ ψ we find
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Z
Q[V ] = g ·

d3 xj 0 (x)

(68)


d3 p X s† s
s
bp bp − cs†
p cp
3
(2π) spin

(69)

V

Z
=g·


= g · # particles - # anti-particles
≡g·q

(70)
(71)

where q is an integer. If eq.(68) were an operator it would have divergent
fluctuation because the measurement takes place at an instant in time. For
a more realistic measurement we need to smear the operator in time. This
can be done by weighting Q with an appropriate function w(t). w(t) should
peak around the measuring time tB and fall of sufficiently fast outside some
characteristic time interval δτ - in our case δτ would the interval during
which Bobs detectors operate. Our new charge operator is therefore
Z
Q = dt Q[V ]w(t)
(72)
We can now calculate the two-point function of the charge operator hQ2 i
as a measure for local fluctuations of the fields. The authors arrive at

2

2

Z

3

hQ i = g ·

d3 ∆ w(x0 )w(y 0 ) hj 0 (0)j 0 (∆)i

dx
V

∼ g2 ·

Z

(73)

V

2
2

rB
rB
−1
+
O(log(
))
+
O(r
)
B
δτ 2
δτ 2

(74)

where ∆ = x − y is the separation between the points x and y. In the paper
they consider the limit in which rB → ∞ where the first term dominates and
thus eq.(74) becomes
2
rB
(75)
hQ i ∼ g · 2
δτ
which is in line with our expectations in eq.(66). We should mention that a
slightly better scaling is possible if one allows for the radius of measurement
to vary with time as long as δr << rB . The authors show that the best
possible scaling
pof the charge fluctuation with radius and measuring time is
hQ2 iopt ∼ g 2 · rδuB , where δu is time at I + .
2

2
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6

Implications for the WGC

Let us now return to the discussion we paused at the end of section 3. Recall
the formula in Eq.(34) for entropy associated with an unknown probability
distribution p(Q), as well as the bound on communication from Eq.(75). For
completeness I write them both again here:
S(q) ∼ log Q2 + log

1
δtg 2

(76)

2
rB
(77)
δt2
We note a couple of things. First of all, even though the entropy in Eq.(76)
has the expected log g1 scaling, we found that there is a g hidden also inside
hQ2 i that precisely cancels the former in the entropy. Instead, we get an
additional power of δt in the denominator. In the end we are left with

hQ2 i ∼ g 2 ·

2
g 2 rB
1
+ log
2
δt
δtg 2
r2
= log B3
δt

S(q) ∼ log

(78)
(79)

This looks like a contradiction to the log g1 scaling proposed by various people and a relief to those who worried about potential violations of entropy
bounds. Rather ironically, it is precisely those entropy bounds that save their
own violation.
Let us attempt to interpret this result. The reason why hQ2 i depends on g is
rather obvious. hQ2 i can be thought of as vacuum fluctuations of the electric
field. These fluctuations contribute less noise to a charge measurement as
the coupling to the gauge field gets weaker. If we make g arbitrarily small we
would expect the fluctuations to vanish. This sounds great, but on the other
hand, we need a finite g in order to measure something in the first place.
Our method of measurement is employing a Dyson sphere of rB around the
charged object at a distance much larger than the radius of the object itself
and then integrating the electric field E over the surface A of the Dyson
sphere.
Z
Q = dAE
Since the electric field depends on the gauge coupling, E = rQ2 = rgq2 it would
B
B
also vanish as g → 0 and we would be able to measure neither the field
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nor fluctuations in the field. We can think of the g-dependence in Eq.(76)
as stemming from the electric field itself and the inverse g-dependence in
Eq.(77) as coming from its fluctuations. From an entropy point of view: For
the measurement to be precise (small entropy) a large g would be favorable
but for suppressing fluctuations a small g is favorable. It is not too surprising
that the two contributions exist and cancel each other in the way they do here.
This brings us to the next question:
What does the formula for the entropy tell us?
1) The entropy is independent of g
2) It consists of two pieces:
2
S ∼ log rB
− log δt3

3) It is UV divergent (if we choose δt small). A sensible lower bound on δt for
a given rB would be one, that prevents the entropy from violating holographic
2
).
entropy bounds. The first term obeys it naturally (it grows slower than rB
4) The mass dimensions don’t quite work out. This is because we have set
the number of samples k equal to δt. To fix this we need to multiply by
an energy scale µ. Since the fluctuations are of thermal nature, a natural
candidate for µ might be the temperature associated with δt.
2
S ∼ log rB
− log T δt3

5) If δt is very small, the entropy can be negative. This happens at
or, equivalently, at k ≥
obtain an lower bound δt

2
rB
.
δt2

2
rB
T δt3

≤1

Requiring that the entropy stay positive we


δt ≥

2
rB
T

− 13

or, equivalently
r

2
rB
k
6) It seems like one could measure the charge of an object arbitrarily precise
for arbitrarily small gauge coupling g. One could choose an arbitrarily small
g such that quantum fluctuations at rB are small and increase the electric
field by adding a sufficient amount of charged matter to the distribution.
Eventually, even for small g, the electric field will be sizable and one will be
able to do scattering experiments in the detectors of the Dyson sphere. So

δt ≥
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far there is no reason to believe that g cannot be arbitrarily small. There is,
however, one subtlety to the above argument. As we decrease g we have to
increase the amount of charged matter of the distribution to keep the electric
field at rB constant/sizable. Eventually, the distribution will collapse to a
black hole whose radius rA will inevitably increase as we through in more
stuff. Since the formula for the quantum fluctuations of the electric field,
Eq.(77) is only valid if rA << rB we will eventually have to increase the
radius of our Dyson sphere rB . The radius of a black hole grows
p linear in
the mass r ∼ GMBH , so does the charge. But the fluctuations hQ2 i also
grow linear in rB . So, by adding new matter to our charge distribution (even
if it consists only of the lightest charged particle) we cannot really outrun
the quantum fluctuations because they grow at the same rate as the electric
field itself. If the lightest charged particle has mass ml and charge qf the
fluctuations of the electric field will grow by an amount
p
∆rB
Gml
∼g
∆ hQ2 i ∼
δt
δt
for every such particle thrown into the black hole. The only way to decrease
the fluctuations now is to increase the measuring time δt. It is not clear
whether δt is bounded and if so what a reasonable upper bound would look
like. From below one could argue that it should not be smaller than the
Planck-time δt > tp ∼ 1/mp . If we want our detectors to be able to distinguish between the black hole before and after throwing in another charged
particle,pit seems reasonable to require that the change in quantum fluctuations ∆ hQ2 i should not be bigger than the change of the electric field and
thus the charge ∆Q = gqf itself due to throwing in a light particle of charge
qf . This is similar to requiring that the mass of the particles we throw in
be less than the temperature of the black hole. Only then, can we clearly
distinguish the black holes before and after adding a particle. We then find
p
Gml
Gml
ml
∆ hQ2 i ∼ g
<g
=g
< gqf
δt
tp
mp
The latter inequality looks like the strong electric WGC
ml
< qf
mp
.
As far as this thesis is concerned, we will stop elaborating further on this
and turn to a different aspect of the WGC - its relation to the phenomenon
of emergence in low energy effective theories. However, the argument above
may be worth elaborating further.
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Part II

WGC in Effective Field
Theories
In this part we are going to study the connection between emergence and
the WGC. In particular, we will study the CP(N-1) model as a toy model
for quantum gravity. We find that in this toy model, a dynamical gauge field
emerges in the IR after integrating out the UV scalar degrees of freedom
and keeping only auxiliary fields. When coupled to gravity this model obeys
the WGC. We briefly discuss similar observations in String Theory and the
connection to the so-called factorization problem in AdS/CFT. We start this
part of the thesis by reviewing briefly the concept of effective field theory.

7

Introduction to Effective Field Theory

This summary of Effective Field Theory is based mostly on [26], [27], [28]
and [29].

7.1

The philosophy

An effective field theory (EFT) is an approximate description of a system
that is valid within a certain range of parameters (i.e. energies/distances).
It captures emergent dynamics at some level of coarse graining. An essential
step for constructing a successful EFT i.e. one that can actually be used
to make predictions (e.g. calculate scattering amplitudes) - is to choose an
appropriate fundamental object of the theory. If one is interested in dynamics
at energies between E1 and E2 , it would be natural to choose a fundamental
object (e.g. a particle) whose size (or life-time, or mass) lies within that
range. This is not to say that physics at low energies cannot in principle
be described in terms of high energy objects but it may be inefficient in
terms of computational work - In particular because low energy observers
would not be able to resolve the fine structure and therefore most of the
information she gains from calculations with high energy objects would add
to an entropy associated with the degrees of freedom beyond her resolution.
If one is interested in the shape of a tree there is no need for a camera that
can resolve the structure of each leaf.
Effective theories can be built from two directions. One might happen to
know a theory with high energy fundamental objects and wants to derive
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from it a theory at low energies that is consistent with the one at high
energies. This is called a top-down approach. Or, one could be a low energy
observer who finds himself in a world with dynamics at all length scales,
but due to having access only the low energy part of the spectrum, one is
left with but to construct a low energy description while suspecting/hoping
that a theory at high energies also exists (bottom-up). In the latter case it is
of course not clear whether the low energy theory would be consistent with
the unknown high energy one. In principle, there can be several low energy
EFTs that accurately describe the world up to some scale. Some of them
could have emerged from the underlying high energy theory and others could
not (for example because they have the same symmetries). The bottom-up
approach is what humans do most of the time. The set of UV inconsistent
and consistent low energy EFTs are sometimes referred to as the Swampland
and Landscape respectively.
It may be worth mentioning that the idea of high energy theories being
more fundamental than low energy theories may have its origin in a rather
human way ordering things. In fact, holographic approaches to quantum
gravity suggest that UV physics is often dual to IR physics. In other worlds,
highly quantum processes with wildly fluctuating variables can be expressed
by almost classical low energy processes. In gauge/gravity dualities, however
counterintuitive, one can just as well think of UV physics emerging from IR
physics. The question about what is fundamental has shifted more towards
the question about what is useful to think of as fundamental.
To give a more explicit intuition for EFT let us start with a simple example
for how to construct a low energy EFT from a known UV theory. Let’s
assume the world is best described in the Lagrangian formalism and the UV
Lagrangian contains two fundamental objects - a heavy field χ with mass M
and a much lighter field φ with mass m << M . This is depicted in Fig.(10).
We can formally divide the Lagrangian into two parts, one that contains only
dynamics and self-interactions of the light fields L(φ) and one that contains
all dynamics of χ and the interactions between φ and χ, LM (χ, φ). The full
Lagrangian can then be written as
Lfull (χ, φ) = L(φ) + Lh (χ, φ)

(80)

where the subscript h indicates that this piece of the Lagrangian contains
only high energy dynamics as it involves the heavy field. Now, say we are
observers who are interested in processes at energies m < E < M . In that
case, we don’t want χ to be a fundamental object of our theory because it
lives beyond our desired resolution. Is it enough then to use only L(φ)? Not
quite, at least not in a world with quantum mechanics. Quantum fluctua49

tions allow the violation of conservation of energy during at short distances
and even at energies much below M the high energy physics enters our experiments via quantum fluctuations. Although the effects may be small (they
are suppressed by powers of E/M ) we have to take them into account if we
want accurate results. E.g. if E/M ∼ 0.1 and we want an accuracy of one
part in ten-thousand we would have to include high energy fluctuations that
E 4
. The reason why we might want to do accuare suppressed up to order M
rate computations is because we have very good experimentalists. We better
provide them with predictions that challenge come close to the accuracy of
their experiments (for reference, QED can be experimentally verified up to
twelve digits - it is the most accurate low energy EFT to date). The upshot
is that in order to have an accurate EFT it does not suffice to use L(φ)
and completely forget about the high energy part Lh (χ, φ). Even if we knew
nothing about Lh (χ, φ) we’d have to include it in the form of perturbative
corrections δL. Our EFT with fundamental object φ takes the form
Lef f (φ) = L(φ) + δL

(81)

where δL are the perturbative corrections corresponding to Lh (χ, φ). They
can be calculated perturbatively (that is, by expanding it in terms of some
small parameter that need not be the coupling or, equivalently, ~ (loops).
Other expansions such as E/M or in the case of N heavy fields 1/N can
also be used, in particular when the theory is strongly coupled and therefore
cannot be expanded perturbatively in powers of the coupling). δL will come
with free parameters that need to be fixed in order to compute amplitudes.
There are two ways of fixing them, depending on whether one constructs the
theory bottom-up or top-down. In the first case, the UV theory is unknown
and all parameters must be fixed by experiment (like in QED). In the topdown approach one can fix the parameters by matching diagrams of the EFT
with the corresponding diagrams of the full theory (given the coefficients of
the full theory are known).
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Figure 10: Top down approach for constructing EFTs. The purple regime,
above the mass of the heavy particle, the full Lagrangian is needed. In the
green regime, E < M lives an EFT of the light particle. Even below that, in
the red part, one can have an IR theory of composite (and therefore in some
sense emergent) objects.
At yet lower energies, below the mass of the light field φ there could even
be other fundamental objects that are for example composed of several φ’s
(eg. something like A ≡ φ2 , or Aµ ≡ φ∂µ φ - of course one has to check
for consistency with Lorentz invariance and other symmetries). This is not
unusual in the history of particle physics. For example, at relatively low
energies, QCD can be described as an EFT of nuclei and pions as fundamental
objects. This theory breaks down as one goes to higher energies and gets
replaced by a theory where the pions are composed of two fermions like π ∼
ψ̄ψ (where the fermions are of course the quarks). These composite objects
are in some sense emergent in the IR and decompose at higher energies. This
is the basic idea of emergence.

7.2

Simple example

Before we go on to a more formal approach to EFT let us consider a simple
example for the above setup. Consider the following Lagrangian:
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1
g
1
Lfull (φ, χ) = φ(−∂ 2 − m2 )φ + χ(−∂ 2 − M 2 )χ − χφ2
2
2
2
≡ L(φ) + Lh (χ, φ)

(82)
(83)

where L(φ) = 12 φ(−∂ 2 − m2 )φ and Lh (χ, φ) = 21 χ(−∂ 2 − M 2 )χ − g2 χφ2 (the
factor 1/2 will result in a symmetry factor of one). The Feynman rules in
momentum space are

Figure 11: Tree-level diagrams generated by the Lagrangian
Now we go to energies below M which means that we will not see χ
excitations in asymptotic states. To first approximation we can use L(φ).
The heavy field can, however, appear in intermediate states which is why we
need to include quantum fluctuations. Our Lagrangian reads
Lef f (φ) = L(φ) + δL

(84)

Let’s take a look at the low energy EFT of φ at tree-level. At tree-level
of O(g 2 ) the three-vertex gives us an effective 4pt-vertex for the φ-field.
It comes from the diagram depicted in Fig.(12). In momentum space the
diagram reads
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Figure 12: IR effective 4pt function and the corresponding UV diagram.
We can rewrite the denominator and expand it for p << M like so

diagram = (−ig)2
= (−ig)2

p2

i
− M2
i
2

M 2 ( Mp 2 − 1)
i
≡ (−ig)2 2
M ( − 1)
−i
= (−ig)2 2 (1 − )−1
M

−i
≈ (−ig)2 2 1 +  + O(2 )
M

−i
−ip2
= (−ig)2
+
+ O(p4 /M 6 )
2
4
M
M

(85)
(86)
(87)
(88)
(89)
(90)

2

where we have used  ≡ Mp 2 . To first order in the p2 /M 2 expansion we can
add an effective φ4 vertex to our theory.
Lef f (φ) = L(φ) + δL
−g 2 φ4
1
+ O(p2 /M 4 )
= φ(−∂ 2 − m2 )φ + 2
2
M 4!
2

(91)
(92)

where we can interpret Mg 2 as an effective 4pt-coupling strength - note that
this diagram is suppressed by 1/M . In fact, we could have done the standard
EFT approach by writing down the most general Lagrangian for a theory of
a scalar field. It would look something like this
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1
φ3
φ4
φ5
Leff (φ) = φ(−∂ 2 − m2 )φ + a + b + c + ...
(93)
2
3!
4!
5!
This general Lagrangian comes with free parameters a,b,c... In order to fix
them, we match the terms with diagrams of the UV theory with the same
number of asymptotic φ states. We can organize the matching by loop-order,
starting at tree level. At tree-level, the only coefficient we can fix is the one
2
as we have just calculated. Note
in front of the φ4 term and it is b = −g
M2
that in this case our UV theory has a Z2 -symmetry which means that all
terms with odd powers of φ will drop out of the EFT (their coefficients will
be zero).

7.3

Formalism

A more formal way to approach EFT is by considering the generating functional of Greens functions W [J]. We start with the path integral formulation
where W [J] is part of a short-hand notation for the partition function
Z
Z[J] =

Dφei[S(φ)+Jφ]

≡ eiW [J]
= ei{(Γ[Φ]+

(94)
(95)

R

dd xJ(x)Φ(x)}

(96)

where J(x) is a field that creates local excitations and de-excitation of the
field(s) φ(x). It plays the role of field operators in the operator formulation of
QFT that act as source terms. We refer to J(x) as the current. Furthermore,
Γ[Φ] is the Legendre transform of W [J] and is often referred to as the effective
action
Z
Γ[Φ] = W [J] − dd xJ(x)Φ(x)
(97)
The quantities one is usually interested in are scattering amplitudes (or n-pt
functions). One can obtain all n-pt functions by taking functional derivatives
of W [J] w.r.t. J(x). The 1-pt function is
δW [J]
= Φ(x)
iδJ(x)

(98)

where Φ(x)R corresponds to the vacuum expectation value of the field at point
x, Φ(x) = Dφei[S(φ)+Jφ] φ(x) = h0| φ̂(x) |0i = hφ̂(x)i. In general we find
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δW [J] δW [J] δW [J]
...
(99)
iδJ(x1 ) iδJ(x2 ) iδJ(xn )
The effective action contains the classical action plus quantum corrections
to all orders in perturbation theory. One can approximate it by its ground
state (the solution which solves the equation of motion - also referred to as
the classical solution φcl ) which is the dominant contribution to the partition
function as it obeys δS = 0. φcl is the configuration around which the action
(the phase of the path integral) is stationary. For more accuracy one can then
consider perturbations around the ground state. We can generally write the
effective action as
hφ(x1 )φ(x2 )...φ(xn )i =

Γ[Φ] = S(φcl ) + corrections

(100)

For the purpose of this thesis, let us consider perturbations only up to second
order. We find the classical solution by solving the equations of motion
δ[S + Jφ]
=0
φcl
δφ
Once we have found φcl that way, we perform small perturbations δφ around
it, φ = φcl + δφ. Our effective action up to perturbations of order O(δφ2 )
looks like
Z

δS(φ)
Γ[Φ] = S(φcl ) + dd x
δφ
δφ φcl
Z
Z
1
δ 2 S(φ)
d
+
d x dd yδφ(x)
2
δφ(x)δφ(y)
+ ...

(101)
φcl

δφ(y)

(102)
(103)

We dropped the source term JΦ, since it doesn’t enter any physical quantity
- technically, however, it is still there. The term linear in δφ vanishes for φcl .
The second term yields
Z
Z
1
δ 2 S(φ)
d
d x dd yδφ(x)
δφ(y)
2
δφ(x)δφ(y) φcl
Z
Z
1
d
=
d x dd yδφ(x)[∂ 2 + V 00 (φcl )]δφ(y)
2

(104)
(105)

where V 00 (φcl ) is usually the effective mass of the field. Note that the quantity
in the squared brackets is the part of the Lagrangian that is quadratic in φ
55

(it must be because we took two derivatives w.r.t. φ). There is another name
δ 2 S(φ)
for it - the inverse propagator, δφ(x)δφ(y)
= Gi . Plugging this back into the
φcl
partition function, one can do the integral over φ precisely (it is a Gaussian
integral) and to O(δφ2 ) accuracy we get
Z
eiScl
iΓ[Φ]
Z=e
= DφeiΓ2 (φ) ≈ p
(106)
det (fluctuations)
p
p
where det (fluctuations) =
det [∂ 2 + V 00 (φcl )]. Including the ~ in the
iW [J]/~
path integral (Z[J] = e
) we can write the one-loop (second order)
effective action as
i~
tr log [∂ 2 + V 00 (φcl )] + O(~2 )
(107)
2
Here, our regular perturbation theory in the coupling shows up as a formal
expansion in powers of ~. Every power of ~ corresponds to a loop-order.
This is equivalent to regular perturbation theory. For loop expansion to
work, the coupling constant has to be small. In fact, the number of vertices
is proportional to the number of loops. For strongly coupled theories loop
expansion works just as badly a regular perturbation theory. In that case,
one has to find a different small parameter to expand in. One possibility
is 1/N where N is the number of particles in the theory. For large N this
can act like a perturbative coupling constant. Another way to think of it is
that in the path integral formalism one can pull out an overall factor of N in
front of the action. For large N it plays the same role as 1/~ - it classicalizes
the action, meaning that the ground state contributes most and quantum
correction are sub leading (suppressed by 1/N ). Let us look at a simple
example.
Γ2 (φ) = S(φcl ) +

7.4

Large N expansion

Consider the linear sigma model (the sums over indices are understood)
1
L = (∂µ φi )2 −
2
We define an auxiliary field A ≡ λ2 φ2i

1 2 2 1
m φi − λ(φ2i )2
(108)
2
8
and reformulate the Lagrangian

1
1
1
L = (∂µ φi )2 + A2 − (A + m2 )φ2
(109)
2
2λ
2
The φ4 vertex disappeared but instead we have an effective A2 -vertex with the
same Feynman rules (they better be the same, since we haven’t done anything
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but reformulate
the original theory). We can now rescale the auxiliary field
√
A → A/ N which yields a propagator DA ∼ −λN and all vertices involving
1
one A receive a factor of N − 2 such that a vertex with n-external legs receives
n
a factor of N − 2 . Loops on the other hand contribute
√ with a factor of N . In
the limit N → ∞ we get a perturbative theory in 1/ N . The only diagrams
which are not suppressed are the ones with twice as many vertices as loops
- they are O(N 0 ), see Fig.(13).

Figure 13: 1/N suppression of external legs in large N limit.
They are called 1PI-diagrams F (m, q) and contribute to the propagator for
A. We can calculate them and find
d4 k
1
1
4
2
2
(2π) k + m (k + p)2 + m2
Z 1
1
d
1
=
Γ(2 − )
2
32π
2 0 ∆2− d2
1
p2
≈−
log
32π 2
m2

1
F (m, q) =
2

Z

(110)
(111)
(112)

We can multiply several of these diagrams (infinitely many if we wish) without any 1/N suppression. Does our perturbation theory in 1/N break down?
No! Luckily if we sum up all diagrams (up to infinite loops order) we obtain
a geometric series. The sum over all 1PI diagrams gives the full propagator:
iG = −λ

∞
X

− λF (m, q)

k=0

k

=

−λ
1 + λF (m, q)

(113)

where the first factor of λ comes from the first A propagator one the left side,
then we get k-1 propagators in-between the k loops, and one on the far right
side, in total k+1 factors of λ (see Fig.(14))
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Figure 14: Full propagator obtained by resuming of all diagrams with O(N 0 )suppression.

8

Scalar QED

Now that we know a little bit about effective field theory and different ways
of approximating low energy physics around the stationary phase of the path
integral let us move on and consider the following scenario. We are low
energy observers and describe the world around us successfully in terms of
fundamental massive scalars that are charged under a U(1) gauge field, an
effective theory also known as scalar QED. Because we make only low energy
experiments, we don’t need to worry about gravity for now and work in
approximately flat space. Since we are low energy observers we need to run
the parameters of the theory down to our energy scale. We begin this section
by studying the running of the gauge coupling due to vacuum polarization.
For that, we are going be interested in the gauge field propagator its one-loop
correction.

8.1

The theory

The scalar QED Lagrangian can be written as
1
L = (Dµ φ)∗ Dµ φ − m2 φ∗ φ − Fµν F µν
4
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(114)

where Dµ = ∂µ + ieAµ is the gauge-covariant derivative. We can also write
the Lagrangian explicitly in terms of the gauge field as
1
L = −φ∗ [∂ 2 + m2 ]φ − Fµν F µν − ieAµ [φ∗ (∂µ φ) − (∂µ φ∗ )φ] + e2 A2µ φ∗ φ
4
(115)
←
→
1
≡ −φ∗ [∂ 2 + m2 ]φ − Fµν F µν − ieAµ [φ∗ ∂ µ φ] + e2 A2µ φ∗ φ
(116)
4
(117)
This Lagrangian generates the following diagrams at tree level

Figure 15: Tree-level diagrams of scalar QED.
We are interested in the first loop-order corrections to the gauge field propagator at energies above the mass of the scalar. They are generated by
following two diagrams:

Figure 16: One loop corrections to the gauge field propagator
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To obtain the one loop correction we need to calculate those two diagrams
and add them to tree level propagator.

8.2

Vacuum polarization

The two diagrams written in formulas read:

Figure 17: The two diagrams that contribute to the propagator at one-loop
level.
and adding them together we obtain

µν

iΠ

2

2pµ − lµ
d p 2
p − m2

Z

d

= (−ie)





2pν − lν
(l − p)2 − m2



2

+ (ie)

Z

dd p

2g µν
p2 − m 2
(118)




2pµ − lµ
2pν − lν
2g µν
= −e
d p
+ 2
(119)
p2 − m2
(l − p)2 − m2
p − m2

Z
µ
µ
ν
ν
µν
2
2
(2p
−
l
)(2p
−
l
)
+
2g
(l
−
p)
−
m
= −e2 dd p
(120)
(p2 − m2 )((l − p)2 − m2 )
R1
1
1
We reformulate them using the Feynman trick AB
= 0 [A+(B−A)x]
2 (here,
2
2
2
2
A = (l − p) − m ) and B = p − m ). In addition we perform a momentum
shift pµ → pµ + lµ (1 − x) and get
2

Z

d




2g µν p2 + (1 − x)2 l2 − m2 + (1 − 2x)2 lµ lν + 4pµ pν
iΠ = −e
d p
dx
(p2 − ∆)2
0
(121)
where ∆ ≡ m2 − l2 x(1 − x). Now we use the identities
µν

2

Z

d

Z

1
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dd p
p2
1
2−d
d i
Γ
=−
(2π)d (p2 − ∆)2
2 (4π) d2 (∆)1− d2
2

Z

and


dd p
1
4−d
1
i
=
d Γ
d
(2π)d (p2 − ∆)2
2
(4π) 2 (∆)2− 2



and with 1 − d2 Γ 1 − d2 = Γ 2 − d2 we arrive at the expression
Z



Γ(2 − d2 ) 
iΠ
dx 2−d/2 2 (1 − x)2 − x(1 − x) l2 g µν − (1 − 2x)2 lµ lν
∆
0
(122)

We can symmetrize the integrant by (1 − x)2 → 21 (1 − x)2 + x2 and get our
final exact expression
µν

−ie2
=
(4π)d/2

µν

iΠ

Z

=−

1

ie2

2 µν

d (l g

(4π) 2

µ ν

− l l )µ

4−d

Z

1

dx
0

Γ(2 − d2 )
(1 − 2x)2
2−d/2
∆

(123)

For convenience we can rewrite it a bit

iΠ

µν

ie2
= − 2 (l2 g µν − lµ lν )
8π

Z
0

1


2−d/2 
d  4πµ2
dx(1 − 2x) Γ 2 −
(124)
2
∆
2



Now is the time where we implement the choice of spacetime dimensions. We
proceed in d = 4 − . We expand everything up to first order in epsilon. The
expression in the square brackets becomes
2−d/2



 4πµ2 2
d  4πµ2
= Γ( )
Γ 2−
2
∆
2
∆
2



4πµ2
=
− γ + O() 1 + log
+ O(2 )

2
∆
2
2
µ 4π
= − γ + O() + log

∆
2
e−γ 4πµ2
= + log
+ O()

∆
We absorb γ and log 4π into µ: µ2 → e−γ 4πµ2 and get
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(125)
(126)
(127)
(128)

µν

iΠ

ie2
= − 2 (l2 g µν − lµ lν )
8π

Z

1
2



dx(1 − 2x)
0


2
µ2
+ log
+ O()

∆

(129)

R1
The integral over x is 0 dx(1 − 2x)2 = 31 . Remember that ∆ = ∆(x) =
m2 − l2 x(1 − x). Working at energy scales well above the mass of the scalars
we can approximate the integral for −l2 >> m2 . Let’s call −l2 ≡ k 2 for
convenience, so we consider the limit k >> m. In that limit the integral
evaluates to
µν

iΠ

8.3



µ2 8
2
ie2 2 µν
µ ν
+ log 2 + + O()
(l g − l l )
=−
48π 2

k
3

(130)

The one-loop propagator

We have calculated the two diagrams that contribute to the propagator at
one-loop order. Now it is time to write down the one-loop effective propagator.
−i
−i
i µν
− lµ lν /l2 ] + 2 iΠµν 2 + ...
(131)
iGµν
1 = − 2 [g
l
l
l
We can drop the O()-part since we will eventually take the limit  → 0. If
fact, we will also forget about the log-term as it is a finite piece of O(0 ). It
is some finite shift of the gauge coupling and we are not interested in it here
as we are aiming at the RG equation for e2 . The troublesome part is the
divergent O(−1 )-piece. We can bring the propagator to a slightly different
form by absorbing the gauge coupling into Aµ . In that case the vertices (and
thus iΠµν ) lose their factors of e2 and the free propagator obtains one instead.
So Eq.(130) becomes


2
i
2 µν
µ ν
0
µν
(l g − l l )
+ O( ) + O()
iΠ = −
48π 2

Keeping only the divergent O(−1 )-term we get
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ie2 µν
−ie2 µν −ie2
µ ν 2
[g
−
l
l
/l
]
+
iΠ
+ ...
l2
l2
l2
ie2
ie4
1 1
= − 2 [g µν − lµ lν /l2 ] − 4 (l2 g µν − lµ lν )
l
l
24π 2 
2
4
ie
ie
1 1
= − 2 [g µν − lµ lν /l2 ] − 2 [g µν − lµ lν /l2 ]
l
24π 2 

 l
4
i
e 1
= − 2 [g µν − lµ lν /l2 ] e2 +
l
24π 2 


i µν
µ ν 2
2
2 2
≡ − 2 [g − l l /l ] e − e δe
l

iGµν = −

(132)
(133)
(134)
(135)
(136)

This is our one-loop corrected propagator to order 0 . Comparing this to
2
the bare propagator iGµν = − iel2 [g µν − lµ lν /l2 ] we can think of the quantity
in the squared brackets in Eq.(135) as our corrected gauge coupling. Due
to dimensional regularization it is a function of an auxiliary energy scale
µ.

(µ− 2 e0 )2
2
We can understand the divergent piece as an infinite shift δe ≡ − 24π2  of
the bare coupling coming from the one loop correction. Following the usual
procedure of renormalization, we add this infinite shift as a counter term
to the Lagrangian to make the one-loop propagator finite. The coupling
constant in a renormalized Lagrangian we then call renormalized coupling
constant as opposed to bare coupling, here denoted as er and e0 respectively.
They are related by the renormalization condition, e2r = Ze e20 = (1 + δe2 )e20 .

Instead of e (the dimensionfull bare coupling) we now write e = µ− 2 e0 to
make the distinction between dimensionless and the dimensionfull couplings
manifest (remember that we are in d = 4 −  so the coupling constant picks
up a negative mass dimension: [e] = − 2 . In d = 4 we have [e] = 0). The
renormalized coupling has the form


e2r (µ) = (µ− 2 e0 )2 (1 + δe2 )



(µ− 2 e0 )2
− 2
2
= (µ e0 ) 1 −
24π 2 
µ−2 e40
= µ− e20 −
24π 2 

(137)
(138)
(139)

Since µ is only an auxiliary energy scale, we would like our amplitudes to be
independent of it. The way this is achieved is by comparing the coupling at
two different scales m1 and m2 . This is done by integrating the beta function
between two energy scales. First, we calculate the beta function:
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de2r (µ)
d
− 2
2
β(e) ≡ µ
=µ
µ e0 (1 + δe )
dµ
dµ


d
µ−2 e40
− 2
=µ
µ e0 −
dµ
24π 2 


−2µ−2−1 e40
−−1
= µ − µ
−
24π 2 
µ−2 e40
= −µ− +
12π 2
4
e
=
12π 2

(140)
(141)
(142)
(143)
(144)

In the last step, we took the limit  → 0. To first order we can identify
e2r ≈ µ− e20 = e. Separation of variables and integrating both sides gives
e(m2 )

Z

e(m1 )

1
∂e2
=
4
e
12π 2

Z

m2

m1

e(m2 )

∂µ
µ
m

2
1
log
µ
12π 2
e(m1 )
m1
1
1
1
m2
−
=
log
e2 (m1 ) e2 (m2 )
12π 2
m1

−

1
e2

(145)

=

(146)
(147)

This is the renormalization group equation for the gauge coupling which
contains all leading order loop corrections. It can also be written in the form
e2 (m1 ) =

e2 (m2 )
1+

e2 (m2 )
12π 2

2
log m
m1

(148)

The case we will be interested later is m1 = m, the mass of some scalar field
in the theory and m2 = Λ, some high energy (cutoff-) scale, so
1
e2 (m)

=

1
e2 (Λ)

+

1
Λ
log
2
12π
m

(149)

Λ
1
We can interpret the 12π
2 log m term as the amount by which the gauge
1
coupling runs between Λ and m. The thing to keep in mind is that e2 (Λ)
is generally non-zero. The coupling can have non-zero values far in the UV
and runs to some other finite value at the mass of the charged particle(s).
Below that mass, it will stop running more or less (running of the coupling is
largely due to particles running in the loop of vacuum polarization diagrams.
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At energies far below the mass of those particles, they will hardly influence
the coupling and hence the physics.)
In the next section, we will look at a completely different theory that will
rather surprisingly turn out to look like scalar QED in the IR.

9

CP(N-1) model

The content of this part is based on a 2015 paper by Daniel Harlow [5]. Other
relevant papers/reviews that are may not mentioned explicitly in the next
are [30], [31], [32] and [33].
We start with the following globally SU (N )-symmetric Lagrangian:
L(zi∗ , zi ) = ∂µ zi∗ ∂µ z i + (zi∗ ∂µ z i )(zj∗ ∂µ z j )

(150)

where the zi ’s are subject to the constraint zi∗ z i = gN2 . Note that this Lagrangian is similar to that of a massless φ4 theory. The term (zi∗ ∂µ z i )(zj∗ ∂µ z j )
generates a four-point vertex at tree-level. This Lagrangian is, although not
yet manifestly, invariant under the local gauge transformations zi → eiα(x) zi .
We make it manifestly gauge invariant by introducing an auxiliary field Aµ
and replace the partial derivatives with a covariant one Dµ = ∂µ + iAµ . Furthermore, we liberate the zi from their explicit constraint and implement it
as a Lagrange multiplier term in the Lagrangian instead. The zi are now unconstrained but we have a new three-point coupling with another scalar field
λ (the Lagrange multiplier). The full, manifestly gauge invariant Lagrangian
reads
L(Aµ , λ, zi∗ , zi ) = (Dµ zi )∗ Dµ z i − σ(zi∗ z i −

N
)
g2

(151)

where the equations of motion for Aµ
δL
δ
=
(Dµ zi )∗ Dµ z i
δAµ
δAµ
←
→
δ
=
(∂µ zi∗ ∂µ z i − iAµ (zi∗ ∂µ z i ) + zi∗ z i A2µ )
δAµ
!

=0
yield
Aµ =

→
g2 ∗
g2 ∗←
[zi ∂µ z i − z i ∂µ zi∗ ] ≡
zi ∂µ z i
N 2i
N 2i
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(152)

(where we have used that zi∗ z i = gN2 ). Note that Aµ is entirely defined in
terms of the z’s and has no own dynamics. We simply used it to reformulate
our theory in a manifestly gauge invariant manner.
Before we continue, let us compare the two formulation in Eq.(150) and
Eq.(151) in terms of the diagrams they generate at tree level. This can be
done by simply looking that the terms in the Lagrangian. The formulation
in Eq.(150) yields a massless propagator for the z’s and a 4pt-vertex with
external momenta as shown in Fig.(18).

Figure 18: Tree-level diagrams of the CP(N-1) model
Eq.(151) describes the same physics but with two additional fields Aµ (x)
and σ(x). The reformulation of the same physics with different fundamental
objects is the core idea of effective field theory. The general diagrams at tree
level are depicted in Fig.(19).

Figure 19: Tree-level diagrams of the CP(N-1) model after reformulation in
terms of auxiliary fields. The wiggly lines represent the Aµ , solid straight
lines are the zs and the dashed line is the λ
For later convenience we are going to rescale the zi ’s such that the Lagrangian
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in Eq.(151) takes the following form
L(Aµ , λ, zi∗ , zi ) = −
L(Aµ , λ, zi∗ , zi ) =


N
∗
i
∗ i
(D
z
)
D
z
+
σ(z
z
−
1)
µ
i
µ
i
g2

(153)

N
(Dµ zi )∗ Dµ z i − λ(zi∗ z i − 1)
g2

(154)
√

where λ = σN
. All we have done is the substitution zi → gN zi and put
g2
a minus sign in front of the kinetic term. Now, the constraint zi∗ z i = 1
←
→
and the auxiliary field rescales as Aµ → gN2 Aµ = 2i1 zi∗ ∂µ z i . The notation in
Eq.(154) is consistent with [32] (Witten, 1979) while the notation in Eq.(153)
is consistent with [5] (Harlow, 2015). The latter is convenient because we
have an overall factor of gN2 which ‘classicalizes’ the partition function in the
large N limit (it plays a similar role as 1/~). Another way of seeing this is
that inside the squared brackets the three-vertex coupling of the zi with λ
2
and Aµ goes as gN which suppresses the contribution of higher order diagrams
i.e. quantum fluctuations in a low energy effective theory of A and λ (For
large N, one can organize diagrams perturbatively in powers of N .)

10
10.1

The low energy effective theory
‘Integrating out’ the scalars

Having introduced the two auxiliary fields Aµ and σ we perform the integral
over zi and zi∗ exactly. By partial integration, we first obtain the action
Z


N
∗
(155)
S(Aµ , σ, zi , zi ) = − 2 d4 x zi∗ (−Dµ Dµ + σ)z i − σ
g
We write down the Euclidean path integral
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Z

∗

DADσDzi∗ Dzi eS(Aµ ,λ,zi ,zi )
Z


R
− N2 d4 x zi∗ (−Dµ Dµ +σ)z i −σ
∗
g
= DADσDzi Dzi e

Z

 2N N R 4
R
d xσ
− 12 d4 x zi∗ (−Dµ Dµ +σ)z i
∗
= DADσDzi Dzi e
· e g2

Z=



Z
DADσ

=
Z
=

− 1
det[−D + σ] 2
2

−N log det[−D2 +σ]+ N2

DADσ e

g

R

2N

N

· e g2

R

d4 xσ

(156)
(157)
(158)
(159)

d4 xσ

(160)

From Eq.(157) to Eq.(158) we have rescaled zi (zi →
i ) and from Eq.(158)
R gz
1 T
n
to Eq.(159) we have used the Gauss integration d xe− 2 x Ax = √ 1 .
det(A)

The exponent of Eq.(160) is now the effective action for the auxiliary field
Aµ (x) and the Lagrange multiplier σ(x).
N
Γ(A, σ) = −N log det[−D + σ] + 2
g
2

Z

dd xσ

(161)

We can expand the functional determinant and project onto momentum
eigenstates:
Z
N
Γ(A, σ) = −N log det[−D + σ] + 2 dd xσ
g
Z
N
2
= −N Tr log[−D + σ] + 2 dd xσ
g


Z
1
d
2
= −N d x hx| log[−D + σ] |xi − 2 σ
g
Z

Z
1
d
d
2
= −N d x
d k hx|ki hk| log[k + σ] |ki hk|xi − 2 σ
g
Z

Z
1
= −N dd x
dd k log[k 2 + σ] − 2 σ
g
2

(162)
(163)
(164)
(165)
(166)

Note, that although our theory does not depend on the zi (x)-fields explicitely,
their dynamics is incorporated in Aµ and σ in the effective field theory sense.
For large N this action is exact.
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10.2

The effective potential

Eq.(160) cannot be calculated exactly. We will evaluate the path integral by
finding the configurations of A and σ for which the action is stationary and
then perform small perturbations around it (this is called stationary phase or
saddle-point approximation). Lorentz invariance suggests that the stationary
point is found at Aµ = 0 and σ = const. (A constant vector field Aµ as part
of the ground state would break Lorentz invariance - constant scalars are
allowed). Since σ has no kinetic term, Eq.(162) is essentially the effective
potential for σ for Aµ = 0.

Veff (σ) = −

1
Γ(A = 0, σ)
Volume
Z

dd k log[k 2 + σ] −

= −N

(167)
1
σ
g2


(168)

Finding the stationary configuration σ0 means looking for the ground state
of the potential. We find it simply by
Z
∂Veff
1
1 !
= dd k 2
(169)
− 2 =0
∂σ
k + σ0 g
The integral in Eq.(169) is divergent for d ≥ 2 so we cut it off at some
UV cutoff scale Λ (this is the UV cutoff of our full theory - e.g. the lattice
spacing). At d = 2 we find
Λ
2

log[k + σ]
0


Λ2 + σ0
= log
σ0
 2

Λ
= log
+1
σ0
 2
Λ
! 1
≈ log
= 2
σ0
g


−

=⇒ σ0 = Λ2 e

1
g2

(170)

for σ0 << Λ2 . Find that σ thus obtains a VEV σ0 which is positive and can
be tuned to be much smaller than the UV cutoff Λ2 . Looking at the original
Lagrangian in eq.(153) we can interpret this as giving a mass to the scalar
fields. In d ≥ 2 σ0 has only a real solution for a certain range of values for g.
In particular, it must not be be smaller than some gc . We now have a mass
√
scale σ0 < Λ below which we can construct an effective field theory for
Aµ (without the zi ). The reason for this exercise was to find the stationary
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phase of our path integral - which we have done. The next step is to consider
perturbations.

10.3

Quantum fluctuations

We will now go to quadratic order in perturbations around the ground state
of our effective theory. Formally this looks like
Γ(A, σ) = Γ(A0 , σ0 )
Z
Z
δΓ
d δΓ
+ d x
δAx + dd x
δσx
δAx A0 ,σ0
δσx A0 ,σ0
Z
Z
1
δ2Γ
d
+
d x dd y δAx
δAy
2
δAx δAy A0 ,σ0
Z
Z
δ2Γ
1
d
d x dd y δσx
δσy
+
2
δσx δσy A0 ,σ0
+ O(δσδA)-mixed term
+ O(δσ 3 , δA3 )
The linear terms vanish as we go on-shell (impose equations of motion). We
are interested in the term quadratic in Aµ as it may give rise to something
like a propagator for Aµ ,
Z
Z
δ2Γ
1
d
d x dd y δAx
δAy
Γ(A, σ) ⊃
2
δAx δAy A0 ,σ0
We can calculate this using the effective action in Eq.(161). In momentum
space we find
Z
−N

 Z

µ
µ
1
2g µν
2pν − lν
d 2p − l
d l δ Ãµ (l)
d p 2
−
δ Ãν (−l) (171)
2
p − σ0 (p + l)2 − σ0 p2 − σ0
d

Here, l is the incoming and outgoing momentum of the Aµ and p is the momentum associated with the effective vertex on the left side of Fig.(20). This
looks exactly like the two one loop diagrams we calculated earlier
for scalar QED. We started with a theory of weakly interacting scalars
with an auxiliary field Aµ and ended up with vacuum polarizations diagrams
with massive scalars running in the loop. In this case, the
R integral we called
Πµν in the previous section is now the coefficient of N dd lAµ (l)Aν (−l) in
the perturbative expansion of the effective action for Aµ and σ.
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Figure 20: Comparing the effective theory (one the left) with the full theory
(one the right) at one-loop level.
This means we can simply replace the integral in the square brackets of
Eq.(171) with the finite piece of Πµν . The only difference is that we are
interested in energies below the scalar mass. In that case the integral over the
Feynman parameter simply gives us 13 and we end up with a total numerical
1
1
factor of 24π
2 (instead of 48π 2 in the high energy limit). We find

1
µ2 
log
δ Ãν (−l)
24π 2
σ0
(172)
Z


µ2
N 1
log
dd l δ Ãµ (l) lµ lν − l2 g µν δ Ãν (−l)
(173)
=−
2
2
2 24π
σ0
Z


µ
N
d
µ ν
2 µν
log √
d x Aµ (x) ∂ ∂ − ∂ g Aν (x)
=−
(174)
24π 2
σ0
 Z

µ
1
N
d
µν
log √
d xFµν F
(175)
=−
24π 2
σ0 2
Z
N
µ
=−
log √
dd xFµν F µν
(176)
48π 2
σ0
Z
1
(177)
≡ − 2 dd xFµν F µν
4e

N
Γ(A, σ) ⊃ −
2

Z


d l δ Ãµ (l) − (l2 g µν − lµ lν )
d

where we define
1
N
Λ
≡
log
√
e2
12π 2
σ0

(178)

for µ̃ ≡ Λ. Note, that when we calculated the two diagrams we only consid2
ered terms to first order in σl 0 . More generally we can write
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N
Γ(A, σ) ⊃ −
2

Z




2
2
d lÃµ (l) l l − δ l Ãν (−l) c0 + c1 O(l /σ0 ) + ...
d

µ ν

µν 2

(179)
with the effective gauge coupling e12 ∼ N c0 to lowest order. Higher orders in
the expansion are suppressed by higher powers of l/σ0 and therefore really
contribute to higher derivative corrections to the standard Maxwell term.
Here, we are only interested in the lowest order. The c coefficients depend
√
on σ0 and/or the UV cutoff Λ, depending on the number of dimensions. In
d > 4 we find a power divergence of the two diagrams and thus e12 = N Λ4−d .
For d = 2 we can guess the σ0 dependence of the coupling by dimensional
analysis. In that case Aµ has mass-dimension 1 (the Fourier coefficient Ãµ
has mass-dim. -1). From Eq.(179) we can immediately see that we need
c0 ∝ σ10 in order to cancle the two powers of momentum in the numerator.

10.4

Standard EFT approach

Instead of perturbing the action in Eq.(162) around its ground state we could
have derived the Maxwell term from a more standard effective field theory
approach: Write down the most general Lagrangian for your fundamental
object (in our case Aµ ) consistent with all known symmetries (in our case
only the U (1) gauge) and fix the coefficients with by matching with the corresponding diagrams in the UV theory or by experiment. In our case, the
most general Lagrangian consistent with gauge and Lorentz invariance has
the form
c
d
b
Fµν F µν + 2 ∂ µ Fµν ∂λ F λν + 4 (Fµν F µν )2 +O(Λ−6
eff )
2
Λeff
Λeff
Λeff
(180)
where the coefficients a, b, ... are here chosen to be dimensionless. Higher
derivative corrections are suppressed by the cutoff scale of the effective theory
√
as a consequence of dimensional counting (in our case Λeff = σ0 = mz , the
mass of the scalars). Say we are interested in the physics at energies far below
the effective cutoff scale, so E << Λeff . In that case it suffices to look only
at the first term, the familiar Maxwell term. The relevant diagram is the
2pt-vertex (or propagator) for Aµ . The coefficient a is a free parameter that
has to be fixed either by experiment or by matching it with the coefficient
of the corresponding diagrams of the UV theory. a being non-zero would
then immediately imply a kinetic term for Aµ at low energies - the emergent
Maxwell term.
L(Aµ ) = aFµν F µν +
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We happen to know the UV theory so we can attempt the matching! (we
can still fail because matching requires our UV theory to be renormalizable
at given loop-order). We organize the diagrams of the UV theory in looporders. At tree level, there is no contribution to the 2pt-function - a(0) = 0.
These words and the following are represented in pictures in Fig.(21). We
proceed to one-loop level. Here, we have two diagrams on both the EFT
and the UV theory side. In principle we can imagine diagrams with more
external legs but those are suppressed by 1/N . A one-loop diagram on the
EFT side (a loop of Aµ ) would correspond to a higher derivative term (not
the Maxwell one) which have stronger cutoff suppression. We want to express
the coefficient a(1) in terms of UV parameters. Let’s start with the vacuum
polarization diagram on the UV side. It is quadratic in Aµ and has N zi
particles running in the loop. The zi have mass ≥ Λeff and we integrate over
all possible momenta l of Aµ . We can divide the diagram into a part with
momenta smaller and larger than Λeff . Or in other words, we can expand the
diagram in powers of Λleff :
diagram = N c0 +


c1
c2
+ 4 + O(Λ−6
eff )
2
Λeff Λeff

(181)

The matching condition becomes
!

a(1) ≈ N c0

(182)

going back to our general EFT Lagrangian in Eq.(180) we obtain
L(Aµ ) = aFµν F µν

(183)

= a(0) Fµν F µν + a(1) Fµν F µν + h.d. corrections
(1)

µν

= a Fµν F
≈ N c0 Fµν F µν
1
≡ 2 Fµν F µν
e

(184)
(185)
(186)
(187)

with e12 ∼ N c0 . This is precisely the result we obtained earlier. We matched
the coefficient a ≡ e12 to the coefficient of the low energy part of the UV oneloop diagrams. The earlier approach was different in that we obtained the
term quadratic in Aµ by perturbing the action around its stationary point.
We then expanded the result at low energies and considered only the first
order, which happened to be the Maxwell term written in momentum space.
Here, we wrote down the Maxwell term from the beginning because we knew
it was the only term quadratic in Aµ that is consistent with all symmetries
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(gauge symmetry) and has minimal cutoff suppression. Finally we matched
the coefficient a to the of the part of the corresponding UV diagram with the
same mass suppression. Note, that only because we wrote down a Maxwell
term in the first place does not mean that we get dynamics for the gauge field
after the matching. We could still have ended up with no kinetic term for
Aµ - for example when doing the matching we could have found that a = 0.
Here is a picture that summarizes the matching procedure.

Figure 21: Matching between UV and IR theory to fix EFT coefficients at
one-loop order.

11

Emergence

We have done the work let’s take a moment to appreciate the results. At
√
energies E << σ0 = mz we observe that at first order in the ml z -expansion
(l being external momentum) the auxiliary field Aµ behaves like an ordinary gauge field (meaning it has a kinetic term - when fields have kinetic
terms, we take them seriously). Higher derivative terms such as Fµν F µν are
suppressed by higher powers of ml z . Their contributions become important
when our energies approach mz but are small far below that scale. Furthermore, the massive scalars are effectively charged under the U (1) gauge
74

symmetry. We have estimated their charge for d = 2 by naive dimension
counting and calculated it for d ≥ 4. As we probe the system at higher energies, the ml z suppression becomes weaker and higher derivative terms will
start contributing to the dynamics, which will start to deviate from pure
√
Maxwell. This happens roughly at energies around the scale set by σ0 .
√
σ0 thus acts as the cutoff scale (or mass gap) for the EFT. Although the
mass dependence of the gauge coupling changes with dimensionality, the √1N
dependence remains. It comes from the overall factor of N that we wisely
pulled out in the beginning - this now turns out to be a kind of rescaling of
e, the effective coupling between zi and Aµ . In effect, it means that diagrams
with more than two external Aµ -legs are suppressed by powers of √1N . The
only diagrams at leading order in the N1 -expansion are the two depicted in
Fig.(20). Every vertex gives a factor of √1N , which has to be multiplied by
the N scalar fields running in the loop. We thus end up with O(N 0 ) for the
two diagrams.
We started with a theory of weakly interacting scalars and found a theory
with charged massive scalars and a Maxwell term below the energy scale
√
√
σ0 . In other words, at energies below σ0 our theory could have originated
from a Lagrangian that looks like this:
√

1
Fµν F µν
(188)
2
4e
This looks just like scalar QED! Here we have a situation where two
theories that look very different above a certain energy scale behave (almost)
identically below it, see Fig.(22). One theory is a theory for massive scalar
fields coupled to a dynamical fundamental gauge field whereas the other is a
theory of weakly interacting, massless scalars with a gauge field and effective
mass emerging only in the IR. This equality is true to first order in l2 /σ0 .
As we go to higher orders, higher derivative terms such as σb0 Fµν F µν and
others will appear and the full effective theory will look very different, see
Eq.(180). At high enough energies, when the suppression by l2 /σ0 becomes
weak, the dynamics will deviate strongly from Eq.(188)
The first theory, scalar OED, has a gauge field all along and the gauge
coupling at energies below m is obtained by running it down to m from the
UV. This running is due to vacuum polarizations diagrams that we calculated
earlier. Here again the result
L(zi , Aµ ) = Dµ zi∗ Dµ z i −

σ0 zi∗ z i −

1
1
1
Λ
=
+
log
e2 (m)
e2 (Λ) 12π 2
m

(189)

The second theory, the CP(N-1)-model, had no gauge field to start with
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Figure 22: Two theories with very different UV structure look the same in
the IR. The gauge couplings in the yellow boxes are for d=4.
but obtains one in the IR with a gauge coupling that looks exactly like the
amount of running of the QED coupling until the mass of the scalars (below
which it stops running). Here, the vacuum polarization entirely constitutes
the propagator for Aµ , which started our merely as an auxiliary field in the
UV.
N
Λ
1
=
log √
2
2
e
12π
σ0

(190)

We would have obtained the same result by starting with N scalar QED with
an additional boundary condition at the cutoff Λ, namely that e2 (Λ) → ∞.
We make an observation: If we have a non-UV complete theory with massive modes (here scalar QED) that looks the same as a UV (complete) theory
(here the CP(N-1) theory as a toy model) below the energy of the massive
modes, it seems like one could think of the former to be emergent from
the latter. An interesting question would be whether a theory that emerges
in this way fulfills other conditions that are conjectured to be true for low
energy EFTs emerging from UV complete theories - for example the WGC.
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12

Connection to the WGC

In the previous sections, we have seen how a dynamical gauge field can emerge
in the IR from weakly interacting scalar fields. We calculated the emergent
gauge couplings/charges for d = 2, d = 4 and d > 4. Here are again the
results
1
N
∼
2
e
σ0
1
N
Λ
d=4: 2 =
log √
2
e
12π
σ0
1
d > 4 : 2 = N Λd−4
e
If we couple this theory to gravity, we find the following renormalized Newton
constant in d < 4:
d=2:

1
= N Λd−2
G2N
where Λ is the same momentum cutoff as the one appearing in the gauge
coupling. We can compare e and GN by solving for Λ. We find
e
Λ= √
G
√
The mass σ0 of the scalars that we have integrated out can be tuned to be
−

1

smaller than the UV cutoff Λ. IN d = 2 we found the relation σ0 = Λ2 e g2 . In
other words, in the IR, the CP(N-1) model generates a mass for the scalars
that is light in cutoff units. We found an expression for the cutoff after
coupling the theory to gravity and can now make the following statement
√

e
σ0 < Λ = √
G
Vague memories of section 1 tell us, that this is the magnetic version of the
WGC in Eq.(2). In this theory the emergent charge and mass naturally
obey the WGC. Furthermore, the objects that generate the emergent fields
and dynamics are the underlying UV degrees of freedom. This underlines the
idea that one can view the WGC as a reminder of the fact that there exists
physics beyond low energy effective theories. That is, an IR observer has to
√
expect his effective theory to break down above the energy scale set by σ0 .
Of course, the CP(N-1) model was merely a toy model but the idea seems to
be valid more generally.
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12.1

Emergence in String Theory

A similar behavior can be observed in String Theory [34]. They study the
infinite distance limit in the structure moduli space of Calabi-Yau manifolds.
Here, instead of the CP(N-1) model we have type IIB String Theory on
Calabi-Yau threefolds with N = 2 supersymmetry. The low energy effective
Lagrangian of this theory is
R
I
F J,µν + ...
(191)
− gij ∂µ ti ∂ µ t̄j + ImNIJ Fµν
2
where the ti are complex scalars (the structure moduli of the Calabi-Yau
I
are
threefolds), NIJ is the gauge kinetic (matrix valued) function and Fµν
field strength tensors associated with U(1) gauge symmetries. The UV limit
of this theory, like the CP(N-1) model, has no massive states. However, the
authors observe that if one adds a tower of massive states to the Lagrangian
(charged D3-brane BPS states in the setting described above) and integrates
them out, one obtains the correct behavior of the gauge kinetic function at
energies below the lightest state of the tower. This is analogous to what we
did in the case of scalar QED where integrating out the massive, charged
scalars gave us the correct value for the emergent gauge coupling of the
CP(N-1) model. The one-loop corrected gauge kinetic function is
L=

UV
ImNIJ ' ImNIJ
−

S
ΛU V 
8 X
q
q
log
k,J
k,I
3π 2 k
mk

where mk and qkI is the mass and charge of the kth particle in the tower. They
elaborate on the proposal that one can think of the gauge kinetic function
as emerging from integrating out that tower [6]. The authors of [34] propose
a relation to the Swampland Distance Conjecture (SDC), which states that
upon approaching infinite distances in moduli space there exists an infinite
tower of states whose mass decreases exponentially in proper distance in
moduli space [35]. They identify this tower with charged BPS states. As
the mass of these states decreases exponentially in the infinite distance limit,
so does the cutoff of the low energy effective theory (a theory without these
states). As d → ∞ they find that m0 → 0 (m0 being the lightest particle in
the tower) and therefore Λ → 0. In the same limit, the gauge coupling goes
to zero logarithmically, Λ → 0 as g → 0. These statements are related to the
magnetic WGC which states
Λ ∼ gmp
where we find Λ → 0 in the limit where g → 0. SDC says that infinite distances cannot be described by an EFT with finite cutoff whereas the mWGC
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states that global symmetries (g → 0) cannot be described by an EFT with
finite cutoff. The authors relate the two statements. Like the WGC, the SDC
can be understood as a quantum gravity obstruction to fundamental global
symmetries. However, they can emerge after integrating out an infinite tower
of states.

12.2

Factorization Problem in AdS/CFT

Another interesting observation is the connection between the WGC, emergent gauge fields and the factorization problem in AdS/CFT as suggested
by Harlow in [5] (2016). He concludes that in the two-sided AdS black hole
geometry there cannot be such thing as a fundamental gauge field. The
argument goes as follows:
Consider the maximally extended AdS Schwarzschild solution in AdS2
(also known as the two-sided AdS black hole). From an AdS/CFT perspective, this geometry is known to be dual to two causally disconnected
conformal field theories on the boundary that are in a very particular entangled state, the Thermo-Field-Double state (TDF) [36]. More details on this
duality can be found in the appendix.

Figure 23: two sided AdS black hole geometry. The solid lines are past and
future horizons, the dotted lines are Wilson lines.
Now let’s imagine that, in addition to gravity, we have a U (1) gauge
field in the bulk. We can construct gauge invariant bulk operators called
Wilson-lines/loops
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Wγ = ei

H
γ

Aµ

which are integrals of the gauge field along closed loops, between charges,
from a charges to the conformal boundary or between the two conformal
boundaries (Fig.(23)). The point is, that all of them are gauge invariant
operators and therefore must have dual operators on the boundary
that obey the corresponding symmetries. That is, we should be able to
reconstruct these operators in the following sense
Z
φ̂(xbulk ) ≈

K(x, X)Ô(Xboundary )

(192)

where xbulk are two-dimensional bulk coordinates and Xboundary is the onedimensional boundary coordinate. However, we have learned that bulk reconstruction only works for operators whose support lies entirely in the entanglement wedge of the corresponding region of the CFT. In other words,
the Wilson line that goes from the left to the right boundary cannot be fully
reconstructed on either CFT. One could try to reconstruct the left part on
the left CFT and the right part on the right, but splitting the Wilson line
like that does not give two separately gauge invariant operators.
W = ei

RR
L

Aµ

= ei

R0
L

Aµ

· ei

RR
0

Aµ

6= φR ⊗ φL

This means we cannot construct this operator on one side of the boundary
without d.o.f. from the other side. In other words, the Hilbert space of the
boundaries doesn’t seem to factorize. Harlow refers to this as the the factorization problem since people believe the Hilbert space should factorize (at
least approximately) to justify an interpretation of the AdS/CFT correspondence as an isomorphism of states and operators.
A solution to this problem would be to cut the Wilson line in half (Fig.(24))
and let it end on two very close by charges on both sides of the bifurcation
surface, so close that a sufficiently low energy observer (doing experiments
with low energy correlation function) could not tell the difference between the
genuine Wilson line and the one cut in half. So we construct a NEW Wilson
← →

line W 0 =φ†L φR which looks like the true W in the IR. For that we need
charged states which have to be massive enough s.t. a low energy observer
cannot resolve them.
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Figure 24: The cross represents the bifurcation surface of the two sided AdS
black hole
This solution of the factorization problem implies that our gauge field cannot be a fundamental object in the UV. Above the energy scale of the
massive charges we have a UV theory of charged fields and U (1) gauge theory
breaks down. In the IR however, we don’t need to know about these heavy
charges and can do physics with the emergent Maxwell dynamics.
The CP(N-1) model was a toy model that exhibited this kind of behavior - an
emergent Maxwell dynamic in the IR that decomposes into weakly interacting
scalar fields above a certain energy scale. In this case the magnetic WGC
was naturally obeyed.
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Summary and Final Remarks
In this thesis we intended to lay out different kinds of arguments in favor of
the WGC and take them a bit further in view of potential future work.

Part I
The first argument we discussed was an indirect one, originally proposed by
Banks et al. in [1]. In essence, they suggested a bottom up approach to ruling
out UV inconsistent EFTs by starting with fundamental principles such as
the holographic principle. They propose that one would obtain a similar
statement to the WGC from holographic entropy bounds in the limit g → 0
(g being the gauge coupling). Their argument relayed on the assumption
that detector resolution is finite. They say that, therefore, for arbitrarily
small g, it should eventually become fundamentally impossible to measure
the charge of an object precisely enough in order not to violate holographic
entropy bounds. Inevitably, one would expect to see an additional entropy
that depends on the gauge coupling like log g1 . In this thesis, we formulated
this idea more precisely and made the connection to a recent paper about
universal bounds on communication/measurement by Bousso et al. Their
result is that, indeed, the amount of information that can be communicated
in finite time is bounded due to quantum fluctuations (this is essentially
the statement that detector resolution is finite). For large detectors (large
number of detector cells, whose size is bounded by the Planck area) the
probability of measuring something that was not sent (or measuring a charge
that doesn’t exist) will eventually become of order one. This happens when
the number of detector cells becomes of order the Boltzmann suppression.
Naively, one would expect quantum fluctuations of the electric field to be
proportional to the gauge coupling - fluctuation in the electric field should
not be detectable if the field is decoupled from charges. This is precisely
what they find in their paper. The noise due to quantum fluctuations goes
like
p
r
hQ2 i ∼ g
δt
We speculated that this may be a game changer for the argument proposed
by Banks, Saraswat et al. If both our ability to measure charge (measure
the electric field by scattering experiments and integrate it over the area of
a sphere of detectors) and the mechanism that obstructs that measurement
(quantum fluctuations of the electric field) depend onpthe gauge coupling
in the same way, which they do (Q ∝ E ∼ g rq2 and hQ2 i ∼ g δtr ), then
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there should NOT be an entropy that depends on g. The two contributions
should cancel, which we find they do. We find that the entropy of the charge
distribution whose variance is hQ2 i is
S ∼ log Q2 + log

1
r2
∼
log
g 2 δt
δt3

This entropy seems to be independent of g. However, we find that an indirect
g-dependence reappears as one takes the limit g → 0 while keeping hQ2 i fixed.
This requires adding more charge to the distribution to maintain the size of
the electric field. Eventually, the distribution will collapse to a black hole
whose radius grows proportional to its mass. That means, that if we throw in
a light charged particle with mass ml and fundamental charge qf the charge
of the black hole will grow by qf and the radius will grow by ∼ Gml . If the
radius grows, the quantum fluctuations grow and with it the entropy. If we
require that the fluctuations grow less than the charge itself by throwing in
a particle, which amounts to saying that one should be able to distinguish
the black hole before and after, we obtain something similar to the electric
version of the WGC,
p
∆r
Gml
ml
∼g
≤g
≤ gqf
∆ hQ2 i ≤ g
δt
δt
mp
where we have used that G = m12 and δt ≥ tp ∼ m1p . Here, we dont discuss
p
this result further but this could be interesting to do.

Part II
In the second part we discussed a direct argument for the WGC and a seemingly general connection to the phenomenon of emergence. For the most
part, we followed the calculation in Harlow’s paper [5] and elaborated more
on the idea of emergence in that setting. One important result of the paper
was that the emergent gauge coupling of the low energy EFT of the CP(N-1)
model can be obtained by integrating out massive modes. Below the energy
scale set by those modes, the theory looks like scalar QED below the mass
of the scalars. This suggests that the CP(N-1)-model is in some sense more
fundamental than scalar QED because it knows about massive scalars and
gauge fields in the IR (including the correct numerical factors), despite having
neither in the UV. A similar situation exists in String Theory, where a gauge
kinetic function emerges entirely from structure moduli of the compactified
dimensions in some low energy limit. Here, similar to before, one obtains the
correct gauge kinetic function by integrating out a tower of massive states
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(D3-branes). In both cases, the WGC is naturally obeyed, which tempts us
to ask whether there is an important lesson to learn from the relationship
between the WGC and emergent objects in a low energy EFT.
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A
Technical sanity check for rate of convergence of CLT
The CLT is a statement about an average distribution in the limit where
the number of distributions we average over goes to infinity. Since we are
interested in measuring the charge of an object, applying the CLT should
be consistent with physical reasoning. The physical process corresponding
to the central limit theorem is conducting a series of n measurements, each
of which consists of a set of k data points as depicted in fig.(25). So we
measure the charge k times, calculate the expectation value µi and repeat
this n times. Eventually we are interested in p(Qav ) which is something like
the distribution of all the µi s; the CLT then tells us that this distribution
approaches a normal distribution for n → ∞.

Figure 25: The black dots are data points that correspond to a single measurement. k of them (in this picture six) constitute a a measurement. We
do a series of n such measurements (the green circles, in this picture seven)
and calculate the expectation value for each.
In practice, the number of times we can repeat a measurement will be
finite. The larger we naively choose n the more time ∆t we need to complete the measurement and compute the average distribution and its entropy.
Furthermore, we are eventually interested in the limit g → 0, which, like we
have seen on several occasions before, will cause σ to diverge. Therefore, an
important question to answer is how the rate of convergence (or the error)
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of the CLT scales with n and how, if at all, it scales with σ for fixed n. For
example, if it scales with a positive power of σ the error would diverge in the
limit g → 0 which would render the use of the CLT unwise. On the other
hand, if it is independent of or scales with a negative power σ we can argue
for a safe use of the CLT for some finite n. The error of the CLT is bounded
by the Berry-Esseen theorem [37] in the following way
ρ
√
(193)
n
where Fn (q) is the cumulative distribution function (CDF) of p(qav ) and φ(x)
the CDF of the normal distribution. ρ is the raw absolute third moment which
is the expectation value cubed of the norm of the individual distributions
q (first moment: µ1 = E(q), second moment µ2 ≡ E(q 2 ), third moment
µ3 = E(q 3 ), third absolute moment µ03 ≡ ρ = E(|q|3 )). It is not obvious how
ρ scales with σ. It might well be that it (over) compensates the σ13 in the
denominator. According to [38], the raw absolute third moment is given by
|Fn (q) − φ(q)| .

σ3

 2 

3
)
2 2 Γ( 3+1
3 1 1 µ
2
√
ρ = E(|q| ) = σ ·
· F11 − ; ; −
(194)
2 2 2 σ
π
P
a(n) z n
where F11 (a; b; z) = ∞
n=0 b(n) n! is the confluent hypergeometric function.
3

3

In our case, the ratio a(n)
goes like n1 → 0 for n → ∞, meaning that a(n)
b(n)
b(n)
won’t cause F11 (a; b; z) to diverge. We can therefore safely say that
 2 

1
3 1 1 µ
. e− σ2
F11 − ; ; −
(195)
2 2 2 σ
which goes to one for g → 0 (σ → ∞). We conclude that in the limit g → 0,
the third absolute moment ρ in eq.(194) scales with σ 3 and exactly cancels
the σ13 in the denominator of eq.(193). Therefore, the rate√of convergence of
the CLT is independent of σ and scales merely with ∼ 1/ n. This is good,
because it means we can fix the error (of approximating p(qav ) with a normal
distribution according to the CLT) by choosing some finite n and then safely
take the limit g → 0 without jeopardizing the eligibility of the CLT.

B
Path Integral Formalism in QFT
The path integral formulation of Quantum Mechanics and Quantum Field
Theory is an alternative but equivalent description. The advantage of using it is that it does not involve operators, only classical quantities. It thus
86

provides a classical intuition for quantum systems. Applied to statistical
mechanics it presents us with a new intuition for the partition function and
other quantities that are relevant when taking the perspective of maximal
ignorance (maximal entropy) subject to constraints.

B.1
Path Integral in Quantum Mechanics
In Quantum Mechanics the path integral is an alternative way of describing
the transition amplitude from on quantum state to another. In operator
formalism this amplitude would be calculated by taking a state |xi i and
evolving it for ∆t = ti −tf using a unitary time-translation operator generated
by the Hamiltonian Û (t) = e−iĤ(ti −tf ) .
hxf , tf |xi , ti iH = hxf | e−iĤ(ti −tf ) |xi i
In path integral formalism we fix the initial and final state |xi i and |xf i and
sum over all possible intermediate classical paths from xi (ti ) to xf (tf ).
The contribution of each path is weighted by eiS[x(t)] like so
Z
hxf , tf |xi , ti iH ≡ Dx(t) eiS[x(t)]
(196)
where S is the classical action conjugate to the Hamiltonian of the system.
The exponential of it is a complex number, a vector in the complex plane
that we call complex amplitude! Every path is weighted by an amplitude
whose lengths are all equal. So, in some sense all paths ‘weigh’ the same!
The action acts as a phase that determines in what direction the amplitude
of a path points in the complex plane. For paths far away from the classical
path the action varies strongly from path to path which results into the
amplitudes rotating very fast. When we sum up those contributions they
end up canceling each other out almost to entirely. It is only in the regime
of relatively stationary action δS ∼ 0 (stationary phase) where the path
amplitudes accumulate considerably to the overall amplitude, see Fig.(26).
To first approximation the quantum state (e.g. particle) to evolves along the
classical path xcl (t).
B.1.1

Derivation

Let us now look at a mathematical sketch of the derivation. An intuitive
way of understanding eq. (196) is to think of the system as an N-slit experiment with M layers of slits and taking both N and M to ∞ as shown in Fig.
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Figure 26: The diagram on the top shows how the action changes as a function of the path x(t). The diagram below shows qualitatively who the probability amplitude behaves for different paths. For paths with strongly varying action the amplitude rotates fast and overall contributions cancel out.
Around the saddle point the amplitudes hardly rotate and a significant net
contribution emerges. The paths around of stationary action correspond to
the classical path.
R
(27).The trick is essentially to insert the identity dx |xi hx| multiple times
into the amplitude. That way we split the amplitude into M small amplitudes that are multiplied together. This corresponds to splitting the time
interval between ti and tf into M layers. For every math we multiply all amplitudes between tn and tn+1 and then we sum over all possible combinations
of intermediate steps (paths).
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Figure 27: TOP (left: 2-slit experiment we know from Quantum Mechanics.
right: extension to N-slit experiment) BOTTOM (left: M layers each with
N slits. right: limit of N, M )

Z

−iĤ(ti −tf )

|xi i insert identity dx |xi hx|
hxf , tf |xi , ti iH = hxf | e
Z
= dx hxf | e−iĤ(t−tf ) |xi hx| e−iĤ(ti −t) |xi i
...repeat last step M-2 times
Z
∆t
∆t
= dxM −1 ...dx1 hxf | e−iĤ M |xM −1 i hxM −1 | e−iĤ M ...
∆t

∆t

... |x2 i hx2 | e−iĤ M |x1 i hx1 | e−iĤ M |xi i
!
Z MY
−1
∆t
∆t
= hxf |
dxn e−iĤ M |xn i hxn | e−iĤ M |xi i
=

Z Y
M

n=1
tf

dxn

n=1

Z
≡
Z
=

Y

e−iĤdt

ti

Dx(t) e−i
+i

Dx(t)e

R tf
ti

R xf
xi

dtH(x,π)

d4 xL(x,ẋ)
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Z
=

Dx eiS

B.1.2

Euler Lagrange Equation

In order to find the ground state i.e. the stationary phase solution for the
dynamical variable x(t) we do a small perturbation of the kind x(t) → x(t) +
δx(t) require that the amplitude be invariant under that perturbation. All
we demand is that the path integral should not depend on shifting every
path by some amount δx(t) as long as we keep the end points fixed. Another
way of saying that, is that an integral should be invariant under a change of
variables. So we require that
Z
Z
iS !
hxf |xi i = Dx e = Dx ei(S+δS)
This is precisely true for δS = 0, which yields the equations of motion.

90

B.2

Path Integral in QFT

The path integral in QFT is conceptually quite analogous to the one in QM.
Instead of evolving our field with an S-matrix (which contains field operators
and thus is itself an operator) and going through all the trouble with Dysons
formula, Wick’s theorem etc., we sum over all intermediate classical field
configurations between and initial configuration |ii and a final configuration
hf |, as shown in Fig.(28). A transition amplitude in QFT is a path integral
with boundary conditions.

Figure 28: path integral in QFT

B.2.1

The Euclidean path integral

This section is based on [39]. In the Euclidean metric, a transition amplitude
is calculated in the following way
−βH

hφ1 | e

Z

φ(tE =β)=φ2

|φ2 i =

Dφe−S

(197)

φ(tE =0)=φ1

In words, we start with an initial field configuration at some time we call
tE = 0, evolve it in Euclidean time for ∆tE = β and map it onto our final
configuration - this yields the probability amplitude for this process. Specifying field data before and after time evolution is equivalent to imposing
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boundary conditions for the path integral. We could also choose not to specify the field data after doing time evolution - we drop one of the two boundary
condition. This is called a path integral with one open cut, which is also referred to as a state. We can even allow two open cuts which leaves us only
with e−βH . Those, familiar with statistical physics will recognize that this is
a thermal density matrix, if we identify the Euclidean time interval with an
inverse temperature. This gives an interesting intuition for time evolution. In
a system at very high temperatures β → 0, nothing much happens anymore
in terms of interesting processes. The amount of energy one would have to
put into the system in order to change the information content of even by one
. Macroscopic changes at high tembit is huge at high temperature, dS = dU
T
peratures are extremely suppressed so there is really nothing to parametrize
and call it time. In some sense, time stops at high temperatures. Conversely,
at low temperatures, the system approaches its ground state because there
is simply not enough energy in the system to excite higher energy modes for
a long time. One might guess that using eβH as a time evolution operator
and taking β → ∞ would project any initial state onto the ground state.
This is indeed what happens as we will see shortly. There are nice pictorial
representation for the above words. They are summarized in Fig.(29)

Figure 29: Pictorial representations of path integrals
Now we can consider time evolution in Lorentzian time. In quantum mechanics our time evolution operator is usually e−iHtL . Where does it appear
in this formalism? We can think of the Euclidean part of the path integral
as preparing a state and the Lorentzian part as the time evolution that we
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are used to from ordinary quantum mechanics. In other words, we prepare
a state χ by evolving some initial configuration by Euclidean time interval β
- this gives us a state at tL = 0. Then we evolve it in Lorentzian time to get
χ(t). In pictures this looks like in Fig.(30) .

Figure 30: Euklidean vs. Lorentzian time evolution
Let’s take a closer look at the density matrix ρ = e−βH . It can be expanded
in terms of energy eigenstates hn| and gets a nice pictorial path integral
representation as two states hn|, each evolved by a Euclidean time interval
β/2, that are glued together by the sum over n. Indeed, sums (or traces) glue
together these pictures, see Fig.(31).

Figure 31: The density matrix in the path integral formalism
This is also what happens for the partition function. The partition function is defined as the trace of the density matrix. We can think of the trace
as gluing together two states (two open cuts) by summing over all possible
intermediate states. This ‘gluing’ is what creates the periodic boundary conditions we saw earlier in the derivation of the quantum mechanical partition
function.
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Figure 32: The partition function in the path integral formalism
B.2.2

The vacuum wave function

As mentioned above, we can obtain the ground state by evolving any (benign)
state very long backwards in Euclidean time. In formulas
|Ωi ∼ lim e−βH |χi
β→−∞
X
= lim
e−βEn |ni hn|χi
β→−∞

n
−βE0

∼ lim e
β→−∞

|0i h0|χi

(198)
(199)
(200)

Euclidean time evolution suppresses all excited modes exponentially. For
β → ∞ the state with E0 (ground state) will have the least suppression and
be the dominant contribution to the state.
Now, the ground state wave function is the ground state written in some
basis Ψ(φ) = hφ|Ψi. In the path integral language, we write
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hφ|Ψi =

X

hφ|φ̃i hφ̃|Ωi

(201)

φ̃

Z

φ(tE =0)≡φ

−S

 Z

φ(tE =β)≡φ̃

Dφe

Dφe

=
Z

φ(tE =β)≡φ̃
φ(tE =0)≡φ

=

−S


(202)

φ(tE =−∞)≡Ω

Dφe−S

(203)

φ(tE =−∞)≡Ω

For those who like pictures, here is what it looks like:

Figure 33: Pictorial representation of the ground state wave function

C
Two sided AdS Black Hole
C.1

Rindler space

We have seen how the ground state wave function is computed using the
Euclidian path integral. Now we divide our space in half so that the ground
state wave function can be written as
hφ|Ωi → hφL φR |Ωi
Instead of integrating from tE = −∞ to tE = 0 we can use a different
parameter to integrate over the same area in configuration space (which is
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what a path integral is - each point in configuration space is weighted by
a complex number and we sum up the ones in the region enclosed by our
initial and final boundary conditions). Instead of time, we choose an angular
parameter and let it run from 0toπ as shown in Fig.(34)

Figure 34: Ground state wave function for a spacetime that is separated into
two parts. It can be viewed as a transition amplitude from one part to the
other.
After this change of variables, the vacuum wave function looks like a transition amplitude from φL to φR .
hφR |e−πHη |φ∗L i =

X

e−πHη hφR |nR i hnL |φL i

(204)

n

= hφR | hφL |

X

e

−πHη

|nR i |n∗L i


(205)

n

≡ hφL φR |Ωi

(206)

The angular parameter we chose corresponds to Rindler time in the Lorentzian
plane and is the boost angle of Minkowsky space. The ground state in that
choice of time coordinate is the thermo-field-double state (TFD).
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|Ωi ≡ |T F Di =

X

e−πHη |nR i |n∗L i

(207)

n

It is the Minkowsky vacuum seen by an observer with time coordinate η,
in other words a uniformly accelerated (constantly boosted) observer - as
this observer is constantly boosted to different frames she has no inertial
(in equilibrium) coordinate system; her coordinates will inevitably depend
on the boost parameter η. The Hamiltonian Hη generates rotations in the
Euclidean plane and is the boost operator Kη of Minkowsky space. The
TFD is the ground state of that boost operator and can be thought of a kind
of Hamiltonian that generates time translations along η. Note, that Rindler
time translations are isometries of Minkowsky space, simply because they are
equivalent to Lorentz boosts, which are Killing vectors of Minkowsky space.
Now we can ask what space time looks like to a uniformly observer, what
are observable properties of Eq.(207)? Different times means different energy
content, means particles! Consider the density matrix associated with the
TFD state:
ρ = |Ωi hΩ| =

X

e−2πHη |nR i hn∗L |

(208)

n

We can trace over the degrees of freedom of the left side to obtain the reduced
density matrix for only the right side. The trace will, as before, glue together
the path integral as shown in Fig.(35).
X
ρR = trL ρ =
hφL |Ωi hΩ|φL i
(209)
φL

With the reduced density matrix ρR we calculate a Euclidean transition amplitude on the right side only, along the lines of Eq.(197) and Fig.(29).

R
hφR
2 |ρR |φ2 i

=

hφR
1|

X


hφL |Ωi hΩ|φL i

|φR
2i

(210)

φL

=

X

L
L R
hφR
2 φ |Ωi hΩ|φ φ1 i

(211)

φL

=

X

hφR
1|

−2πEn

e

n
−2πHη

= hφR
1 |e
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|φR
2i


|niR hn|R |φR
2i

(212)
(213)

Figure 35: Derivation of the Rindler Hamiltonian
ρ = e−2πHη is a thermal density matrix with inverse temperature β = 2π. Hη
is the generator for rotations in the Euclidean plane. Changing to Lorentzian
signature η → iηL it becomes the generator of boosts in Minkowsky space.
We summarize so far: A uniformly accelerated observer in regular
Minkowsky space has a time coordinate (Rindler time ηL ) that corresponds
to the boost angle of Minkowsky space. The Rindler Hamiltonian is therefore the Minkowsky boost operator. Due to the constant acceleration she
perceives the Minkowsky vacuum as an excited state - a thermal state. Let’s
be a bit more precise. Consider a Rindler observer equipped with a thermometer. Thermometers need some time to reach equilibrium. Technically
only an eternally accelerated observer can speak of temperature. Only an
eternally accelerated observer sees a Rindler horizon. For such an observer
a
, where a is the acceleration. The
the temperature asymptotes to T = 2π
Rindler vacuum is not the Minkowsky vacuum, i.e. the state that is annihilated by all annihilation operators. We will see this in the next section.
The Rindler vacuum from a geodesic Minkowsky observer is singular at the
horizon (divergent quantum fluctuation - Rindler modes on both sides of
the horizon are not entangled: hΩrindler |φR φL |Ωrindler i = 0). In some sense,
Rindler space ends there and there is no sense in which the two regions are
next to each other. In Minkowsky coordinates the picture is very different we find the familiar entanglement structure of modes that ensure a smooth
spacetime everywhere including the place where a Rindler observer sees a
horizon. These seem to be two conflicting descriptions of the same system 98

one observer sees a firewall, the other sees nothing but smooth vacuum. A
similar problem appears in black hole physics where an infalling (geodesic)
observer sees regular vacuum at the horizon whereas a stationary observer
some distance away from the horizon sees divergent energies at the horizon
(as he lowers a thermometer to the near horizon region he measures very
high temperatures). This apparent paradox can be solved by the idea of
complementarity. The two descriptions are complementary in the sense that
no single observer can see both a smooth horizon and a firewall, and an observer who sees one thing cannot tell the other observer about it - casualty
prevents them from doing so [40]. The way we want to think about the two
Rindler wedges (left and right side) is as being two thermal regions whose
states are entangled with each other such that together they are in a pure
state, a TFD state.

C.2

Gravity solution in the bulk

So far, we have established that we can think of the Euclidean path integral
as preparing a state at tL = 0, which we can then evolve in Lorentzian time.
In particular, we were interested in a particular kind of state that arises
when we divide space in half and choose a different time parametrization namely we chose an angular parametrization of spacetime which is equivalent
to the boost angle associated with Lorentz transformations in Minkowsky
space. With this new time coordinate, the Minkowsky vacuum looks like
two thermal regions that are in a thermo field double state (TFD). We can
think of the Euclidean path integral as preparing that state and interpret the
vacuum wavefunction as a transition amplitude from a field configuration on
the right to one on the left side, Fig.(36). The path integral we have computed
lives on [0, π] ⊗ S d−1 where [0, π] is the Euclidean time interval that we have
integrated over.

Figure 36: vacuum wave function
Now, we would like to find a geometry that has the boundary conditions
[0, π] ⊗ S d−1 . It turns out, that the half of the Euclidean maximally extended
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AdS Schwarzschild (SS) black hole (BH) is a suitable candidate. We start
with the SS metric in Lorentzian signature which is
ds2 = −f (r)dt2 + f (r)−1 dr2 + r2 dΩ22
. Since this theory has time translation symmetry (∂t is
where f (r) = r−1
r
a Killing field) we can change our time coordinate to Euclidean time. In
Euclidean signature t → itE the metric becomes
ds2 = +f (r)dt2E + f (r)−1 dr2 + rd2 Ω22
p
p r
−1
dr. For small
We change to polar coordinates dρ =
f (r) dr =
r−1
2
ρ (near the horizon) we find r ∼ 1 + ρ /4 and make the approximation
2
f (r) = r−1
∼ ρ4 (the singularity is at ρ = 0). In the near horizon region our
r
metric then looks like
1
ds2 ∼ dρ2 + ρ2 dt2E + dΩ22 + O(ρ4 )
4
1 2 2
2
The first two terms, dρ + 4 ρ dtE , look a lot like polar coordinates in R2
where tE plays the role of an angle. This reminds us of the Euclidean path
integral where we used an angular parametrization for the time coordinate.
Suppressing the two-sphere dΩ2 the geometry looks like in Fig.(37).

Figure 37: Euklidean bulk geometry
Note that the singularity is at r = 1 (or equivalently ρ(r) = 0). We now cut
this geometry in half, so that tE goes from 0 to π and identify the cut with
the Lorentzian part of the geometry at tL = 0. We can think of the initial
bulk wave function being prepared by a Euclidean bulk path integral on
[0, π] ⊗ S d , where S d is the suppressed d-sphere (here two-sphere) associated
with dΩ2 . The boundary of the bulk geometry is [0, π] × S d−1 , the same as
the Euclidean path integral that prepared the TFD state in the last section.
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Figure 38: half of the Euklidean bulk geometry. This is called the HartleHawking construction of the wave function. The Euklidean path integral
from tE to tE = π prepares the TFD state on the boundary. Now, we can do
ordinary time evolution (in Lorentzian time)
Now we evolve it in Lorentzian time which yields the domains of dependence
of the two regions to the left and right of the singularity, Fig.(39).

Figure 39: TFD state prepared by Euklidean path integral and evolved in
Lorentzian time.
Note that the angular Euclidean time coordinate tE (earlier I called it η and
also φ - sorry about that) is the analytic continuation of the boost/rotation
angle η → iη in the Lorentzian (tL , x)-plane like shown in Fig.(40).
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Figure 40: Overview of the different time coordinates.
With one spatial dimension less suppressed this looks like in Fig.(41).

Figure 41:
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Note that the bulk domains of the two regions of the bulk, can also be
viewed as the causal wedges of the corresponding regions on the left and
right boundary at tL = 0. The boundary path integral Zboundary (φ = δΦ)
that corresponds to the bulk path integral Zbulk (Φ, δΦ) of a Euclidean SS
BH on a time interval [0, π] prepares the TFD state, where Φ are the bulk
fields and φ the fields on the boundary. One can therefore argue that two
are dual to each other. The TFD state on the boundary is dual to the
two-sided black hole geometry in the bulk. The Euclidean part of the
geometry prepares the initial wavefunction, hφL φR |T F Di, on the
boundary. This is also called the Hartle-Hawking-Israel construction of the
ground state wavefunction. The boundary fields can be viewed as boundary
conditions δΦ of the bulk partition function

Zbulk (Φ, δΦ) ≡ Zboundary (φ = δΦ)

Some remarks: Smoothness of geometry and entanglement seem closely
related concepts. We have seen that a smooth horizon in a two-sided AdS
SS geometry is only possible due to strong entanglement of modes on both
sides of the horizon. On the boundary this corresponds to the two CFTs
being in a particular entangled state, namely the TFD state. A property of
entangled (or mixed) states is that they are a superposition of product states
- product states have no entanglement. The AdS/CFT correspondence gives
a new intuition for connected geometries. We can construct a connected
space-time by taking a specific superposition of disconnected ones.
This superposition means entanglement between modes in the regions we
want to connect. In the case of the two-sided AdS BH we can think of the
space in the interior as the amount of entanglement between fields of the two
regions. If there were no entanglement the two black holes would not share
the same interior. This idea is summarized in Fig.(42) - it is the idea that
entanglement creates spacetime.
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Figure 42:
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