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Shock profile analysis using wavelet transform
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J. A. Newbury and C. T. Russell
Institute of Geophysics and Planetary Physics, University of California, Los Angeles, USA

We study the fine structure of the collisionless shock front, paying particular attention to the large gradients and internal structure within the ramp and to quasiperiodic structures in the ramp vicinity. In order to separate random steep gradients with low amplitudes
from steep large-amplitude formations, we apply Gaussian wavelet transforms suitable for this
task. We analyze several high Mach number shocks and show that ramp substructure is not
uncommon and that the typical scales of the steepest gradient features are significantly smaller
than the shock transition width (provided they are stationary in the shock frame). We apply
the Morlet wavelet transform to the magnetic field data in order to identify quasiperiodic patterns which may last only several periods. It is likely that short quasiperiodic wave trains dominate in the wave activity. Such wave trains are not always associated with the ramp itself.
Abstract.

1. Introduction

and shock velocity, uncertainties in both of which can produce additional error in scale measurements. However, even the determination of typical temporal scales in the measured time series encounters serious problems, related to the rapid variation of the largescale magnetic field, strong inhomogeneity along the shock normal,
and the absence of a clear distinction according to frequency (because of Doppler shifts, different mechanisms working at the same
frequencies, etc.).
The technique commonly used to determine ramp position and
width is to visually mark the ramp beginning and end. This procedure becomes very subjective, particularly when the shock transition is not a sharp monotonic magnetic field increase but shows
several successive jumps with comparable amplitude or is “spoiled”
with a large-amplitude wave superimposed on it. Similarly, the
Fourier spectrum, which is quite successful far upstream, is not appropriate in the shock front itself, since some quasiperiodic patterns
may only last for several periods, while higher-frequency waves
are definitely influenced by varying ambient magnetic field and
plasma (for example, typical gyrofrequencies are spatially dependent). Moreover, studying waves with the typical wavelengths of
several c/ωpe in the ramp vicinity using Fourier analysis would require averaging over a much larger spatial length, with the ramp
itself contributing substantially in the same frequency range.
Techniques involving wavelets have been used extensively for
turbulence analysis in other fields for some time (see Argoul et al.
[1989]; Everson et al. [1990]; Meneveau [1991]; Farge [1992]; Liu
[1994], and Chakraborty and Okaya [1995] for a rather random selection of references), but they are relatively new to space physics.
Wavelet analysis is capable of providing information about the
scale of an event and its position altogether, within the limits of
the uncertainty principle. Wavelet analysis is also capable of tracing localized structures, whereas the Fourier transform of which
has a broadband spectrum. Application of the discrete Daubechies
wavelet transform to the magnetosonic wave steepening by Muret
and Omidi [1995] is an excellent example. Recently, wavelet transforms were successfully applied to the analysis of upstream waves
where Dudok de Wit et al. [1995] applied the Morlet wavelet transform. The Morlet transform is especially useful for the analysis
of waves but not very useful for the analysis of localized structures such as the shock ramp or magnetic spikes. Other wavelets
[Lewalle, 1994] are applicable to this task.
In the present paper we apply wavelet transforms to the localized
structures and large-amplitude quasiperiodic wave trains found in
the collisionless shock front. In particular, we focus on the vicinity of the ramp, where the inhomogeneity of the magnetic field is
the strongest. We use wavelets formed from Gaussian derivatives
to determine the position and spatial duration of the ramp and any
meaningful large-amplitude structures within the ramp. We also
use the Morlet wavelet to measure the period of any quasiperiodic
structures. The main objective of the present study is to determine

Shock transition layers are very peculiar in the sense that the
typical scale of the quasi-stationary magnetic field profile varies
in them by two orders of magnitude. In particular, scales in supercritical, high Mach number shocks vary from the large Vu /Ωu
scale size of the foot [Woods, 1969; Sckopke et al., 1983] (where
Vu is the upstream plasma velocity and Ωu is the upstream ion
gyrofrequency) to the small ∼ c/ωpe scale found in the ramp
2
[Newbury and Russell, 1996] (where ωpe
= 4πne2 /me is the
electron plasma frequency). The magnetic field profile of the low
Mach number shock is generally laminar, containing one large, essentially monotonic increase in magnetic field at the ramp with a
width ∼ c/ωpi and a whistler precursor with the typical wavelength 2πc cos θ/(M 2 −1)1/2 ωpi [Russell et al., 1982; Mellott and
Greendstadt, 1984; Mellott and Livesey, 1987; Farris et al., 1993]
(here M is the Alfvénic Mach number of the upstream plasma, θ is
the angle between the shock normal and upstream magnetic field,
and ωpi is the ion plasma frequency).
The high Mach number shock, however, has a much narrower
ramp [Scudder et al., 1986; Newbury and Russell, 1996], and, as a
rule, strong wave activity is superimposed on what is usually believed to be its stationary structure. This wave activity consists
of large-amplitude, large-scale magnetic field spikes in the ramp
itself. It is not known whether these waves are, in fact, quasistationary (phase standing), are transient, or are representative of
the intrinsic shock front dynamics [Krasnosel’skikh, 1985; Galeev
et al., 1988]. Upstream whistlers are believed to be associated with
upstream ion beams [Hoppe et al., 1982] or generated in the ramp
itself [Krasnosel’skikh et al., 1991; Orlowski et al., 1995; Dudok
de Wit et al., 1995]. Finally, there is a large amount of activity in
the magnetic field downstream of the shock, including a series of
large-amplitude overshoots and undershoots and a number of wave
modes, convected across the ramp or generated locally [Lacombe
et al., 1990]. A part of this “wave activity” may reveal an ordered
pattern and be a part of the fine structure of the shock front (scales
less than Vu /Ωu ). Other activity may be random turbulence caused
by microinstabilities [Wu et al., 1984]. The separation of the quasistationary structure of the shock from the time-varying structure
and the determination of the scales in the shock front are among
important and most difficult problems of shock physics. The second problem, the conversion of the observed time series into a spatial profile, also requires reliable knowledge of the shock normal
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whether the shock front (ramp, in particular) contains any fine-scale
substructure and to determine physically meaningful scales of these
formations. We are also going to demonstrate the capabilities of the
wavelet transform and to introduce this powerful tool by applying
it to observations of bow shocks made by the ISEE 1 and 2 spacecraft and extracting information which would be otherwise difficult
to obtain. The paper is organized as follows: In section 2 we discuss our selection of wavelets and calibrate the wavelet transforms
based on a model magnetic field profile. In section 3 we apply
wavelet transforms to several observed bow shock profiles. The
results are discussed in section 4.

which is simply a monochromatic wave with the frequency ω0 =
2π and an amplitude modulated with a Gaussian envelope. The two
real wavelets g1 (t) and g2 (t) and the real part of the Morlet wavelet
Re m(t) are shown in Figure 1.
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In contrast with the Fourier transform, which provides the frequency spectrum of a time series by comparing it with a monochromatic wave of infinite length, the wavelet transform compares a
time series with compact forms of essentially finite length and thus
provides information about both scale (inverse frequency) and position (time) where this scale is encountered in the data. Wavelet
analysis is based on the convolution of the time series with a family
of well-localized functions of the same shape but different width
[Farge, 1992]. The mother wavelet ψ(t) (the function which determines the basic shape and from which the others are derived)
should satisfy the following admissibility criteria:
Z ∞
Z ∞
ψ(t)dt = 0,
|ψ(t)|2 dt < ∞.
(1)
−∞

−∞

After a mother wavelet is chosen, the whole wavelet family is obtained using translations and dilations as follows:
t−a
1
),
ψ(a, l; t) = √ ψ(
l
l
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Figure 1. (left to right) Plots of g1 (t) wavelet, g2 (t) wavelet,
and Re m(t) wavelet.
In what follows, we shall plot Pg (a, l) = | Re Wg [a, l](f )|2 /l.
For g1 and g2 wavelets, which are real, this quantity is the wavelet
energy density, since the total energy is
Z
dadl
.
E = |W [a, l]|2
l

(10)

For the Morlet wavelet transform the interpretation is not so
straightforward, although it is clear that by normalizing on l we

where a is the position (or time, which shows the position of some
reference point at the wavelet shape relative to the time series)
while l is the scale (or duration, which is the measure of the wavelet
width).
The wavelet transform of a function f (t) gives a twodimensional function in the time-duration space, according to the
following prescription:
Z ∞
Wg [f ](a, l) =
f ψ ∗ (a, l; t)dt.
(3)
−∞

The choice of the proper mother wavelet ψ(t) is dictated by our
needs. The identification of the ramp is equivalent to the search
for the steepest gradients with the largest magnetic field jump. The
first and second derivatives of the Gaussian (the latter also known
as the Mexican Hat wavelet)
g1 (t) = t exp(−t2 /2),

(4)

g2 (t) = (t2 − 1) exp(−t2 /2),

(5)

are the appropriate mother wavelets for this task [Farge, 1992;
Lewalle, 1994]. The first is especially sensitive to gradients,
df (t)/dt, while the latter is sensitive to inflections, d2 f /dt2 . The
corresponding wavelet families, according to (2), look as follows:
(t − a)2
t−a
g1 (a, l; t) = √ exp[−
],
3
2l2
l
(t − a)2
1 t−a 2
g2 (a, l; t) = √ [(
) − 1] exp[−
].
l
2l2
l

g2

g1

2. Wavelet Choice and Calibration

(6)

preserve the proper energy density scaling. Taking only the real
part of Wm allows us to also retain phase information (correct sequence of maxima and zeroes), which is desirable when periodic
structures are analyzed.
Analytical expressions describing the above transforms can be
obtained only for sufficiently simple functions,
whereas we are planning to apply the technique to rather complicated bow shock observations. To validate use of wavelet transforms for quantitative analysis of shock profiles, we shall calibrate
this technique using a model profile. With the following “building
blocks”:
1.5(t − t0 )
],
T0
2π(t − t1 )
2π(t − t2 )
A0 = a1 sin[
] + a2 sin[
],
T1
T2
(t3 − t)(t − t4 )
C0 = exp[
],
T32

B0 = B1 + B2 tanh[

(11)
(12)
(13)

it is possible to construct profiles that reasonably resemble the mea(7)

For the analysis of periodic structures or quasi-monochromatic
waves we choose the Morlet wavelet:
m(t) = exp[(2πit − t2 /2)],

(8)

2πi(t − a)
(t − a)2
1
m(a, l; t) = √ exp[
−
],
l
2l2
l

(9)

sured shocks, with the proper choice of parameters. Here B0 describes a tanh profile of the width 2T0 , and A0 adds two superimposed waves with periods T1 and T2 and relative amplitudes a1
and a2 and phases t1 and t2 , while C0 provides damping into upstream and downstream. Three such profiles with the corresponding wavelet transforms are shown in Figures 2-4. The model profile
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Figure 2. (top to bottom) Model shock profile (consisting of
tanh profile and superimposed monochromatic wave of constant amplitude), g1 transform, g2 transform, and m transform.

Figure 3. (top to bottom) Model shock profile (consisting of
tanh profile and superimposed monochromatic wave with the
peak amplitude proportional to the tanh field and damping into
upstream and downstream), g1 transform, g2 transform, and m
transform.
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Figure 4. (top to bottom) Model shock profile (consisting
of tanh profile and two superimposed monochromatic wave,
each having the peak amplitude proportional to the tanh field
and damping into upstream and downstream), g1 transform, g2
transform, and m transform.
in Figure 2 is the simplest. It is constructed as B = B0 + A0 ,
with the following choice of parameters: B1 = 2, B2 = 1,
t0 = 32, T0 = 1, a1 = 0.35, t1 = 0.3, T1 = 1, and a2 = 0.
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3. Shock Analysis
The above model examples show that the selected wavelet tools
are, indeed, appropriate for shock profile analysis. As a further
demonstration we now apply the technique to the low Mach number, November 26, 1977, 0610 UT shock which has been comprehensively analyzed earlier by conventional methods. The shock

profile and the corresponding wavelet transforms are shown in Figure 5. The top diagram
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It consists of the tanh-like profile with a 2 s width (we measure
“time” in seconds for convenience), centered at t = 32 s, and one
monochromatic wave with constant amplitude and period 1 s. For
the wavelet transform representation the filled contour plot (30 contours per whole range) of Pg (a, l) is chosen, where a is time and l
is duration. The magnitude of Pg (a, l) is shown by color. Since the
exact value of this magnitude is not of direct significance here and
the significant part of the information is contained in the pattern of
the wavelet transform, the gray scale representation is chosen. As
shown below, the position and shape of dark regions allows us to
draw conclusions about the features of the profile. The so called influence cone (dark conical pattern which is wide for large durations
and becomes progressively narrower for smaller durations) corresponds to the ramp transition. This cone uniformly converges to
the width 2 s (between t = 31 s and t = 33 s) for small durations.
Thus the ramp width is given by the width to which the influence
cone tends in the limit of small durations. Finer features (like two
small “tongues” growing from the cone near the horizontal axis)
correspond to the distortions of the profile.
The same width can be found from the g2 transform diagram,
where two influence cones converge to approximately the same 2
s distance between them. Both transforms acknowledge the presence of the large amplitude monochromatic wave as a sequence
of gradients (g1 transform) or extrema (g2 transform). The last
diagram shows the m transform, which is not especially sensitive to the tanh profile (it is seen as the structures converge toward t = 32), but clearly identifies the monochromatic wave, even
within the ramp, as a horizontal stripe of “ellipses” (two per each
wave period) with the same duration 1s, exactly equal to the wave
period in the model.
The model profile in Figure 3 is obtained as B = B0 (1+A0 C0 ),
with the following choice of parameters: B1 = 2, B2 = 1,
t0 = 32, T0 = 1, a1 = 0.35, t1 = 0.7, T1 = 2.4, a2 = 0,
t3 = t4 = 32, and T32 = 100. It shows the same tanh profile upon
which a wave is superimposed with the period 2.4 s and peak amplitude proportional to the undisturbed field magnitude. The wave
damps into upstream and downstream as well. The g1 transform
now shows a slightly smaller width, which is the result of the accidental interference of the ramp and wave, as seen from the top
diagram. The same changes are in the g2 diagram. The m diagram
again clearly shows the wave period, although now the interference
with the ramp is strong. The transforms also show the wave damping.
In Figure 4 a rather pathological case is presented where there
are two waves with the periods 1 s and 2.4 s and comparable amplitudes, which are proportional to the undisturbed tanh field, and
definite phase difference. The waves damp into upstream and
downstream, but the damping starts at the overshoot behind the
ramp. This model is obtained as above with the same B0 and other
parameters chosen as follows: a1 = 0.55, t1 = 0.7, T1 = 2.4,
a2 = 0.35, t2 = 0.3, T2 = 1, t3 = 40, t4 = 36, and T32 = 150.
Despite the very strong interference between the waves and tanh
field, the g1 transform is quite successful in the identification of the
ramp width, showing the large scale ≈ 3 s and small scale ≈ 1 s.
One may be tempted to state that the true width is between the two
scales. However, with such large wave amplitude it is difficult to
speak about stationary structure on which wave activity is superimposed. Rather, if the wave is moving relative to the tanh profile,
the shock itself should be considered as nonstationary with the typical scale varying between the determined large and small scales.
The g2 transform diagram supports the above scale estimates, although in this case it is less clear and less useful. The m transform
identifies both waves, despite the very strong interference between
them and the tanh field (it should be understood that the coupling
is nonlinear as follows from the construction B = B0 (1 + A0 C0 )).
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Figure 5. (top to bottom) Total magnetic field profile for low
Mach number shock of November 26, 1977, g1 transform, g2
transform, and Morlet transform.
shows 2 min measurements of the total magnetic field, measured
here (and hereafter) in nanoteslas. Time is measured in seconds,
with t = 0 corresponding to 0610:00 UT. This shock is a typical
laminar, quasi-perpendicular, low Mach number shock with a Mach
number M = 2.7, kinetic to magnetic pressure ratios βi = 0.16
and βe = 0.36, and the angle between the shock normal and upstream magnetic field θBn = 67◦ . The ion inertial length is calculated to be 58.2 km. The shock normal was determined from
coplanarity. The separation of the ISEE 1 and 2 spacecraft along
the shock normal is determined to be 19.37 ± 0.50 km, and the
velocity of the shock front along the normal direction is 5.5 ± 0.8
km/s. The dimensionless spatial separation along the shock normal
corresponds to LN ≈ 0.3(c/ωpi ), while the separation along the
shock front is LT ≈ 0.8(c/ωpi ). The ramp duration for this shock,
determined directly from the shock profile, is about 10.8 s which
corresponds to 1.02 ± 0.15 c/ωpi [Newbury et al., 1997]. No substantial wave activity is observed to interfere with the ramp, except
for the small bump nearly in the middle of it. No prominent features are seen in the turbulence except a visually periodic structure
between t = −59 and t = −30 s.
The g1 transform diagram clearly shows the ramp position and
width. Owing to the low level of the wave activity the pattern is almost as clean as the model profile. The wavelet determined width is
slightly less than the above mentioned 10.8 s and is rather the scale
of the steepest part of the shock front than the width of the transition from upstream to downstream magnetic field. It is interesting
to note that the transform provides the second scale corresponding to the bump inside the ramp, despite its rather low amplitude.
This sensitivity of the tool happens because of the absence of largeamplitude fluctuations.
The third diagram shows the g2 transform, which is expected
to be sensitive to d2 B/dt2 . Indeed, the contours clearly converge
toward the upstream edge of the ramp and to the bump in the middle of the ramp, where the gradient of the gradient is expected to
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be the largest. Usually the g2 transform contains few new details
compared to the g1 transform and is used here as a double check.
The final Morlet transform diagram is the most informative. It
shows the features of the wave activity. The upstream wave train
is clearly identified as a 5 s periodic structure between t = −50
and t = −30 s. The period of the wave suddenly increases almost by a factor of 2 near t = −50 s. For the parameters of
this shock the wavelength of the phase standing whistler λW =
2πc cos θBn /(M 2 − 1)1/2 ωpi corresponds to the observed period
of about 9.8 s, which is substantially larger than the period of the
wave train in the part which is closer to the ramp. Moreover, the
wave train is not connected to the ramp at all. Some quasiperiodic
activity is generated at the ramp, including the wave train with the
temporal length of 20 s and gradually decreasing period from the
ramp into downstream. Another wave train with the period near 6
s starts about 40 s beyond the ramp. In general, the wave activity down to periods 1 s (frequencies below 1 Hz) seems to consist
mainly of distinct short wave trains which last from 4 to 10 wave
periods.
It is interesting to compare the Morlet transform with the dynamic Fourier spectrum shown in Plate 1. In Plate 1

4
2

−30

Freq

Power

Figure 6. (top to bottom) ISEE 1 measured total magnetic field
profile for high Mach number August 2, 1980, 0858 UT shock,
g1 transform, g2 transform, and Morlet transform.

Time

Plate 0. Dynamic spectrum for 2 min of magnetic field measurements of November 26, 1977, 0610 UT shock profile.
on the vertical axis is the logarithm of the frequency f , which
is related to the duration as f = 1/duration, so that log f = 0
corresponds to 1 s duration (period) in the lowest diagram of Figure 5. Fluctuations at 10 s period that would lie at the top of the
Morlet diagram (Figure 5) lie at the bottom of Plate 1. The upstream power spectrum shows a kind of a plateau which extends
up to the frequency 0.4 Hz, which corresponds to the period 2.5 s.
The visual sharp increase of the wave activity near 0610 UT corresponds to the broadband contribution of the ramp into the Fourier
transform. The downstream power spectrum decreases monotonically toward higher frequencies. The dynamic spectrum analysis
does not provide the information about the periodic wave trains in
either shock parts (neither upstream nor downstream) and therefore
is not quite appropriate for the description of the wave activity in
the shock front.
Besides the physical picture of the low Mach number shock
structure, the above application of the wavelet transform has provided us with additional calibration of the tool which can now
be applied to high Mach number shocks, where other methods
are not quite successful. We start with the nearly perpendicular
(θBn = 86◦ ), high Mach number (M = 4.0), moderate beta
(β = 0.91) shock, observed on August 2, 1980, at 0858 UT. For
this shock the ramp position and width are determined quite satisfactorily using conventional methods (within the uncertainty of the
determination of the normal vector). The magnetic field profile for
this shock and the corresponding wavelet transforms are shown in
Figure 6. The magnetic

field diagram covers 1 min of ISEE 1 measurements centered
at the ramp crossing, with t = 0 corresponding to 0858:50 UT.
The overall transition from the relatively quiet upstream state to
the downstream state with a low level of turbulence occurs within
20 s (from t = −5 s to t = 15 s). This transition includes several
distinguishable features, such as the steep upstream precursor near
t = 14 s and a series of steep elevations of the magnetic field, the
steepest of which is the jump by a factor of > 2 near t = 0 s, which
occurs during less than a second. The second diagram shows the
g1 transform of this profile. It is clearly seen that two scales are
present in the transform: the big scale ≈ 8 s, associated with the
transition as a whole, and a small scale ≈ 2 s, which identifies
the two successive jumps near t = 0 s, a single steep transition.
The precursor at t = 14 s stands alone. The same picture is seen
from the g2 transform, which very clearly indicates the small scale
within the ramp and standing alone precursor. The m transform
is a little messy, showing that a number of frequencies are present
in the local spectrum and none of them dominates, except probably the ≈ 3 s periodicity, which could be related in part to the
spacecraft 3 s rotation. It is worthwhile to note that the precursor
at t = 14 s is clearly seen in all three diagrams, including the Morlet diagram, where dark shapes converge to this position starting at
large durations.
In the previous case of a low Mach number shock we restricted
ourselves only to the ISEE 1 measurements, since there was no
internal structure of the ramp, which would require additional stationarity analysis. In the present case the existence of two scales requires analysis as to whether this is an occasional transient feature
or should be considered as a part of the stationary shock structure.
Figure 7 shows
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Figure 7. (top to bottom) ISEE 2 measured magnetic field of the
high Mach number August 2, 1980, 0858 UT shock, g1 transform, g2 transform, and Morlet transform.
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the ISEE 2 measured profile and the corresponding wavelet
transforms. The time separation for the two spacecraft was found
earlier to be 7.5 s, which is less than, but of the order of, the upstream ion gyroperiod Ti = 2π/Ωu ≈ 12 s. The spatial separation
along the shock normal is LN ≈ 0.3(c/ωpi ) and along the shock
front is LT = 0.9(c/ωpi ). Visually, the profiles are slightly different, although the sharp magnetic field increase in two successive
jumps looks almost identical to that measured by ISEE 1. Indeed,
the g1 transform shows that this small-scale transition is the most
stable feature in the ramp, and its width, ≈ 2 s, does not change noticeably at the timescale of the order of the ion gyroperiod thus corresponding to ≈ 0.2(c/ωpi ) in the shock frame. Comparison of the
position of this transition at the ISEE 1 and ISEE 2 g1 transforms
confirms well the above estimate of the time separation. The larger
scale is less pronounced because of the appearance of substantial
turbulence in the upstream part of the transition between t = 10 s
and t = 17 s. The precursor is still clearly seen on the g1 transform
diagram and on other diagrams too, although less clearly, apparently because of the interaction with waves. It is seen that the position of the precursor relative to the ramp does not change, which
means that it is standing in the shock frame. The most substantial difference from the ISEE 1 profile is in the m diagram, which
shows much less energy in 3 s pulsations and much less turbulent
ramp. However, it should be understood that the plotted wavelet
transforms show relative energy content, which simply means that
ISEE 1 measured field contains more energy in the low-frequency
part of the spectrum than the ISEE 2 profile. It is worth mentioning
also that ISEE 1 m transform shows patterns similar to damping
wave trains in Figures 3 and 4, suggesting that the 3 s pulsations
originate at the ramp and damp into downstream and upstream. An
interesting feature is observed in the Figure 6 m transform diagram
between t = −18 s and t = −5 s, where the wave train with the
period of ≈ 2 s seems to be excited (its amplitude increases from
t = −5 s toward t = −10 s) and damped subsequently, with the
accompanying frequency increase.
This shock does not exhibit a classical foot. Associating the
upstream 15 s with the reflected ion caused magnetic field perturbations we find its length as ≈ 1.5(c/ωpi ) ≈ 0.4(Vu /Ωu ) in
agreement with what could be expected.
Finally, we apply the wavelet transform to the shock crossing
observed on August 4, 1978. This shock also has a high Mach
number (M = 4.9), is a quasi-perpendicular (θBn = 62.9◦ ) shock,

−15

4
2

−15

Figure 8. (top to bottom) ISEE 1 measured total magnetic field
profile for the high Mach number August 4, 1978 shock, g1
transform, g2 transform, and Morlet transform.
along with the corresponding wavelet transforms. The complex-

ity of the profile (three successive magnetic field jumps, each one

with Bmax /Bmin ≈ 3) requires comparison with the ISEE 2 profile,

shown in Figure 9. The two
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Figure 9. (top to bottom) ISEE 2 measured total magnetic field
profile for the high Mach number August 4, 1978 shock, g1
transform, g2 transform, and Morlet transform.
profiles do not seem identical, especially since the ISEE 2 profile
shows only two magnetic field jumps, and the shock is clearly not
stationary (at least not as stationary as the previous two). However,
the presence of some distinct downstream features in both profiles
suggests that a common quasi-stationary pattern exists. Indeed,
comparison of the two g1 transforms shows a remarkable stability
of the pattern, consisting of the ramp and two downstream features.
The relative temporal separations between two successive features
changes by as much as 2 s during the ≈ 18 s lasting between the
ISEE 1 and ISEE 2 measurements (about two upstream ion gyroperiods), suggesting that this pattern is stationary within 20% error. It
seems that the second jump in the ISEE 1 profile, which itself lasts
less than 2 s, is slowly overtaken by the magnetic field behind it
and merges with it to result in the more smooth ISEE 2 profile. In
any case the velocity of these steepest transitions in the spacecraft
frame is very close to the shock velocity, so that the sharpest gradient scale can be estimated as ≈ 0.1(c/ωpi ) or ≈ 4(c/ωpe ) thus
approaching the typical electron width. These shock “fingerprints”
are also seen quite clearly in the g2 diagrams. Comparison of the
m transforms suggests that large-amplitude perturbations start at
t = 20 s (ISEE 1) and close up to the ramp (ISEE 2) while steepening. The steepening is seen in the ISEE 1 pattern as the period
decrease and afterward in the ISEE 2 pattern as a much stronger
converging pattern in the ramp vicinity. We also speculate that the
following strong feature, observed in the downstream at t = 35
s (ISEE 1), will also steepen towards the ramp and merge with it.
It is possible that this behavior results in slow partial recycling of
the ramp structure on a timescale larger than the ion gyroperiod.
The corresponding foot duration for this shock can be estimated as
about 8 s, which gives the length of about c/ωpi ≈ 0.2(Vu /Ωu ),
which is less than typically observed. It may be due to the slow
motion of the substructure. Since ion reflection occurs in the tail of
the ion distribution, it may be sensitive to the fine structure of the
shock profile.

4. Conclusions
We have analyzed the fine structure of three shocks, combining
conventional direct analysis of the measured magnetic field profile
with the wavelet transform of this profile. The proper choice of
the transforming wavelet (in particular, the first and second deriva-
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tives of the Gaussian) allows for the determination of ramp position and scale. Application of the method to three shock observations of different types (a quasi-laminar, low Mach number shock,
a high Mach number shock with a clearly identified ramp, and a
high Mach number shock with a structured ramp) has successfully
and unambiguously determined both the position and the physically
meaningful scales of the shock front, which provides a substantial level of independence from the analyst’s eye. Encouragingly,
the wavelet transform ignores large-amplitude, large-gradient alternating fluctuations and focuses on the structures which exhibit
the whole complex of features: large-amplitude and large-gradient
and clearly nonoscillating character. This allows one to interpret
these structures as parts of the shock profile itself (stationary or
nonstationary) and not as superimposed wave activity, generated
by some instabilities. This conclusion seems to be firmly supported
even in the case of the highly structured shock, which has several
magnetic field jumps instead of a clear visually identified monotonic ramp. It is impossible to conclude, in general, only from the
wavelet transform, whether these structures are standing or moving in the shock frame. In the present case this task has been
successfully accomplished, since the wavelet transform provided
us with the shock “fingerprints” almost identical for both ISEE 1
and 2 measurements. The substructure being almost stationary,
the wavelet-transform-determined scale of the maximum gradient
accompanied by the maximum magnetic field jump (actually the
transform performs optimal search on these two parameters) appears to be ∼ 0.1 − 0.3(c/ωpi ), based on the two cases of high
Mach number shocks.
It is appropriate here to briefly discuss possible implications of
the observed short duration, large-amplitude magnetic field jumps
to the general interpretation of shock measurements, even when
it is impossible to conclude about their stationarity in the shock
frame. Let us for simplicity assume that the shock profile is
one-dimensional. Then, the magnetic field in the shock frame is
B = B(x, t), where the dependence on time is weak if the shock
is quasi-stationary. In the spacecraft frame one would measure the
magnetic field Bs = B(x + Vsh t, t), where Vsh is the shock velocity in the spacecraft frame (for convenience x is directed from
upstream into downstream, and the shock velocity in the spacecraft
frame is in fact −Vsh , Vsh > 0). The time variation of the magnetic field in the spacecraft frame is
dBs
∂B
∂B
= Vsh
+
,
dt
∂x
∂t

(14)

where the first term on the right-hand side describes the structure
crossing by the spacecraft, while the second one is due to the temporal variations of the nonstationary field in the shock frame. We
shall now approximate each term in (14) by simply dividing the
magnetic field change over the corresponding time (or length) at
which this change occurs:
∆Bs
∆B
∆Bt
= Vsh
+
,
τs
L
τt

(15)

where subscript t means that the variation is caused by intrinsic
variability. Let us now assume that the spacecraft-observed magnetic field variation ∆Bs is of the order of the total magnetic field
jump (which is what we have looked for in the above analysis). In
this case, ∆B + ∆Bt ≈ ∆Bs . The interpretation of the data depends on the relative contribution of the two terms on the right-hand
side of (15). If the first term dominates, that is, ∆B ≈ ∆Bs and
∆Bt /∆Bs  Vsh τt /L, then the spacecraft-observed magnetic
field change is due to the quasi-stationary structure crossing, and
L ≈ Vsh τs , as usual. However, if the second term is at least comparable with the first one, it appears that τt . τs , in which case the
ramp is nonstationary with the variation timescale not larger than
the observed duration of the considered large-scale structure. In the
latter case the observed durations of ∼ 1 s (as for example, about 2
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s for the gradient scale for both high Mach number shocks considered here) mean that the ramp would be nonstationary at the time
scale of about 0.1 of the ion gyroperiod. The physically meaningful definition of shock stationarity would refer to particle motion
within the transition layer. Ions and electrons traverse the ramp
of the width L  (c/ωpi ) in about L/Vu  1/M Ωu , so that
the fields in the ramp are stationary or marginally nonstationary for
them. However, it takes about half a gyroperiod for a reflected ion
to come back to the ramp, so in the nonstationary shock case they
should be considered as scattered by essentially a randomly moving
ramp transition, which may alter the reflection conditions and the
distribution of reflected ions. Finally, strong nonstationarity would
require the reconsideration of the fields inside the shock transition,
including the relation between the normal incidence frame and de
Hoffman-Teller frame cross-shock potentials.
The above analysis shows that the shock front is nonstationary, although in this particular case nonstationarity is weak, and
the measured duration can be converted into spatial scales, which
appear to be quite small. It, however, does not exclude completely
the possibility of fast reforming in other cases, taking into account
the variety of shock parameters and profiles.
In addition to the scale analysis we have applied the Morlet
wavelet transform for a preliminary study of quasiperiodic patterns
near the ramp. In all studied cases the wave activity seems to be
dominated by short wave trains with clearly identified periodicity.
Some of these wave trains originate at the ramp, and their periods correspond to the shortest scale within the ramp. There are
indications of wave excitation and damping downstream. In the
case of a nonstationary shock the m transform pattern suggests that
large-amplitude downstream formations approach the ramp, progressively steepening and overtaking it eventually. These questions
require more thorough investigation and are beyond the scope of
the present paper. Finally, the above analysis inevitably brings us
to the conclusion that whether low Mach number shocks are more
or less alike, there is no such thing as a “typical” high Mach number
shock.
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