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Two equivalent microscopic equations: invariant under
t → −t and v→ −v (time reversible)

• Method I

ṙai (t) = vai (t),

v̇ai (t) =
ea
ma

E[rai (t), t]

∇ · E(r, t) =
∑
a=e,i

4πea

N∑
i=1

δ[r − rai (t)].

• Method II

(
∂

∂t
+ v · ∂

∂r
+

ea
ma

E · ∂
∂v

)
×Na(r, v, t) = 0,

∇ · E(r, t) =
∑
a=e,i

4πea

∫
dvNa(r, v, t),

Na(r, v, t) =
N∑
i=1

δ[r − rai (t)]δ[v − vai (t)].
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Only collisions

E.g., Helander & Sigma 2002; Zank 2014

(
∂

∂t
+ v · ∂

∂r
+

ea
ma

E · ∂
∂v

)
fa(r, v, t) = C (fa).

If E and fa are averaged quantities,

E = 〈E〉 and fa = 〈Na〉 ,

then the theory is CORRECT, but then, it describes only collisional
processes, and no collective processes!
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Time Irreversibility of Collisional Transport Equation

Collisional transport equation represents irreversible process.

(
∂

∂t
+ v · ∂

∂r
+

ea
ma

E · ∂
∂v

)
fa = C (fa)

= −
∑
b

2πe2
ae

2
b ln Λ

ma

∂

∂vi

∫
dv′Uij

(
fa(v)

mb

∂fb(v′)

∂v ′
j

− fb(v′)

ma

∂fa(v)

∂vj

)
,

Uij =
u2δij − uiuj

u3
, u = v − v′.

If we replace t → −t (v→ −v and v′ → −v′), then rhs is invariant, but
lhs changes sign.
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Incorrect collective + collisional theory

If E and fa are total (average plus fluctuation),

E = 〈E〉+ δE = δE , fa = 〈Na〉+ δfa ,

then

(
∂

∂t
+ v · ∂

∂r
+

ea
ma

E · ∂
∂v

)
fa(r, v, t) = C (fa),

is INCORRECT since microscopic equation should be reversible.

One cannot simply add the dissipation to the microscopic equation. One
must derive the irreversible equation from first principles.
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Nevertheless, e.g., Lifshitz and Pitaevskii assume

C (fa) ≈ −νcoll 〈Na〉 ,

and linearize the equation,(
∂

∂t
+ v · ∂

∂r

)
δfa +

ea
ma

δE · ∂ 〈Na〉
∂v

= −νcoll 〈Na〉 ,

to obtain collisional damping rate (Spitzer formula) for Langmuir wave,

γcoll = −πnee
4 ln Λ

m2
ev

3
Te

.

This is heuristic at best, if not wrong!
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Irreversibility is the result of statistical averages and
subsequent loss of information

Start from exact time reversible Klimontovich equation,(
∂

∂t
+ v · ∂

∂r
+

ea
ma

E · ∂
∂v

)
Na(r, v, t) = 0,

∇ · E(r, t) =
∑
a=e,i

4πea

∫
dvNa(r, v, t),

Na(r, v, t) =
N∑
i=1

δ[r − rai (t)]δ[v − vai (t)],

ṙai (t) = vai (t), v̇ai (t) =
ea
ma

E[rai (t), t].
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Next consider free-particle Klimontovich equation,(
∂

∂t
+ v · ∂

∂r

)
N0
a (r, v, t) = 0,

N0
a (r, v, t) =

N∑
i=1

δ(r − rai − vai t)δ(v − vai ).

Subtract the two equations,(
∂

∂t
+ v · ∂

∂r

)
[Na(r, v, t)− N0

a (r, v, t)] +
ea
ma

E · ∂
∂v

Na(r, v, t) = 0.

This equation describes collective processes where purely single particle
dynamics are taken out of the picture.
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Statistical Averages and Fluctuations

Then split total microscopic quantities into averages and fluctuations,

Na(r, v, t) = 〈Na(r, v, t)〉+ δNa(r, v, t) ≡ fa(r, v, t) + δNa(r, v, t),

E(r, t) = δE(r, t),

where ensemble averages 〈· · · 〉 of the fluctuations are zero, and fa(r, v, t)
is the smoothed one particle distribution function.
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Formal Development

Taking ensemble average we obtain formal particle kinetic equation,(
∂

∂t
+ v · ∂

∂r

)
fa(r, v, t) = −

ea
ma

∂

∂v
· 〈δE(r, t) δNa(r, v, t)〉 .

From the equation for collective processes we obtain

(
∂

∂t
+ v · ∂

∂r

)
[δNa(r, v, t)− δN0

a (r, v, t)] +
ea
ma

δE · ∂fa(r, v, t)
∂v

+
ea
ma

∂

∂v
· [δEδNa(r, v, t)− 〈δEδNa(r, v, t)〉] = 0.

The system of equations is closed by Poisson equation

∇ · δE(r, t) =
∑
a=e,i

4πea

∫
dv δNa(r, v, t).
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Source Fluctuation δN0
a (r, v, t)

From the definition

N0
a (r, v, t) =

N∑
i=1

δ(r − rai − vai t)δ(v − vai ),

we may obtain

〈
δN0

a (r, v, t) δN0
b(r′, v′, t ′)

〉
= δabδ[r − r′ − v(t − t ′)]δ(v − v′)fa(r, v, t).
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Nonlinear Spectral Balance Equation

After everything is said and done ... see, e.g., Yoon, Ziebell, Kontar,
Schlickeiser (2016)
Particle kinetic equation;

∂fa
∂t

=
πe2

a

m2
a

∫
dk

∫
dω

(
k

k
· ∂
∂v

)
δ(ω − k · v)

×
[
Im

ma ε(k, ω)

2π3k |ε(k, ω)|2
fa + 〈δE 2〉k,ω

(
k

k
· ∂fa
∂v

)]
.

[Note that this is nothing new at the formal level. The novel aspect arises
later as a result of properly dealing with 〈δE 2〉k,ω]
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Wave kinetic equation;

i

2

∂ Re ε(k, ω)

∂ω

∂〈δE2〉k,ω
∂t

+ Re ε(k, ω) 〈δE2〉k,ω + i Im ε(k, ω) 〈δE2〉k,ω

+ 2

∫
dk′ dω′

[
{χ(2)(k′, ω′|k− k′, ω − ω′) }2

( 〈δE2〉k−k′,ω−ω′

ε(k′, ω′)
+

〈δE2〉k′,ω′
ε(k− k′, ω − ω′)

)
− χ̄(3)(k′, ω′| − k′,−ω′|k, ω) 〈δE2〉k′,ω′

]
〈δE2〉k,ω

− 2

∫
dk′ dω′

|χ(2)(k′, ω′|k− k′, ω − ω′) |2

ε∗(k, ω)
〈δE2〉k′,ω′ 〈δE

2〉k−k′,ω−ω′

=
2

π

1

k2 ε∗(k, ω)

∑
a

e2
a

∫
dv δ(ω − k · v) fa(v)

−
4

π

∫
dk′ dω′

1

k′2 |ε(k′, ω′)|2

( {χ(2)(k′, ω′|k− k′, ω − ω′) }2

ε(k− k′, ω − ω′)
〈δE2〉k,ω

−
|χ(2)(k′, ω′|k− k′, ω − ω′) |2

ε∗(k, ω)
〈δE2〉k−k′,ω−ω′

)∑
a

e2
a

∫
dv δ(ω′ − k′ · v) fa(v)

−
4

π

∫
dk′ dω′

1

|k− k′|2 |ε(k− k′, ω − ω′)|2

( {χ(2)(k′, ω′|k− k′, ω − ω′) }2

ε(k′, ω′)
〈δE2〉k,ω

−
|χ(2)(k′, ω′|k− k′, ω − ω′) |2

ε∗(k, ω)
〈δE2〉k′,ω′

)∑
a

e2
a

∫
dv δ[ω − ω′ − (k− k′) · v] fa(v).

[Again this is nothing new at the formal level]
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Spontaneous emission of electric field fluctuation

First approach is to treat
〈
E 2
〉
k,ω

as largely determined from thermal
fluctuation,〈

E 2
〉
k,ω

=
2

π

1

k2|ε(k, ω)|2
∑
a

e2
a

∫
dvδ(ω − k · v)fa.
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Collisional kinetic equation emerges

Time irreversible collisional kinetic equation emerges if we only consider
spontaneous fluctuation from non-eigenmodes.

∂fa
∂t

=
2e2

a

m2
a

∑
b

e2
b

∫
dk

∫
dv′

k

k
· ∂
∂v

δ(k · v − k′ · v′)
k2|ε(k, k · v)|2

×
[
k

k
· ∂fa(v)

∂v
fb(v′)− ma

mb

k

k
· ∂fb(v′)

∂v′
fa(v)

]
.

This equation describes collisional processes only.
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Only Eigenmodes (Collective Processes Only)

If we are interested only in eigenmodes,〈
E 2
〉
k,ω

= Ikδ(ω − ωk).
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Quasilinear Kinetic Equation

Time irreversible quasilinear kinetic equation results from taking only
eigenmodes into consideration.

∂fa
∂t

=
∂

∂vi

(
Ai fa + Dij

∂fa
∂vj

)
.

Ai =
e2

4πme

∫
dk

ki
k2
ωkδ(ωk − k · v),

Dij =
πe2

m2
e

∫
dk

kikj
k2

δ(ωk − k · v)Ik.

This equation only describes collective processes.
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Collective plus collisional processes

Both thermal fluctuations and eigenmodes〈
E 2
〉
k,ω

=
2

π

1

k2|ε(k, ω)|2
∑
a

e2
a

∫
dvδ(ω − k · v)fa + Ikδ(ω − ωk) .
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Generalized Particle Kinetic Equation

The resulting particle kinetic equation describes both collisional and
collective processes,

∂fe(v)

∂t
=

2e2

m2
e

∂

∂vi

∑
b

e2
b

∫
dk

kikj
k2

∫
dv′

δ(k · v − k′ · v′)
k2|ε(k, k · v)|2

×

[
∂fe(v)

∂vj
fb(v

′)− me

mb

∂fb(v
′)

∂v ′j
fe(v)

]

+
πe2

m2
e

∂

∂vi

∫
dk δ(ωk − k · v)

×
(

me

4π2

ki
k2
ωkfe(v) +

kikj
k2

Ik
∂fe(v)

∂vj

)
.
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Generalized Wave Kinetic Equation

The generalized wave kinetic equation (derivation omitted) also describes
both collective and collisional processes,

∂ILk

∂t
=

πω2
p

k2

∫
dv δ

(
ω
L
k − k · v

)( n0e
2

π
fe (v) + ω

L
k ILk k ·

∂fe (v)

∂v

)

+2γcollLk ILk + PL
k ,

γ
collL
k = ω

L
k

4nee
4ω2

p

T 2
e

∫
dk′

(k · k′)2λ4
D

k2k′4|ε(k′, ωL
k )|2

×
(

1 +
Te

Ti

+ (k− k′)2
λ

2
D

)−2 ∫
dv k′ ·

∂fe (v)

∂v
δ(ωL

k − k′ · v),

PL
k =

3e2

4π3

1

(ωL
k )2

(
1−

me

mi

Te

Ti

)2
v4
e

k2

∫
dk′k′2|k− k′|2

×
(

1 +
Te

Ti

+ k′2λ2
D

)−2 (
1 +

Te

Ti

+ (k− k′)2
λ

2
D

)−2

×
∫

dv

∫
dv′

∑
a,b

fa(v)fb(v′)δ[ωL
k − k · v + k′·(v − v′)].
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Spitzer (incorrect) vs Correct Collisional Damping Rates

Incorrect Spitzer formula Correct collisional damping rate
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Collective Processes in Collisional Plasmas

Wave kinetic equation Particle kinetic equation
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Collective Processes in Collisional Plasmas

Wave intensity Particle distribution

High energy tail is spontaneously generated in highly collisional plasma.
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Kappa Distribution and Velocity Filtration

f (r , v) ∝
(

1 +
mv2

2κT
+ q(r)

)−κ+1

,

q(r) =
mΦg (r) + ZeΦ(r)

T
,

n(r) = n0

(
1 +

q(r)

κ

)−κ+
1
2
,

T (r) = T0
κ

κ− 3
2

(
1 +

q(r)

κ

)
.
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Conclusion

Correct formulation of combined collisional and collective theory is
presented.

It is shown that highly collisional plasma (such as in the
chromospheric plasma) spontaneously generates high energy tail.

Such a feature is required in the velocity filtration model of the
coronal heating, but never demonstrated hitherto.
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