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Abstract

With the advancement of experimental techniques over the last few years,
many medium-heavy nuclei in and outside the region of stability were found
to have a coexistence of axially-deformed shapes.

The interacting boson model (IBM) has been used extensively for describ-
ing medium-heavy even-even nuclei. The vast majority of applications have
employed an Hamiltonian with two-body interactions. In conjunction with
quantum phase transitions, such an Hamiltonian can accommodate coexis-
tence of one spherical and one axially-deformed shapes.

The two-body IBM Hamiltonian, however, cannot describe first-order
shape phase transitions between prolate and oblate shapes. To achieve these,
a three-body Hamiltonian is needed. The three-body IBM has 17 indepen-
dent terms, which requires selection criteria in order to find the relevant
operators.

In this work we address this problem by a novel method based on the
resolution of the Hamiltonian into intrinsic and collective parts and coherent
states. The intrinsic Hamiltonian is first analyzed by various approaches,

and the affect of adding the collective parts is then examined.
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Background and Motivation

Quantum phase transitions (QPT) are widely researched in various areas of
Physics. For example condensed matter physics [1], quantum optics [2] and
nuclear physics [3]. They are characterized by a structural change of the
system at zero temperature, which occurs when a coupling constant in the
Hamiltonian is varied.

In nuclei, the effective Hamiltonian is a function of the proton and neu-
tron numbers, and the coupling constant is a function of these numbers.
Experimentally, nuclear phase transitions are indicated by the spectrum,
e.m. transitions, two-neutron separation energies and the isotope and isomer
shifts. The different phases correspond to “shapes” of the nucleus, and the
possible quadruple shapes are prolate, oblate, spherical and triaxial. Phase
transitions in nuclei were first observed for nuclei with 90 neutrons and about
60 protons [3]. In first-order phase transitions in nuclei, the critical point is
characterized by a coexistence of the nuclear shapes.

In recent years, with the advancement of experimental methods, an abun-
dance of experimental data that shows an evidence of shape coexistence be-
tween two deformed-shapes was collected. For example, the light Krypton
isotopes [4, 5], or the triple coexistence found in ®¢Pb [6] or 43S [7].

There are many approaches to the study of heavy nuclei, for example the
nuclear density functional theory, geometric model and the interacting boson
model. The interacting boson model (IBM) [8] is an algebraic approach, it
describes even-even nuclei and can be solved exactly by diagonalization of

relatively small matrices.



The two-body IBM Hamiltonian is the simplest and most used Hamilto-
nian in this model. It consists of seven parameters in the Hamiltonian, and
was used extensively to describe first and second order phase transitions in
nuclei (see for example [9, 10]). The two-body IBM, however, cannot be used
to model the experimental data of two coexisting deformed phases, and as a
result cannot be used for first order phase transitions between two deformed
shapes (henceforth deformed-deformed). For this, three-body IBM is needed
[11].

The three-body Hamiltonian is much more complex than the two-body.
It contains a total of 17 independent terms. To use this Hamiltonian with
the experimental data, it is important to choose the correct parameters.

This work explores the possibilities for a first-order phase transition in
nuclei using the IBM. In particular, we present a novel method to construct
a three-body IBM Hamiltonian that accommodates coexistence of two de-

formed shapes, and analyze the resulting Hamiltonian.



Chapter 1
Interacting Boson Model

The interacting boson model (IBM) is a nuclear model proposed by Arima
and Iachello in 1974 [8]. It uses an algebraic and group theoretical approach
to model even-even nuclei. This approach is realized by using a number-
conserving Hamiltonian with an SO(3) symmetry, and bosonic creation and
annihilation operators.

The IBM assumes that the low-lying ‘collective’ states in even-even nuclei
can be described by bosons of angular momentum 0 and 2. This assumption
gains support from the features of generalized seniority calculations in the
shell-model, and of the spectra of near-closed shell nuclei, in which the 0% and
2% states lie much lower than higher angular momentum states [12]. Each
boson in the model represents a pair of valence nucleons, and the valence
nucleons are counted from the nearest closed shell. The counting is done for
protons and neutrons separately; for example 1§iXe has 4 valence protons
(54 — 50), and 8 (hole) valence neutrons (82 — 74). Hence, to model this

nucleus in the IBM, the number of bosons is 6 (N = 53%).

1.1 Algebraic Structure

As mentioned above, the IBM describes a system of N bosons, where N

is determined separately for each nucleus. The model is best described
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in second quantization. It consists of six bosonic creation-operators sT,dL
(p = —2,..,2) with an angular momentum L = 0,2, along with six de-
struction operators s, d,. The state |0) represents a closed-shell. The usual
commutation relations [d,, s'] = 0, [dmde] = Oy, [5,87] = 1 are imposed
and s|0) = d,[0) = 0.

The Hamiltonian is built from n-body interactions, and is SO(3) scalar
and N-conserving. In their original formulation, Arima and Iachello con-
sidered one and two-body interactions [8], as it is the simplest Hamiltonian
which offers nontrivial results. It is noted that the destruction operator d
does not transform according to the L = 2 irreducible representation (irrep)
of SO(3). To amend this it is customary to use instead the tilde operators
‘iu = (—1)"d_,. These set of operators does transform as the L = 2 tensor,
and as such can be manipulated using Clebsch-Gordan coupling.

The most general two-body IBM Hamiltonian can be written as

H =e,sts + eqd" - d + ug(s")2s? + ug(s'd') - sd + vold' - dis* + (s7)2d - d]
+uo[(dTdN)P - ds + std - (dd)P] + Z cr(dtdh)®) - (dd)®
L=0,2,4
(1.1)
where ¢, €4, Ug, Us, Vo, V2, cL(i = 0,2,4) are parameters. The notion (A B)®)
is used to couple the two tensor-operators A and B to a new tensor-operator
with an angular momentum L. That is

(A(h)B(lz))E\f[/) = Z (llml lzm2|LM)A£7lz11)B(lz)

m2
mi,ma
where (lymy lomso|LM) are Clebsch-Gordan coefficients. The dot-product is
defined as A . BE) = (—1)L/2L + 1(ADBW)O) " and the dependence
on the number of bosons comes into play in the Hilbert space in which H
acts. The 36 operators s's, deV, swa dLs fulfill the commutation relations
of the SU(6) generators, as a consequence, the set of basis states with given
N transform as the row of the symmetric irrep of U(6). This irrep can be

labeled by N. In addition, since the Hamiltonian is an SO(3) scalar, each
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of the eigenstates can be classified by an SO(3) label. It is of advantage to
find all the subgroups of U(6) that include SO(3) as a subgroup. This allows
us to label a basis of states (and operators) by a ‘chain’ of groups. That is,
label each state with a set of quantum numbers where each of the numbers

corresponds to a group’s irrep. The three chains in the IBM and their labels

are [13]:
U(6) DU((B) DO(5) D 0O3)
[N] (na) (r) ma L
U(6) D SU(3) D O(3) (1.2)
(V] (Ap) K L
U(6) D O(6) D O(5) D O(3)
(V] (o) (r) na L

Here, the irrep labels appear below the group names. For a given chain, a
complete orthogonal basis can be found such that each state is labeled by
the irreps of that chain. The process of deducing the possible labels for each
chain is called “reduction to irreducible representations”, and the label of a
group irrep determines the possible labels of its subgroups.

The labels na and K are special as they do not correspond to any group
(missing labels). However, they are sometimes necessary to distinguish be-
tween states, the labels of which are otherwise the same (ultimately this
depends on the dimension of the Hilbert space). A convenient choice for K
in the IBM is the Elliott basis [14]. Within this choice K is the same as the
angular momentum projection on the symmetry axis. States with different
K, but otherwise same group labels, are not necessarily orthogonal (after
SO(3) rotation).

When the Hamiltonian is composed of the Casimir operators that cor-
responds to one specific chain, then the eigenstates can be labeled by the
irreps of that chain. Such Hamiltonians are solvable in the sense that the
energies and transitions between states are known analytically. Changing
the coefficients of the Casimir operators change only the eigenvalues. These

types of situations are called dynamical symmetries
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1.2 Geometric Interpretation

1.2.1 The IBM Intrinsic State and Energy Surface

The IBM is an algebraic collective model, as opposed to the geometric col-
lective model [15], it does not contain any reference to geometry. A useful
concept that helps bridge the gap between the IBM and the geometric model,
and gives the IBM states geometrical meaning is the intrinsic state. The

(normalized) intrinsic state is a condensate defined by [16]:

i)Y
8.7 ) = 220
bl = ;[ST + Bcosyd) + b siny(dl + d' )] (1.3)

V14 32 V2

B€10,00), v €[0,7/3]

This state is intrinsic in the sense that it depends on the quadruple shape
variables B and 7, and that any of the IBM states can be projected from
it by properly averaging /3, and the Euler angles. The limitation on the
and vy parameters prevents the intrinsic state from having the same “shape”
in different orientations. For example, it can be seen that the intrinsic state
|B,7/3; N) is the same as |-3,0; N) after m/2 rotation by the three Euler
angles: R( =71/2,¢ = 1/2,0 = 1/2).

The intrinsic state can be used as a trial function for a variational method.
The expectation value of the IBM Hamiltonian defines a two-parameter en-

ergy surface

EN(B,7) = (8,7 N|H|B,v; N) (1.4)

The global minimum of this expression E~(8y,70), gives an upper bound on
the ground state energy. For N — oo, the minimum of the energy surface
converges to the exact ground state energy.

The equilibrium shape of the Hamiltonian is defined by the parameters 3,
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and vy that minimize the energy surface. Any intrinsic state |3y, 70; N) can
be associated with a shape, determined by its 5, and 7, parameters. The
possible shapes for the two-body IBM are spherical shape for Sy = 0, and an
axially deformed shape for 3y > 0, which can be either prolate shape (7o = 0)
or oblate shape (yo = 7/3).

For the two-body Hamiltonians that correspond with the dynamical sym-

metries, the equilibrium shapes (for large-N) are [16]:

U(5) : ﬁo =0
O(6) : Bo = 1,7 = arbitrary (1.5)

U3):Bo=v2,%=0

The U(5) limit can be associated with a spherical shape, as noted above.
This limit is called the an-harmonic spherical vibrator [17]. The SU(3) limit
can be identified with the azially-deformed rotovibrator [18] and the O(6)
limit can be identified with y-unstable deformed rotovibrator [19].

It is noted that the state |5 = 1,7 = 0; N) is the lowest weight state in
the SO(6) irrep (¢ = N), and the state |3 = v/2,7 = 0; N) is the lowest
weight state in the SU(3) irrep (A = 2N,u = 0) (see [20] and [21]). In
addition the energy surface is invariant to rotations, and as a consequence

it will have the same value if the intrinsic states are rotated. For example

E(~8,0) = E(8,7/3).

1.2.2 General Non-Spherical Basis

The general non-spherical basis (GNSB) is defined to be [22]:

Beosydh + Bsiny(dy +d',)/V2+ s

f_ b= —=(dl
be (14 p2)1/2 b = \/_(d +da)
it 4t
i cosyd) + siny(dy + d' ) /2 — Bs o= _(dT d_,) (1.6)
(1+ F2)172 ’ f
1
bl = — cos(d +d',) — sin~yd] bl = (d —ds)

V2
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It is a complete and orthonormal basis ([b;, b;] = 0;;) that depends on the
two shape variables (,7. As such, for any choice of § and ~, the IBM
Hamiltonian can be expressed in these operators. We note that the members
of the non-spherical basis do not have a well defined angular momentum (for
g >0).

It is possible to approximate the lowest eigenstates and energies of any
Hamiltonian by using the Bogoliubov approximation. This is done by first
looking for the equilibrium values (5y, 7o) of the Hamiltonian, then re-writing
it in terms of the the twelve GNSB operators b;, b;r(ﬁo,%). The next step
consists of replacing the condensate operators b) and b, with V/N, and then
retaining the highest order of N. This approximation is similar to the normal-
mode expansion around the minimum of the potential energy.

The condensate |5y, 70; N) can be decomposed into states with definite L.
These set of states are identified with the ground-band of the Hamiltonian
in a variational sense.

When §y > 0 and vy = {0, 7/3}, it is also possible to define the - and -
intrinsic states that are associated with the equilibrium shape. These states
are defined by applying the bg or bL operators to the intrinsic ground-state
with N — 1 bosons:

1bg; N) = bbel Bo, 70; N)
by N) = bLchoﬁo; N)

The resulting states can be used to define the 8- and - bands of the equi-

(1.7)

librium values by an SO(3) projection. For these cases, the ground- and
(- bands have the K = 0 label, and as such are composed of the angular-
momentum states with L = 0,2,4,... The ~-band, in this case, has K = 2
and is composed of the states with L = 2,3,4,... [11]. The angular-momenta
of the ground-, - and y-bands described above are in accordance with those

of the geometrical model (except for a finite-N effect).
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1.3 Intrinsic and Collective Resolution of the

Hamiltonian

Using the notion of intrinsic states and energy surface, it is possible to split
the IBM Hamiltonian into intrinsic and collective parts: H = H;+ Heo [23].
By definition, the intrinsic part has the same energy surface, up to a constant,
as the full Hamiltonian, and has the equilibrium states as eigenstates with
zero energy: Hi.|Bo,70; N) = 0. It affects the classical “potential energy”,
V(5,7). The collective part is the rest of the Hamiltonian, and its energy
surface is independent of  and + (that is, a constant).

The resolution into intrinsic and collective parts can be used to build
different Hamiltonians: the intrinsic part of the Hamiltonian serves to create
well defined bands, while the collective part serves to split and mix the bands.
This is an important feature as many even-even nuclei tend to have well
defined band structure.

To build an intrinsic Hamiltonian, we require the Hamiltonian to satisfy

Hint|Bo,v0; N) =0 (1.8)

One way to do it is to find annihilation operators [22], T;, such that
Ti|Bo,v0; N) =0 (1.9)

The operators can then be combined to form a scalar number-conserving
Hamiltonian, H;,; = Eij C’ijTjTTi, where the coefficients C;; are chosen so
that H is an SO(3) scalar.

For the two-body IBM, there are two annihilation operators with definite

angular momentum, L = 0,2. The operators and their matching energy
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surface are [22]:

Po(ﬂo) :Jd—ﬁSSQ

4 2B32B3% + Bl (1.10)

(1+p%)

Py, (Bo) = BoV/2sd,, + V7(dd)D

- 111
Ba(,7) = (B AP} - Byln) = N(N — 1)252 50— 208 cos 37+ By (L.11)

(14 p2)

From this expression it can be seen that Py(fy) annihilates the condensates
180,7; N (for any v), and Py(f3,) annihilates the condensates |0;~; N) and

’50,0; N> (lf 50 > O) or |—50,7T/3; N) <lf ﬁo < 0)
The intrinsic two-body Hamiltonian is given by the combination of the

two operators

Hine = hopg(ﬁo)Po(ﬁo) + thg(ﬁo) : pz(@o) (1.12)

1.4 Electromagnetic Transitions

The electromagnetic transition operators in the IBM are written as the most
general one-body operators with the required angular momentum. For ex-

ample, the quadruple transition operator, T® | is given by [17]:

T® = ey(dls + std + x(d'd)?) (1.13)

where the parameters ey, ¥ are determined by fitting the transitions to exper-
imental data. The total transition probability between two states |i L) and

i L') with definite angular momentum L and L', governed by the operator
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TW | is given by:

B(TXiL — L) =Y |(i'L'M'|TV[iLM)[* =
p M (1.14)
(2L + 1)@ L TV[iL)?

where (i’ L'||T™||i L) is the reduced matrix element, and is independent of
M, M’ .

When two intrinsic states with a definite angular momentum projection,
K, K’ and no definite angular momentum are given: |aK) = >, CplaKL),
&'K'") = >, Cr|o/K'L), it is sometimes needed to calculate the transition
probability of the L-projected (normalized) states |« K L), |o’K'L"). In such

cases the reduced matrix element can be calculated as

(2L + 1) V2(o/K'L'||TV||aK L) =
Su(LE ML K + ) [ drdyin?t, (0) (o' K| R(O) T |a k)
(/K| [ drdi i (0)R(0) o K'Y (@K [ drdiys (0)R(9)|aK))V/2
d%)K(H) = (LK'|e” | LK) (reduced Wigner-D matrix)

(1.15)
where R(6) = e "Lv is the rotation operator, dr = d(cosf) and 6 € [0,7].
Using this relation and Eq. (1.14), the total transition probability between

these states can be written as
B(TA;aKL — o' K'L") =

IS, (LK Ml K+ ) [ drdies, (0){a/ K| R(O) TV |ak)? - (1.16)
(/K| [ drdii (0)R(9) ot ) (aK| [ drdiy (O)R(0)|ak)

If the L-projected states are written as a combination of n and n’ states:
laKL) =Y filoiKL) W K'L') =" gilofK'L) (1.17)
i=1 i=1

then the transition probability in Eq. (1.14) is written as a combination of
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the terms

B(TA;aKL — o' K'L") = ]Zfig; ((O/K/L/||T(’\)||QKL)(2L 4 1)—1/2) 2
1,J

(1.18)

where each term in the parenthesis is the same as in Eq. (1.15).

1.5 Partial Dynamical Symmetries

The concept of dynamical symmetry (Section 1.1) provides considerable in-
sight, as it allows to find analytic solutions for the eigenstates and energies.
In most cases, however, an Hamiltonian with an exact dynamical symmetry
does not provide a good enough description of a nucleus, and other terms
need to be added. Partial dynamical symmetry (PDS) [24] refers to a system
in which the Hamiltonian does not have an exact dynamical symmetry, but

still some symmetry properties remain. Partiality can be divided into three

types:
e Type I: some of the eigenstates have all of the dynamical symmetry
e Type II: all of the eigenstates have part of the dynamical symmetry
e Type III: some of the eigenstates have part of the dynamical symmetry

A detailed discussion is given in [24] along with some algorithms to build
different Hamiltonians which present these types of PDS. Two examples of
PDS can be given when the Hamiltonian is chosen to be the intrinsic Hamil-
tonian of Eq. (1.12). An SU(3)-PDS Type I [25-27] is obtained when setting
By = /2. If hy = hy then this Hamiltonian is an SU(3) scalar. When
ho # ha, then the Hamiltonian is not an SU(3) scalar, nevertheless there is
a set of solvable states with good SU(3) labels. These are the states pro-
jected from the condensate |5y = V2,7% =0;N ). This condensate is a lowest
weight vector of the SU(3) irrep (A = 2N, = 0), and the states projected
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from it by an SO(3) projection, |[N](2N,0)K = 0L) with L =0,2,...,2N,
are eigenstates of the Hamiltonian with zero energy. A second example for
a PDS is an SO(6)-PDS Type III [28, 29] obtained by using the intrinsic
Hamiltonian when setting 5y = 1. Here, for hy # 0, the Hamiltonian is
not an SO(6) scalar, but a set of zero-energy eigenstates |[N](c = N)L)
(L=0,2,...,2N) with mixed (7) exists. These states can be projected from
the intrinsic state with Sy = 1, which is a lowest weight vector of the SO(6)
irrep with (o = N).



Chapter 2

Quantum Shape Phase

Transitions

As mentioned above, any IBM Hamiltonian can be associated with an equi-
librium shape. This shape is defined by the values of the intrinsic variables
£ and ~ at the global minimum of the energy surface.

Quantum shape phase transitions take place in the IBM when the equilib-
rium shape is changed as a function of a coupling constant in the Hamiltonian.
The general procedure [30] consists of writing the Hamiltonian as a function
of a coupling constant \: H = H(\), followed by finding the minimum value

for the energy surface (and equilibrium values g, v) for each A:

EN(B,7;N) = (B,7; NIH(N)|B,7; N)

EN

(2.1)

A first order phase transition is characterized by a discontinuity in the

first derivative of EY

min

global minimum of the energy surface is changed abruptly as a function of A.

as a function of A. This is clearly the case when the

When this happens, then there exist a value of A = ., for which the energy

surface has two coexisting global minima (see Figure 2.1).

14
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E

B

Figure 2.1: Energy surface in arbitrary units for a first-order phase transition.
Each surface corresponds to a different value of A\. The solid line depicts the
energy surface with two degenerate minima

2.1 2-Body IBM Hamiltonian

The general two-body IBM Hamiltonian was written in Eq. (1.1). The ac-

companied energy surface is [16]:

a — b cos 3y + ¢f?]
(1+32)

E(B,v) = Ey+ N(N — 1)52[ . >0 (2.2)
Here a, b, ¢ are combinations of the parameters of the two-body Hamiltonian,
and ¢ > 0 is required for a physical Hamiltonian. The possible coexistence
of global minima for the energy surface can only be achieved for spherical
(8 = 0) and axially-deformed shapes (6 = 5y,v = 0 or 7/3), there cannot
be two isolated deformed global minima in the two-body energy surface.
In terms of the annihilation operators, the Hamiltonian that satisfies this
coexistence can be built by using the PZT (Bo) operator. The energy surface
then takes the form of Eq. (1.11).
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2.2 3-Body IBM Hamiltonian

Up to this point only two-body interactions were considered. The main limi-
tation that was stressed in the above sections, was the inability to construct
an Hamiltonian that can accommodate two deformed degenerate minima.
This prevented the IBM Hamiltonian from describing first order phase tran-
sition between two deformed shapes, and prevented the IBM from modeling
the experimental results of deformed-deformed coexistence. This is not the
case with the three-body IBM. The most general three-body IBM Hamilto-

nian can be written as [11]:

H = Z riGY - Gp + Z e (G - Kp + he) +p K] - Ky

L=02,3,4,6 L=0,2,4
+15(Gl - ds? 4 hoc) + fo(Ghs® + h.c.) + wo (K] - ds® + h.c.) + xo(K{s® + h.c.)
+ 1o (sH2dt - ds? + zo(s1)?s®
(2.3)
where K| = sf(dld")®), G = [(did")®)d"|") and (p, L) = (2,0),(0,2),(2,3),
(2,4), (4,6). The energy surface can be written as

E(8,7) = N(N = 1)(N = 2)[2 + E(8,7)]

2.4
E(8,7) = (1+ %) (AB* + BB'T* + CB°T + DB* + EBT + F) 24

where I' = cos (37) and A, B, C, D, E, F depend on the former 17 parameters.

For the proper choice of coefficients A, B,C, D, E, F', the three-body en-
ergy surface can have a degenerate deformed global minima or a triaxial one
[11]. As a consequence, first order deformed-deformed phase transition can
be modeled. The non-trivial question that remains is how to construct an
appropriate three-body Hamiltonian, with an energy surface that contains

two deformed global minima.



Chapter 3

Constructing the Critical

Hamiltonian

As mentioned in Section 2.1, the two-body energy surface does not allow
coexistence of doubly deformed shapes. By analyzing the general energy
surface of a three-body Hamiltonian, it was shown [11] that the three-body
IBM Hamiltonian can accomplish this goal. However, this Hamiltonian has
17 independent interactions. To find the interactions that are relevant for
such coexistence, and can accommodate two deformed shapes, a selection
criteria is needed. In the following section, we show how to construct a three-
body critical Hamiltonian that allows for two degenerate prolate-prolate or
prolate-oblate minima to coexist.

To find such Hamiltonian, the Hamiltonian will first be split into its
intrinsic and collective parts, as was shown in Section 1.3: H = H;,; + H.y.
The intrinsic Hamiltonian for a double coexistence should satisfy Eq. (1.8)

for two different condensates:

185, 0; N) o< (s" + Bid})™]0)

17
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These requirements automatically ensure that the energy surface of H will
have two global minima at 8 = {81, 52} and v = 0. Finding H;,; then allows
us to identify the three-body interactions that are important for the phase
coexistence and to build a critical Hamiltonian.

In order to build the required intrinsic Hamiltonian, we will find operators
Ry, that annihilate the condensates. This is similar to Eq. (1.9), but instead
of using the condition that the operators nullify the |5y, 0; N) state, Eq. (3.1)
will be translated into two equations on the operators. That is, we are looking

for an operator R, with a definite angular momentum L, so that

Rrulf1,0;N) =0

5 (3.2)
Rru|B2,0;N) =0

If such operators are found, then a scalar, N-conserving semi-positive definite

Hamiltonian can be formed by

Hint = Z hi R} - Ry, (3.3)
L

with h; > 0. To find the possible Ry, we begin by listing the independent

three-boson operators with definite L:

L=0: sss, s(dd)®, ((dd)®d)"®

L=2: ssd, s(dj)ff), d(dd)®

L=3: [(dd)?d? (3.4)
L=4: [(dd)®dP, s(dd)}

L=6: [V

Some of the operators are not listed since they depend on others. For exam-
ple [(dd)d]® = /10/11[(dd)®d]®.  To build the required annihilation
operators we try to construct an operator with a definite angular momentum,
such that the two “annihilation equations” in (3.2) are satisfied. For the new

operator to satisfy both equations for arbitrary (3, 52 (but not identically for
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all 3), we need at least three parameters (two equations and scaling). This
is the case only for the operators with the angular momentum of zero and
two. We found that there is a solution for both angular momenta. It is also
noted that the operator with L = 3 annihilates the condensate |3,0; N) for
any 3.

As an example for the calculation of Equation (3.2), the L = 0 operator
Ro(B1, B2) will be found. It is noted that when combining the three-body
operators of Eq. (3.4), only the terms with triplets of {dy, s} needs to be
considered - that is d%s, s* and d3. The other terms will annihilate the con-
densate regardless of the coefficients chosen. If Ry exists, it can be written
as Ry = :Bl([dd] d) + xg(dd) )st + w3(s")?, where the z; are yet to be

determined. Applying the operator on a condensate we find:

Ro|Bi, 0; N o ( L([dd) @A) O + 24 (dd)© +x3(s)3>lﬁi,0; N)
= [(2,0;2,0]20)(2,0; 2,0]00)x1d3 + (2,0;2,0/00)z2d2s + 235°](sT + B:d)™|0)

—V2/T V521 82+ 1/V5wa 8 + ws) (Bist + df)V(0) = 0
(3.5)
Requiring that this equation holds for the two states |5;,0; N) (i = 1,2),
these conditions then become two equations in the x;. In a similar manner

the L = 2 operator Rg(@l, f2) can be calculated. The two operators read:

Ro(B1, B2) = z1([dd]®d)@ + 24(dd) O s + z3(s)*

51 + B1B2 + B3 g — \/z pios (36)
7 B+ B2 ’ 35 51 + B

and
Ry(By, B2) = #1(dd)Od + &9(dd)® s + 735°d

(
i _\/@ 1 2 BB (37)
e 7372514'52 T 761+ B2

where the x1, Ty are scaling parameters.

The above results can now be used to build the intrinsic part of the critical
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three-body Hamiltonian:

Hipy = hOR(JS(BhB2)RO(B17 Ba) + h2R;(517 Ba) - Ry(By, o) (3.8)

It is interesting to note that using Eq. (3.8) with arbitrary coefficients
ho, hs, there are other states, beside the two condensates, that are eigenstates
with zero energy. These are the set of states in the U(5) basis, labeled by
N =ng = 7,na = 0. To explain this, each of the constituents of Ry and R,
(Egs. (3.6)-(3.7)) is regarded separately. We note that the states labeled by
ng = N have no s' bosons, so that all the operators that contains s annihilates
them. In addition d - d annihilates states labeled by ng = 7, because there
are no d-boson pairs coupled to zero [17]. The last term that needs to be
addressed is ([dd]®d)©. This operator annihilates all the U (5) states labeled
by ng =7, nan =0, L =7,7+1,.27 — 2,27 [24]. When all of the above
conditions are united, then the states with N = ny = 7, na = 0, L =
7,7+ 1,..217 — 2,27 are annihilated by the six operators which compound R,
and fiz, for any values of the z;’s.

It is also possible to express Ry(B, B2) and Ry (1, B2) in terms of the two-
body annihilation operators Py(3;) and ]52(51) (see Section 1.3), coupled to
either s or d bosons. This kind of operator will, by construction, annihilate
the condensate |f1,0; N). It is then possible to set the ratio between the
different operators so that it will annihilate the |3,,0; N) condensate as well.
In terms of the scaling parameters x1, Z2 of Egs. (3.6),(3.7) the operators can

be written as

Ry = ars' B} (B1) + as PY () - d

2 (3.9)
g = xl/\/ﬁ, a; = \/%xlﬁ1i2ﬁ2
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and

R = bid" PJ(B1) + ba(P3 (B1)d")?

(3.10)
by = j2/(\/561)7 by = —2 %%m

From first glance it appears that the R; operator has more freedom, as we
can also use the PQT (B1)s" operator, but this is not the case since the three
operators d' P (51), P} (B1)st, (PJ(81)dN)® are not independent:

2
(PJdh? = —=Pidl + /=B, P},s' (3.11)



Chapter 4

Energy Surface of the Critical

Hamiltonian

In the following sections the energy surface that corresponds with the critical
Hamiltonian will be analyzed, the extrema points will be identified, and the
energy barrier will be found. The energy barrier is defined as the minimum
energy difference the system will have to pass (in the configuration space,
here (,+) between the two minima. In the classical sense this corresponds to
the minimum energy needed from some external agent to move the system
between the two minima.

The three-body energy surface was given in Eq. (2.4). It is a difficult task
to find the most general conditions on A, B, ..F, so that the energy surface
will have two coexisting global minima at (5;,0), ¢ = 1,2. A different ap-
proach will be taken. The intrinsic Hamiltonian H;,, was found in Eq. (3.8).
When hg, hy > 0, the energy surface of H;,; already have the required two
global minima. The energy surface of this interaction will now be discussed.

The extrema points of the energy surface satisfy dE/dfS = 0,dE/dy = 0,

and to classify the extrema points, the Hessian should be calculated. In

22
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terms of the coefficients A, B, ..F, the extrema equations read [11]:

BIOBT +2(D — 3A — 3BT?)B*+(3E — 5C) BT+ (4.1)
4(F — D)*> —3EBT — 2F] =0
B sin3y(2BB°T + CB* + E) =0 (4.2)

If B # 0 and Eq. (4.1) is not satisfied identically for the same values
that satisfy Eq. (4.2), then for 0 < v < 7/3 these two equations support one
solution in B and 7. The rest of the extrema are along the line v = 0 (or
v = m/3). The Hessian along this line is given in Appendix A. It is seen that
£ =0 is always an extremum. An extensive use will be made of the equality
E(B,7/3) = E(—p,0), mentioned at the end of Section 1.2.1.

We note that A, B, ..F are functions of the 4 parameters 31, (52, hg, ha, and
by definition hg, ho > 0. The 3; however, can take negative values, which

corresponds to a global minima at § = —f;,7 = 7/3 (an oblate shape).

4.1 Enmnergy Surface of R(T)RO

The zero angular-momentum annihilation operator was found to be

@GO 4 2P+ BB+ B3 55
(ldd=d)™ +4/ = ) (dd)©s

\/7 e 3
551 +52

Ro(pP1, B2; 1) is determined up to scaling and henceforth x; = 1 will be

30(51752;331) =T

(4.3)

used. When no confusion is likely to arise, it will be abbreviated to Rqy. The

corresponding energy surface is

Eo(ﬁﬁ%ﬁmﬁz) = <5773N|R(T)Ro|57% N> (4'4)
2 (8282 — (B + Bab + B3) B2 + (B1 + B2) B° cos 3)°

= N(N - 1)(N - 2) 35 (1+ 62 (1 + )
(4.5)
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It is a positive semi-definite function, as is required. For v = 0 it reduces to

2(6 — B1)2(8 — B2)*(B — Bs)?
35 (1+ 62)° (81 + fB2)?

Eo(ﬁ,0;51,52) = N(N - 1)(N - 2) (46)

B3 = —F1B2/ (1 + B2)

The energy surface is in general a function of £, and fs, as such it seems to
have different “topologies” that needs to be taken into account (for example
f1 <0< fByand 0 < fB; < fB2). However, the surface has some symmetries
that allows us to restrict the values of the f/s to 0< 2 < ;. The rest of the
cases can be understood by using these symmetries. The symmetries for the

energy surface (4.4) are:

e It is symmetric with respect to 81 <> Ba: Eo(B,7; b1, 52) = Eo(B,7; B2, 1)

e It is symmetric with respect to fy — B3 = —(1082/(1 + P2). That is
Eo(8,7; B1, B2) = Eo(B,7; B3, Be)

e Taking /1 — —[(1, P2 — —[» is the same as taking § — —[, that is
EO(_ﬁafy’ 517 52) = Eo(ﬁaf% _Bb _52)

To find and classify the extrema points, we make use of the extrema equa-
tions (4.1)-(4.2), the hessian equations (Eq. (A.0.1), p. 64) and the known
global minima of the surface for v = 0 from Eq. (4.6). A contour plot of the
energy surface with the extrema points is given in Fig. 4.1.

Recalling that each (3, ) such that Ey(3,7) = 0 corresponds to an eigen-
state |B,7; N) with zero eigenvalue (but not vice versa), it is interesting to
look for other zeros in the (/3,7) plane. It is found that the energy surface
consists of two separated trajectories for which Ey(3,7v) = 0. The first one
connects the two points (f2,0) and (|83, 7/3) and the second one begins at
(B1,0) and continues to infinity. These trajectories are depicted in Fig. 4.1
by a dashed line.

The last result which is of interest to this section, is to find the energy

barrier discussed above. It can be seen, from the “zero trajectory” that the
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Figure 4.1: The Ey(8,; b1, 52) energy surface. 31, fs, B3 are global minima.
B, Bo are maxima, and 3} is a saddle point. The dashed lines are the curves
for which Ey(8,~; 1, 82) = 0, and 3} is the energy barrier between (3, 33
and [,

barrier between [, and (3 is zero. The barrier between 5, and Sy (or f3) is
the saddle point located at (87,7 = 0). A detailed derivation of the above
results is given in Appendix A.

The fact that the energy surface has trajectories in which it is zero, sug-
gest that the intrinsic Hamiltonian H = RBRO cannot be used by itself to
describe nuclei that exhibit phase coexistence. It must be accompanied by

some other intrinsic operator that removes these zero-energy trajectories.

4.2 Energy Surface of Rg - Ry

The energy surface of this operator is found by calculating Fs (8, v; 81, 52) =
(B,; N|R; - Ry|B8,7; N) where R, is given in Equation (3.7). Setting & = 1
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the result is

EQ(B?W;ﬂlaﬁQ) = N(N - 1>(N - 2)X
262 {B* = 2(B1 + B2) (B* + B12) Beos3y + (87 + 4581 + B3) 5% + Bi 53}

T(1+ 52" (By+ )"
(4.7)
Setting v = 0 the energy surface reduces to
Ea(B.0:61,8) = N(V - (¥ —2) 20 WO Py

T(824+1)° (81 + Ba)?

The energy surface has the symmetry Es(5,v; 01, B2) = Fao(—8,7v; —B1, —52),
hence the analysis can be limited to the cases 51 > 0, 82 and |B2| < .

We note that setting § = 0 results in E5(0,7) = 0. This suggests that
the state |0,v; N) o (s1)V|0) is an eigenstate of the Hamiltonian R} - Ry. An
intrinsic state with 8 = 0 corresponds to a spherical shape.

In contrast to the R(T)RO energy surface, there are no other points in the
(B8 # 0,7) plane beside the two points (5;,0) or (—p;,7/3) (if 8; < 0) for
which Ey(3,7) = 0. This is evident from the fact that the energy surface is
a monotonic function of 7, and is a non-negative function.

To find the other extrema of the energy surface we calculate:

8E2(6a7) _
—85 - =0=

B8 — Bi)(8 = Bo){ B° (1 + B2) + B(3 = 2618) = 2B(81 + o) + ufa |
(1+582) (B + fa)

(4.9)
The three solutions to the expression in the curly braces, denoted by 87", 33", 3"
are maxima, and their locations can be solved exactly in terms of (51, 85, as
it is a cubic expression. Assuming 3; > 0, 51 > |fs| (the other cases can be

found by the symmetry already discussed), the position of the three maxima
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with respect to the global minima S; and s is

By <0 <By" < B <fB" <P (0< By < B) (4.10a)
B3 < Po < By <0< B < By (B2 <0< By, B> |Ba]) (4.10b)

To calculate the energy barrier as in the former section, the two cases should
be treated separately. The barrier for the first case (4.10a) is the maximum
between (f,0) and (f1,0), and the location of the barrier for the second
case, in Eq. (4.10b), is 8 = /|83 (arbitrary 7). The derivation of the
above results is given in Appendix A.

Summarizing this section, the energy surface associated with the three-
body operator R;(ﬁl, Ba) - Rg(ﬂl, P2) was found and analyzed. It is depicted
in Figure 4.2 on page 28. It was seen that the energy surface has a minimum
at f = 0. As a consequence, this is the most general energy surface in the
IBM (up to three-body interactions) that can describe a triple coexistence of
two deformed (prolate or oblate) and spherical shapes. This coexistence was
observed, for example in '®¢Pb [6]. As a result, the three-body Hamiltonian
H = R} - R, is the most general intrinsic Hamiltonian that can be relevant

for such nuclei.
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2 P2 B

(a) B1,P2,0 are global minima. (/" are maxima.
The barrier is located at g7

ﬁi”

By B

(b) B1, B2,0 are global minima. 3" are maxima.
The dashed line represents the barrier and is an
equipotential line

Figure 4.2: The two different topologies for the energy surface Fy. (5 >
Po >0 (top), and B > 0 > P, |B2| < 51 (bottom)
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4.3 Energy Surface of the Critical

Hamiltonian

The complete intrinsic Hamiltonian is given by
Hini = hoRI Ry + hyR) - Ry (4.11)
and the energy surface of the critical Hamiltonian is given by

E(B,7; b1, Ba, ho, ha) = hoEo(B,7; B, B2) + ha Ex(B,7; B, B2) (4.12)

where Ey and F, are given in Eqs. (4.4) and (4.7), ho, he > 0 and negative
B; corresponds, as always, to the point (—f;, 7/3). The energy surface has a
global minima only at § = ; and 8 = (5, because the other minima of Ej
and Fy do not coincide.

The other extrema of the energy surface depend on the four parameters
ho, ha, 81, B2 in a complicated manner, and no attempt will be made to catalog

them analytically. The energy surface for v = 0 is

E(/870;/317627h07h2) - N(N_ 1)(N_ 2)X

28 = B)A(8 = B2 { ho(Bifle + B(B + B2))* + 5ha82}  (413)
35(1+ 522 (B1 + o)?

and the energy value at infinity is

Eo = E(00,0; 1, 82) = N(N — 1)(N — 2) (%ho * §w1+—152)2h2>

(4.14)

To find the energy barrier between the two minima, the prolate-prolate
(8;>0, i = 1,2) and prolate-oblate (52 < 0 < (1) situations should be treated
separately (the oblate-oblate surface is the same as that of the prolate-prolate

with 5 — —f). For the prolate-prolate energy surface, the barrier can be
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found on the v = 0 line between the two points. This is because for S, 51 > 0,
each of the combined energy surface is monotonically increasing in the v vari-
able. For the prolate-oblate energy surface, the barrier is located either at a
saddle point with 0 < v < 7/3 - this is always the case if the § = 0 point is
maximum, or on the v =0 or v = 7/3 line.

From numerical tests, it seems that the prolate-prolate energy barrier is
usually lower than its prolate-oblate counterpart that is obtained by negating
one of the #’s. Some values for the two barriers for different i, 55 are given
in Table 4.1.

Ebarm'er/Eoo (1072)
|81 04 04 07 07 1 1
|32 0.7 1 1 1.3 1.3 V2
prolate-oblate  0.331 1.981 0.887 4.11 1.24 2.406
prolate-prolate 0.008 0.153 0.01 0.155 0.09 0.03

Table 4.1: Energy barrier height, Epgrrier, divided by the energy at infinity
E from Eq. (4.14). The prolate- prolate and prolate - oblate are shown for
different values of 1, 8. The prolate-oblate values are obtained by using a
negative value for By. Here ho/he = 1

As a consequence, it seems that the more substantial barrier for the crit-
ical Hamiltonian is obtained for an oblate-prolate coexistence. Figure 4.3
shows an example for the energy surface of such Hamiltonian, along with
a trajectory that connects the two minima and passes through the energy
barrier.

To summarize, this section described the energy surface that is the result
of the combined intrinsic Hamiltonian H = hoR(T)RO + thg - Ry. It was
explained that there are no more zeros in the energy surface, except the two
required zeros. A numerical test seems to suggest that the energy barrier
that corresponds with a prolate-oblate coexistence is generally higher than
that of the prolate-prolate energy surface. In particular for all values that
were tested, the barrier between a prolate-oblate energy surface and the

prolate-prolate energy surface that is obtained by inverting the sign of the
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B B e

(a) The energy barrier is located at the saddle (b) Energy (in arbitrary units) along the
point between the two points. There are two max- trajectory between the two (’s, depicted
ima: at 8 = 0 and (3 (located outside of the figure in dashed line in the left Figure.

on the v = 7/3 line). The dashed line shows a

trajectory between the two minima that passes

through the energy barrier.

Figure 4.3: The energy surface of the critical Hamiltonian with g; =
\/5, 52 = —1 and ho/hQ =1.

negative (;, was found to be higher (as shown in Table 4.1). This seems to
be in agreement with the empirical evidence that nuclei with prolate-oblate
coexistence are more common than nuclei with prolate-prolate coexistence.
Finally we have shown a contour plot for the energy surface of a prolate-

oblate critical Hamiltonian.
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4.4 Normal Modes Expansion of the Intrinsic

Hamiltonian

The previous chapter had dealt only with the energy surface of the two three-
body operators. This amounts to “classical” analysis of the Hamiltonian. No
mention of eigenstates and eigenenergies was made.

In the following sections the two three-body operators will be explored
with the concept of normal modes expansion (see Section 1.2.2).

If Ro(p1,52) and Rg(ﬁl, f) are written in terms of the non-spherical
basis, b;(3,7) with 8 = ; or § = (5 and v = 0, then the two operators,
by construction, will not include a b2 component. This is a consequence of
Eq. (3.2), and can in fact be used as a requirement to find these operators.

For large-N the condensate operators bf and b, can be replaced with VN,

as discussed in Section 1.2.2.

4.4.1 Normal Modes of R(T)RO

Rewriting the RE)RO operator, Eq. (4.3), with the GNSB, where § = [,
v =0, z; = 1, replacing b., bl — VN and retaining the highest power of
VN , we obtain

o 208(B — B2)(Br +262)?
0Py =0 = =50 3, + By

N2blbg (4.15)

where bg = b;(ﬂl,’y = 0) (this result is, of course, valid also for § = /3
with ) <> [2). It should be noted that there is no b,Ty dependency in the
expression. This is in accordance with the fact that 92 Ey(81,7)/07v*/4=0 = 0
in the corresponding energy surface (see Appendix A.1).

Along the zero-energy trajectory Fo(f:,v:) = 0 (see Section 4.1) this
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approximation yields

HE (B, v) = cﬁﬁb};bg + 657[6265 + h.c]+ cwbiyb7

22
Cop = NQ%@?(1 TG A A= (36785 — BL(BT + Bufa + 7))
N2 65;: A sin (3;) o N2 184 sin (3y,)°
P 351+ BBy + Ba) " 35(1 +¢¥?Z 16)

This expression can be written as two uncoupled number operators HZ =
)\+w1w+ + Awlw_. where A, A_ are found by diagonalizing the 2 x 2

Hermitian matrix ¢;; (¢, j = /3,7). The results are

2 {988 (81 + B)? sin(3) + (L + 52) (B2 (B2 + Pufi + 53) — 38233)° |

A= N? 5
3507 (1+ B7)” (B1 + B2)?

A_=0

(4.17)
Here again, the fact that one of the eigenvalues is zero is a consequence of
the zero-energy trajectory. There is a direction in the (5,+) plane in which
the energy surface is constant.

To find the lower bands energies, we should, as noted above, use the
normal modes expansion around the minima. However, it is unclear around
which minima the Hamiltonian should be expanded, because (f;, ;) consist
of a continuous line in the (/3,~) plane.

The results above further strengthen the conclusions from Section 4.2 that
H = R(T)RO cannot be used on its own to describe the intrinsic Hamiltonian

for two degenerate deformed shapes.

4.4.2 Normal Modes of R; - Ry

Rewriting the R;Rg operator, Eq. (3.7), with the GNSB, where 8 = f;, 7 =
0, ¥ = 1, replacing b, b. — VN and retaining the highest /N power, the
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result is

9%
(1+p7)?

1P (6= 0) = H{ By (0. + ) I2

STl + B2)(B1 + B2)?
(4.18)

where b = bl(81,7 = 0). In contrast to the former operator, here the bwa
term is not zero. This is because the two points (51,0) and (fs,0) are not
part of a continuous zero-energy trajectory.

We note that bib, appears with the same coefficient as bgbv. This is a
consequence of the symmetry around the z-axis: z is not a Goldstone-mode
(as opposed to the rotation around the z- or y- axes), and the -vibration is

two dimensional [22].

4.4.3 Normal Modes Expansion of the Intrinsic Hamil-

tonian

The general three-body intrinsic Hamiltonian is composed of the two opera-
tors together: H = hORgRO(Bl,Bg) + hQRg . RQ(BI, Ba). For hg, hy > 0 there
are two equilibrium points in the (3, ) plane. These are the points (|51],71)
and (|Bs],v2), where v, =0 (y; = 7/3) for §; > 0 (5; < 0). Combining the

results of the last two sections, the approximated energies can be written as:

E(ny,ny,n],n3; b1, ) = €150 + €2,5n5 + €1,n] + €2.,n3 (4.19)
where

2 BB — a)? ho(B1 + 262)* 187

= N?-— +h = N2 _p

e 7&+Bﬂ@r+&P< 5 ) @ T+ 572
2 B3(B2— fr)? ho(Bs + 231)? 1832

= N? o +h =N? 2

0 HHﬂM&+&P( 5 2) 7“*%*?

4.20

N is the number of bosons, n; (j = 1,2, i = (,7) are the excitation-numbers

around each equilibrium point and § or v band.
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We note that the ratio between the two y-bands is independent of the

coefficients hg, ho

€1y (1+B3)%p%

— =505 4.21
(Lt B 42
and the ratio between the two [-bands is
as _ (1+83)8 ((51 +262)*ho + 5h2> (4.22)
€25 (14 67)85 \ (B2 + 261)%ho + 5hy

For the spherical-deformed-deformed case (hy = 0), the values [3? are
known once the ratios between the different bands, Eqs. (4.21) and (4.22),
are known. For the solution of the ;’s to be real, this restricts the possible
ratios between the 3 and vy bands: If the bands are labeled so that €3 5 > € g,

€ €
then for a real solutions for the ;’s, it must be that s 20

611/8 627B



Chapter 5

Analysis of the Intrinsic

Hamiltonian

The intrinsic part of the critical Hamiltonian with a coexistence of deformed-
deformed shapes is H;,; = hORgRO + th; - Ry with arbitrary [, fs and
ho, ho > 0. It was stated at the previous section that the energy barrier of
prolate-oblate nuclei is generally much higher than that of the prolate-prolate
nuclei, in addition prolate-oblate nuclei are more common in heavy nuclei.

For these reasons, this chapter will focus on prolate-oblate intrinsic Hamil-
tonian. In order to facilitate the identification of bands, the values 8; = v/2,
B2 = —1 will be chosen. This ensures that each of the ground-bands can be
identified with its corresponding minima, as the 3; = /2 yields SU(3) PDS
and [y = —1 yields SO(6) PDS (see Section 1.5). The excited states of each
minima are expected to keep some of the PDS characteristics, and as such
should also be easier to identify.

The spectrum of the critical Hamiltonian with hg = hy = 1, 51 = \/5, By =
—1 and N = 20 is shown in Figure 5.1. The eigenstates are clustered in
groups of different energies. A zoom-in into the lowest group is shown in
Fig. 5.2 (page 38), and a zoom-in into the second group is show in Fig. 5.3
(page 40).

Focusing on the lower group, the zero-energy states are doubly degenerate

36



CHAPTER 5. ANALYSIS OF THE INTRINSIC HAMILTONIAN 37

120007 7 PG E
10000/ - . -
8000 . . . . . .,

6000 . .

Energy (arb.)

4000

2000

0 R H H z
02345.. 10 15 20 25 30 35 L

Figure 5.1: An energy plot for 51 =v/2, Bo=—1, N = 20 and hg = hy = 1.
The states are clustered in “groups” of different energies.

(for L < 10), as required from the construction of the Hamiltonian. The
states with different angular momenta are seemed to be divided into almost
degenerate bands. Specifically, the degenerate zero-energy states form two
ground-bands and the first two excited bands (indicated by disk and plus-sign
in Fig. 5.2) resembles 7-bands. The states with higher energies (indicated by
stars), have the correct angular-momenta for the y*-bands (with K = 0,4).

The next group of states, depicted in Fig. 5.3 also seems to be composed
of (almost) degenerate bands. The lowest states, indicated by a disk, and the
states indicated by a star have even angular momentum, which resembles a
K =0 band (for example a S-band), while the states indicated by plus-sign
have angular momenta L = 2,3,..., and resembles a band with K = 2 (for
example a - or - band).

To further test if these states can be considered a band, the inter- and
intra- band transitions were calculated using the transition operator T?) of
Eq. (1.13) with x = 0. Some values for the transitions are given in Table 5.1
(page 39). It is seen that the ground-, v- and - bands intraband transitions

are much stronger than the interband transitions. The transitions between
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Figure 5.2: L-Energy plot for N = 20. This is a zoom-in on the lowest group
of states from Fig. 5.1

the states in the y2?-bands (for clarity, these are marked as two separate
bands, see Fig. 5.2), however, do not indicate a clear band structure of two
bands. The Alaga rules were also computed for the transitions, Table 5.2
shows a comparison between some of the E2 transition-relations with the
accompanied Alaga predictions. This further supports the notion bands-

structure, as depicted earlier (Fig. 5.2 and Fig. 5.3).
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E2 Transitions

6 —4 4 —2 2—0
g1 — g1 154.783 142.028 100
go — g 174.588 160.010 112.586
1 — v 113.030 46.4573 —
Yo — o 115944 51.8093 —
b — [B1 131775 121.617  85.900
b — [o 145.025 130.303 91.338
By — By 90.9188 47.0475 —

6—4 4 — 2 2—-0 6—-6 4—4 2—2
g1 — g 0.0001  0.0001  0.0004 0 0 0.0001
Yo — gy 1.6673 24211  4.7641 8.8868 8.9700 7.5180
Yo — g1 0.0757 0.0735 0.16568 0.4567 0.3525 0.1592
v — v 0.0011  10.561 — 13.838 3.6977 23.108
By — By 0.4053  1.1401 — 0.6955 0.8142 0.1878
By — 51 0 0.0018  0.0241 0.02 0.0278 0.0689
By — B 1.4599  1.7620  2.9448 5.0638 5.0717 4.1974

39

Table 5.1: Some of the interband and intraband transitions. For the critical
Hamiltonian. Here N = 20 and xy = 0. The left column specify the bands
and the upper row specify the angular momentum. It can be seen that the
intraband transitions (upper half of the table) are stronger than the interband
(lower half). The transitions are normalized by 2; — 0; = 100

E2 Transition Relations

K=0 g1 92 B Ba Alaga
9~ 1.0898 1.0911 1.084 1113 1.1014
=2 14203 1.4212 14159 1.4266 1.4286
K=2 g T2 VP Alaga
=1 2433 22379 1.932 1.9737

4—2

Table 5.2: Comparison of the E2 intraband transition relations with the
corresponding Alaga values. For the upper table K = 0 and for the lower
table K = 2. Here y =0
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Figure 5.3: L-Energy plot for N = 20, this is a zoom-in into the second
group of states from Fig. 5.1

5.1 Identification of the Bands

The normal modes expansion for the intrinsic three-body Hamiltonian were
discussed in Section 4.4, and the energies for the bands were given in Eq. (4.19).
Using the values hg = ho, 81 = V2, B2 = —1 for the critical Hamiltonian, the

normal modes energies are:

E(ny,ng,ni,n3;6 = V2,0, = =1) =

(5.1)
N%(6.91n; + 8.10n4 + 0.57n] + 0.64n3)

We see that there is an order of magnitude difference between the 5 and
coefficients. This can explain the groups of states discussed earlier (Fig. 5.1).
The lower groups is composed of the states belonging to the ground and
v bands and their overtones: ~7y2,7%,... (Fig. 5.2). The next group is
composed of the states belonging to the S-bands along with the v overtones:
B1, B2, B, .- (Fig. 5.3). The third group is composed of states with 3?-bands

and so on.
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Energy/N?
N 71 Y2 Bl 62 61’71 Ebarm'er /N2
10 0.40 0.51 6.03 — — 0.30

15 045 051 641 6.86 6.95 0.50
20 048 054 6.56 7.19 7.10 0.71
25 0.51 0.56 6.66 7.38 7.20 0.91
29 0.52 0.57 6.69 7.50 7.24 1.08
34 053 059 6.73 7.57 7.29 1.29
40 0.53 0.60 6.76 7.66 7.32 1.54
€,; 057 0.64 691 810 7.49

Table 5.3: Exact results for the energies of each band and each N (divided
by N?). This should be compared with the corresponding normal-mode
coefficients, ; j, of Equation (4.19). The energies of the 5y-band corresponds
to €13 + €1, and the numerical energy is computed from the eigenstate with
the lowest angular-momentum. The right-most column shows the value of
the energy barrier of Section 4.3, divided by N?

The approximated energies in Eq. (5.1) also helps to identify which v and
£ bands belongs to which minima in the energy surface. Since the energies
related with 8 = /2 are lower than those of § = —1, we associate the
and f; bands with the f = /2 minimum and the v, and £, bands with
£ = —1 minimum. This association can be made for different N’s. The
normal modes expansion should provide better approximation as N grows.
A comparison of the exact and normal-mode energies for various N is given
in Table 5.3.

To gain further insight into the bands structure and to affirm the asso-
ciation of the various bands with their corresponding minima, it is advanta-
geous to decompose the various bands into the SU(3) and SO(6) dynamical-
symmetry chains. As mentioned in Section 1.5, the condensate |—1,0; N)
has a good (¢ = N) SO(6)-label, and the condensate with |v/2,0; N) has
a good (A = 2N, = 0) SU(3)-label. These condensates furnish the two
ground-bands ¢g; and g with pure character. The decomposition of these
bands into the SO(6) and SU(3) symmetries is shown in Fig. 5.4.

The decomposition of the two «-bands is shown in Figures 5.5-5.6. It



CHAPTER 5. ANALYSIS OF THE INTRINSIC HAMILTONIAN 42

g1 92
80 80
X
= 60 60
:_?;
2 40 40
2
[a W
20 20
0 0

(A, 1) = (40,0) (o) = (20)

Figure 5.4: The decomposition of the two ground-bands. The left figure
depicts the probability of the g;-band into the (A, u) irrep. The right figure
depicts the probability of the go-band into the (o) irrep. Here N = 20, and
the numbers 0,2, 4, ... are different angular momenta

can be seen that the ;-band has a coherent decomposition in the SU(3)
basis, and a dominant (A = 36, u = 2) component. This is reflected in the
corresponding intrinsic state, since in the large-NV limit, the SO(3) projected
states of the 4 and « intrinsic states of 3 = v/2, defined in Eq. (1.7), have a
good (A =2N — 4, = 2) label [22].

The ~,-band is coherent when decomposed into the the SU(3) basis, which
is again expected from states that belong to the same band. The decompo-

71
100 —

80t

60+

40+

Probability [%)]

20t

=
AN N FH 1O © P~ 0 o~

(32,4)

(36,2)

Figure 5.5: The probability of the 7;-band to be in the (A, u) sub-spaces.
These are the states marked by disks in Fig. 5.2
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Figure 5.6: Probability of the yo-band to be in the (A, ) sub-spaces of SU(3)
and (o) sub-spaces of SO(6).

sition into the SO(6) basis show that the states have dominant (o = 20)
component. Again, this is reflected in the y-band that corresponds with
f = —1. These states have a probability of (N — 1)/(IN + 1) to be in the
(o0 = N) subspace, and a probability 2/(N + 1) to be in the (¢ = N — 2)
subspace (see Appendix B).

A decomposition of the two -bands can also be carried out. The dom-
inant (X, ;) component of the 3y-band (3 = v/2) is (36,2) and has a prob-
ability of 89%-90%. It is mixed with the (34,0) component (8.3%-9.7%).
This fits with the interpretation of the 5;-band as being associated with the
S-band that belongs to the f = v/2 minimum. The decomposition of the
Po-band into the SO(6) symmetry shows that the states have a probability
of 94%-96% to be in the (o = 18) subspace, and 0.3%-0.45% to be in the
(o = 20) subspace, with the exception of the L = 10 state which is more
strongly mixed and has an additional components of (10) with a probabil-
ity of about 10%. Again, this corresponds with the states that are projected
from the intrinsic [ state associated with the f = —1 minimum. These states
have a probability of (N —1)/(N + 1) to be in the (¢ = N — 2) subspace,
and a probability of 2/(/N +1) to be in the (¢ = N) subspace (see Appendix
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B). The f~v-band is mainly composed of the (32,4) component (76%-80%)
and the (30,2) components (17%-21%).

The intrinsic Hamiltonian, with the parameters f; = /2 and 8, = —1
exhibits an interesting phenomena. This Hamiltonian provides a coexistence
of two partial dynamical symmetries of two non-compatible chains, SU(3)
and SO(6). The intrinsic state |—1,0; N) provides an SO(6)-PDS type III:
the states projected from it have the SO(6) (¢ = N) label, but do not
have a good (7) label. The intrinsic state |v/2,0; N), on the other hand,
provides an SU(3)-PDS type I: the states projected from it have the SU(3)
(A =2N, = 0) label. The other eigenstates of the intrinsic Hamiltonian do
not necessarily posses any of these symmetry labels. The decomposition of
a few non-PDS states are shown in Fig. 5.7. This should be compared with
the states from Fig. 5.4.

In this section we have inspected the spectrum and transitions of the
intrinsic part of the three-body critical Hamiltonian with a prolate-oblate
coexistence. This Hamiltonian, by construction, has two degenerate ground-
bands. The spectrum of the Hamiltonian showed, beside the ground-bands,
clear indications of two v- and two (- bands. The transitions between the
states were also calculated and showed further indications that these states
can be considered as bands. We used the approximated energies from the nor-
mal modes expansion to identify the bands with their corresponding minima.
We decomposed the wave-functions of the band members into the SO(6) and
SU(3) dynamical symmetry basis to furthermore understand their structure.
It was seen that the v- and - bands states are coherent and their decompo-
sition is similar to that of the - and - bands obtained by projection of the
intrinsic excited states. Lastly, we have shown that for the specific values of
(1 and [y chosen for this section, the intrinsic Hamiltonian presents two PDS
of different symmetries. This is a more complex situation than encountered
with the two-body IBM (see Section 1.5), where the choice of 5y can produce
either SU(3)-PDS or SO(6)-PDS, but not both of them together.
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Figure 5.7: Decomposition of some eigenstates of the intrinsic Hamiltonian
into dominant irreps of both the SU(3) and SO(6) symmetries. Different
colors indicate different states. This should be compared with the states

from Fig. 5.4



Chapter 6

Collective Terms for the

Critical Hamiltonian

Up to this point only the intrinsic part of the critical Hamiltonian was con-
sidered. To continue further, we need to consider the kinetic terms, which do
not affect the potential. In this section the collective operators will be added
to the intrinsic critical Hamiltonian, and their affect on the spectrum and
transitions will be analyzed. The collective operators we choose to employ
are the three-body collective terms from [11]. The collective Hamiltonian

can be written as

A

fa —1)(Cog — BN) = (Co) — 4na) + hec]

Hcol :Cg(N — 2)(@0(3) — Gﬁd) -+ C5(N — 2) (éO(5) - 47A7fd)+
co(N — 2)(Co — 5N) + ds (g — 2)(Cogs) — 6ig)+ 61)
ds(fa — 2)(Cogs) — i)+
[

here ¢;,d; are parameters. The terms multiplied by ¢; are the three-body
parts of NC,, g = O(3),0(5),0(6) and the terms multiplied by the d; are
proportional to the the three body parts of 74C, + h.c. The complete Hamil-

46
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tonian, containing the intrinsic and collective collective terms takes the form
H = hoR Ry + haR} - Ry + Hy (6.2)

As a result of adding the collective terms, the two ground-bands will no
longer be degenerate. The wave-functions, energies and inter- and intra-
band transitions of these states will change. In the following section, each
of the collective terms is added separately to the critical Hamiltonian. Table
6.1 shows the energies of the critical Hamiltonian with the addition of the
collective terms. The coefficient of the collective terms were chosen to be
large enough to change the spectrum, but small enough so that the band
structure is not ruined and the two ground-bands show “physical” behavior
(for example E(02) < E(22)).

The energies of the two ground-bands can be compared with the signa-
tures of the rigid-rotor, spherical-vibrator [12] and X (5) [31]. Table 6.2 lists
the intraband energy relations for the different collective terms. It is seen
that the two ground-bands arising from the c3 term are very close to rigid-
rotor, the bands arising from the d3 collective term also seems to resemble the
rigid-rotor. This can be explained as the collective operator related with c3
is composed of a three-body rotational term, N 60(3) along with a two-body
Nng term. In the large-N limit, the three-body term dominates. A similar
explanation can be done for the ds term, but here the dominant three-body
term is ﬁdé’o(g).

It can be seen from Table 6.2, that the R values for the first band is
decreasing and moves further away from the rigid-rotor region towards the
spherical vibrator, as the collective terms are changed from c3 to c¢5 to cg.
This is also true for the d; terms, where i = 3,5,6. The R values for the
second band, however, are seem to constantly increase with the d; coefficients,
but not so for the ¢; coefficients, where the biggest values are for the cs
term. For both bands, the R values are smaller for the ¢; term, than for its
corresponding d; term. With the exception of the c5 and d5 term.

It is interesting to test whether the energies of the two ground-bands, for
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C3 = 0.4 Cy = 0.4 Cg — 0.02
E(0y)  3.641[3.602]  4.178[3.390]  0.995[0.779]
E(2,) 4.613[4.573]  4.407[4.313]  1.547[1.437]
E(4,) 3.333[3.333]  2.873[3.250]  2.636 [2.701]
E(4y) 6.880[6.839]  6.247[6.532]  3.509[3.561]
E(6;) 6.999[6.999]  5.660[6.758]  5.007[5.211]
E(6y) 10.445[10.404]  9.012[9.981]  6.655 [6.933]
E(8y) 11.998 9.299 8.146
E(8,) 15.311 12.605 10.783

d3 =04 ds = 0.6 dg = 0.2
E(0,) 6.862[6.832]  7.925[6.575]  4.820[3.852]
E(2,) 7.497[7.472]  8.294([7.215]  5.055[4.723]
E(4)) 3.346[3.352]  3.24[3.329]  2.967[3.28§]
E(4y) 9.014[9.006]  9.858[8.759]  6.876[6.832]
E(6;) 7.067[7.099]  6.713[7.019]  5.944[6.891]
E(6y) 11.492[11.523] 12.307[11.266] 9.702[10.212]
E(8)) 12.214 11.373 9.89
E(8,) 15.056 15.703 13.526

Table 6.1: The exact [approximated| energies for the critical Hamiltonian
with various collective terms. The approximation is discussed at Section 6.1.
For each term F(0,) = 0 and F(2;) = 1. Here hg = hy = 1,81 = /2, 82 = —1

the different operators, can be interpreted as resulting of a non-rigid body.
This is done by comparing the energies of each of the bands with the equation
aL(L+ 1)+ B[L(L + 1)]?, where f3 is expected to be negative for a non-rigid
body. Fitting the different two bands with this equation, the values for «, 3
and the RMS are given in Table 6.3. It is noted that we cannot always
attribute the resulting fit to a non-rigid body, as the § coefficient turns out
to be positive for at least one of the bands for all of the collective terms,
except c3, in which it is almost zero.

The inter- and intra- band transitions of the two ground-bands with the
presence of the collective terms are shown in Table 6.4. The intraband tran-
sitions are usually stronger than the interband, and the band structure seems

to persist in the presence of the collective terms. The ¢, and to some ex-
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c3=04 =04 =002 d3g=04 d;=06 dsg=0.2
Ry, 2, 3.333 2.873 2.636 3.346 3.24 2.967
Re, /2, 6.999 5.660 5.007 7.067 6.713 5.944
Rg /2, 11.998 9.299 8.146 12.214 11.373 9.89
Ry,p2,  3.332 9.035 4.554 3.389 5.238 8.749
Re,/2,  7.000  21.1092 10.2536  7.29134 11.8753  20.774
Rg,/2, 12.006  36.780 17.732 12.904  21.079  37.047

rigid-rotor spherical-vibrator X(5)
Raj 3.33 2 2.91
Re s 7 3 5.45
Ry 12 4 8.51

Table 6.2: The energy relations for the two bands. Should be com-
pared with the spherical-vibrator, rigid-rotor [12] and X(5) [31], Ry, =
[E(L:i) — E(0,)]/[E(2:) — E(0;)]

§1 C3 = 0.4 Cy = 0.4 Cg = 0.02 dg =04 d5 = 0.6 d6 =0.2
Q 0.167 0.147 0.135 0.166 0.163 0.151
(107 0 —2.51 —3.08 0.45 —0.73 —0.19
RMS 0.00007 0.08673 0.13981  0.00043 0.01560 0.06929

G c3=04 =04 =002 dyg=04 ds=06 dg=0.2
a 0.162  0.102  0.126 0.105 0.094  0.099
B(107%) 0 2.22 1.47 1.19 2.01 3.08
RMS  0.00208 0.24881 0.14342  0.00042 0.12769  0.23868

Table 6.3: The «,f and the RMS values for the fitting of the equation
aL(L+1)+ B(L(L+1))? to the ground-bands energies. The energies of L =
0,2,4,6,8 were fitted. Here g; are the ground-band of the full Hamiltonian.
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tent also the dg terms, are the only terms that provide substantial interband
transitions. Focusing on the ¢; terms, and comparing the transitions of the
new ground-states. We see that the intraband transitions for the c3 term,
are the closest to those obtained from the intrinsic Hamiltonian, while those

that corresponds with cg are usually the furthest. The same holds for the ds

and dg terms.

c3 =04 cs =04 cg = 0.02  Intrinsic
25 — 0; 0.000[0.000] 0.036[0.004] 0.061[0.099] 0.000
29 — 0y 1.147[1.126] 0.981[1.123] 1.002[1.013] 1.126
25 — 27 0.000[0.000] 0.254[0.023] 1.296[1.271] 0.000
29 — 4; 0.000[0.000] 0.000[0.000] 0.287[0.343] 0.000
49 — 27 1.419[1.420] 1.435[1.423] 1.258[1.271] 1.420
45 — 2y 0.000[0.000] 0.004[0.000] 0.208[0.239] 0.000
49 — 25 1.628[1.600] 1.506[1.602] 1.355[1.391] 1.600
49 — 4y 0.000[0.000] 0.170[0.014] 0.291[0.184] 0.000
45 — 6; 0.000[0.000] 0.004[0.000] 0.031[0.022] 0.000
6; — 4; 1.545[1.548] 1.585[1.551] 1.514[1.571] 1.548
62 — 4o 1.774[1.746] 1.696[1.748] 1.688[1.764] 1.746
62 — 6; 0.000[0.000] 0.166[0.011] 0.066 [0.036] 0.000
ds =0.4 ds = 0.6 deg = 0.2 Intrinsic
25 — 0, 0.000[0.000] 0.010[0.000] 0.030[0.002] 0.000
29 — 0y 1.154[1.126] 1.066 [1.125] 0.998 [1.124] 1.126
2o — 2, 0.000[0.000] 0.043[0.003] 0.191[0.014] 0.000
25 — 4, 0.000[0.000] 0.001[0.000] 0.001 [0.000] 0.000
4) — 2, 1.422[1.420] 1.430[1.420] 1.434[1.422] 1.420
49 — 27 0.000[0.000] 0.001[0.000] 0.003[0.000] 0.000
49 — 25 1.639[1.600] 1.564 [1.600] 1.516[1.601] 1.600
49 — 41 0.000[0.000] 0.034[0.002] 0.139[0.009] 0.000
49 — 61 0.000[0.000] 0.004 [0.000] 0.006 [0.000] 0.000
6; — 4, 1.552[1.548] 1.578[1.548] 1.585[1.550] 1.548
6o — 4o 1.788[1.746] 1.740[1.746] 1.701[1.747] 1.746
62 — 6, 0.000[0.000] 0.047[0.003] 0.151[0.009] 0.000

Table 6.4: E2 transitions for the two ground-bands for various collective
Here x = 0 and 2; — 0; normalized to 1.
are shown in square brackets, and discussed in Section 6.1. The right col-
umn provides the E2 transitions for the intrinsic Hamiltonian, where it is

terms.

Approximate results

understood that the L, states belong to the g; band of Section 5.1



CHAPTER 6. COLLECTIVE TERMS 51

6.1 Two-State Mixing

Without the addition of the collective terms, the critical Hamiltonian sup-
ports two degenerate ground-bands. For each even-L, there are two (de-
generate) states with zero energy that corresponds with the minima of the
energy-surface. It is interesting to see if the effect of the addition of the col-
lective terms on the ground-bands can be interpreted as a two-state mixing
between the two (formerly) degenerate states (of each L).

It is the purpose of this section to see if the spectrum and transitions pre-
sented in the last section can be understood in terms of this mixing. The two
state mixing is achieved by degenerate perturbation theory that involves the
two degenerate states for each even-L separately. To find the new eigenstates
within this approximation, it is enough to calculate the “matrix element” of
the Hamiltonian between the two L-projected states of the original ground-

bands:

Here |5;; N, L), L =0,2,4,... are the (normalized) ground-band states that
are projected from the (; condensate. When the expression in Eq. (6.3)
is found, then the Hamiltonian matrix, restricted to the subspace of the
two ground-bands, can be formed and the new eigenstates can be found.
We note that by definition, the intrinsic Hamiltonian annihilate the ground-
states Hy|B:; N) = 0. Since Hy, is an SO(3) scalar, it also annihilates
the L-projected states. As a consequence, the calculation of Eq. (6.3) is
reduced to the collective terms in the Hamiltonian (H.y). The calculation

of Eq. (6.3) for each of the collective terms is given in Appendix C.1. The
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results, in terms of the parameters of H., in Eq. (6.1) are:

mip = (B1; N, L| H |B; N, L) =
+c3(N = 2)[L(L +1)S) — 6Dy
+c5{L(L+ 1)(DY — 25Ny —6(DY — D{V)}
+eo(N = 2)(DY — (B132)* )
(V208 - (i ) - (F20) (0 = () S5}
+ds(N = 2)[N(N = 1)y — (1+ 82)(1 + 2) S]]
+dg x 2{ (N = 1)(N = 2[NSy = 81 = (1+ B (1 + B)(N - 2)83 - 5]}
myy =(B1; N, L| He |f1; N, L), mmag = (Bo; N, L| Hey |B2; N, L)

(6.4)

where it should be noted that SY, DY and I'y depend on f31, B2 and L. They
are defined by:

M06) = 7 [ dell+ B P Puta)

Iy =T (8)0W (B2)
i nw—ﬁlm

T8 (81) T (82)]1/2 (6.5)
(B1; N, L|ng|Ba; N, L) = NSY — S

(B1; N, L|(na — 1)nalB; N, L) =
(N = 1S5 —2(N = 1)S" + 85

Srjzv = <51,L|<5T)R(ST)H|52,L> =

N
1
N
2

with Py (z) being the Legendre polynomials (with even-L). A slight compli-

cations arises from the fact that |3;; N, L) are not orthogonal. This can be
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taken into account by transforming into orthogonal basis

[y = 1815 N, L)
[0Sy = (1= 72,)"Y2(|B, L) — 119)B1; N, L)) (6.6)
r12 = (B1; N, L|B2; N, L)

and the Hamiltonian 2 X 2 matrix takes the form

Ky =mp, Kp=(1- 7”%2)_1/2(77112 — T'19Mqy) 6.7)

K22 = (1 — T’%2)_1(m22 — 2riamyg + 7"%277111)

from which eigenenergies and eigenstates can be found.

To recap, Eq. (6.7) is a matrix representation of the collective Hamil-
tonian for any L, in the subspace spanned by the two ground-band states
|B1; N, L) and |B2; N, L). The eigenvalues and eigenstates of this matrix are
the approximated new lowest energies and eigenstates for the full Hamilto-
nian of Eq. (6.2), containing both the intrinsic and collective terms.

The approximation for the energies is shown in Table 6.1 in square brack-
ets. To test the energies approximation for each of the collective terms, the
RMS values for each terms is shown in Table 6.5. It is seen that the best
approximation is achieved for the terms that correspond with c3 and djs.

C3 — 04 Cy = 0.4 Cg — 0.02 dg =04 d5 =0.6 d6 =0.2
0.032871 0.706836 0.175397 0.0245289 0.946905 0.620367

Table 6.5: The RMS values of the energies for each collective term. Each
column specify collective term and the RMS value, calculated by using the
exact and approximated energies in Table 6.1

Each exact state |L;) of the critical Hamiltonian can be written as a com-
bination of the two L-projected states, |5;; N, L), i = 1,2, and another state,
orthogonal to both. That is |L;) = a1|51; N, L) + as|fs; N, L) + v|O; N, L),
where (O; N, L|3;; N, L) = 0. The parameter 7? shows to what extent the
two-state approximation is valid. The ratio between «; and sy quantify

the mixing. Table 6.6 gives the exact [approximated] values for some of the
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c3 =04 cs =04 cg = 0.02
o a3 oa o a3 7 i a3 7’
0, 0.992[1.0] 0.000[0.0] 0.008  0.793 [0 985] 0.097[0.014] 0.108  0.465[0.438] 0.528[0.557] 0.003
0, 0.000[0.0] 0.998[1.0] 0.002  0.132[0.015] 0.833[0.986] 0.038  0.534[0.562] 0.470[0.443] 0.001
2, 0.992[1.0] 0.000[0.0] 0.008  0.862[0.996] 0.036[0.004] 0.102  0.675[0.708] 0.320[0.289] 0.002
2, 0.000[0.0] 0.998[1.0] 0.002  0.046[0.004] 0.867[0.996] 0.087  0.323[0.292] 0.678[0.711] 0.001
dy = 0.4 ds = 0.6 dg = 0.2
af a3 7 ai o3 7 af a3 7
0, 0.986[1.0] 0.000[0.0] 0.014  0.914 [0 998] 0.015[0.001] 0.070  0.824[0.991] 0.072[0.008] 0.10
0, 0.000[0.0] 0.998[1.0] 0.002  0.026[0.002] 0.936[0.999] 0.039  0.102[0.009] 0.861[0.992] 0.04
2, 0.987[1.0] 0.000[0.0] 0.013  0.925[0.999] 0.005[0.000] 0.070  0.877[0.997] 0.026[0.002] 0.09
2, 0.000[0.0] 0.998[1.0] 0.002  0.008[0.001] 0.927[1.000] 0.065  0.035[0.003] 0.830[0.998] 0.086

Table 6.6: The exact [approximated]| decomposition of the two ground-bands
into the non-perturbed ground-band states in the presence of the collective
terms. Each eigenstate is written as |L;) = aq|B1; N, L) +as|fe; N, L) +7|0),
where (3;; N, L|O) = 0. Note that in general af + a3 + 2 # 1

states, decomposed into the states mentioned above.

It can be seen that the mixing is small for most of the collective terms,
and at least for the values of the coefficients selected, the probability of the
states to be outside of the subspace spanned by the two states is also small
(for most cases ~ 1%). The mixing is strong for the L = 0,2 eigenstates of
the N C’ y term. These results can explain the exact energies obtained by
numerlcal procedure. The fact that v? is small for most terms show that the
two-state approximation is valid, and that energies can be obtained by this
approximation. The collective terms seem to split the energies, but they do
not contribute to the mixing between the two states.

The two state mixing can also be used to calculate the approximate E2
intra- and inter- transitions. This is done by writing each of the states |L;) as
|L;) = af?|B1; N, L) + a57|Ba; N, L), where the o, are the coefficients found
using the two-state mixing. With this, the transition probability is (see
Section 1.4):

B(E2; L; — L’A) =

|ZO€ ﬁmJ/ N||T HﬂmL NY2L+1)" 1/2) |2 (6.8)
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where the terms in the parenthesis are given in Eq. (C.2.11) (e, = 1, see
Appendix C.2 for a detailed calculation).

The exact [approximated] results for the E2 transitions and for the various
collective terms are given in Table 6.4. It can be seen that for some of the
cases, the approximated results do not differ much from the results of the
intrinsic Hamiltonian. This again is a consequence of the fact that most of
the collective terms seem not to mix between the degenerate ground-band
states, and mostly contribute to the energy splitting. The L = 0, 2 states of
the N CA'W terms are unique in that sense, as they produce a large mixing
between the states. As a consequence there is a big difference between the
transitions of the intrinsic Hamiltonian and complete Hamiltonian for these

states.



Chapter 7
Conclusions and Outlook

Phase transitions in nuclei are a widely discussed topic. In particular the
coexistence of different phases, as observed in many nuclei, is an interesting
and active topic of research. The two-body IBM Hamiltonian was used to
model many nuclei, but it is not able describe a coexistence between two
deformed minima.

In this work we have set the first steps towards understanding first-order
phase transitions and coexistence of axially-deformed shapes in nuclei, using
the three-body IBM. The main result of this work was to identify the relevant
interactions and build the critical Hamiltonian for a degenerate deformed-
deformed coexistence with three-body terms.

We have used the intrinsic and collective resolution in-order to find the
relevant interactions. The condition R|f;,0; N) = 0 was used on two different
condensates, which allowed us to identify the three-body intrinsic operators
relevant for the deformed-deformed coexistence. With these conditions, we
found that the intrinsic part of the critical Hamiltonian can be written using

two three-body operators:
H = hoR} Ry + hoR) - Ry

with hg, hoy > 0, where Ry is the a three-boson operator with angular mo-

mentum L = 0, and the Ry operator has angular momentum of L = 2. An

o6
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interesting consequence of these results was the ability to combine two dif-
ferent PDS in the same Hamiltonian, namely, Hamiltonian in which part of
the states have an SO(6) symmetry, while part of the states have an SU(3)
symmetry and all the other states are mixed.

The energy-surface of the two operators was thoroughly analyzed (Chap-
ter 4). We found that the RSRO operator has a ’trajectory’ in the (3, ) plane
for which its energy is zero. This also reflects in the fact that this operator
annihilates a continuity of condensates, |5,y = f(8); N). The R; - Ry oper-
ator was found to have only additional other minimum, at § = 0, and the
inclusion of the two terms in the same Hamiltonian was found to give rise
to an energy surface with two minima only: (5;,7 = 0) or (|5;],v = 7/3) if
B; <0, withi=1,2.

As a result of the energy-surface analysis, and because Rg]%o have more
than the required two condensate eigenstates, we have concluded that this
operator cannot describe a critical Hamiltonian by itself. We must require
ho > 0. The second operator, R; - Ry however, was found to support a shape
coexistence of three shapes: two deformed and spherical. This is the only
intrinsic operator in the IBM (at least up to three-body interactions) that can
be used to describe such coexistence. As such, this operator is of potential
relevance for heavy nuclei that show coexistence of three shapes (for example
186pY [6]).

The analysis of the particular energy-surface with hy = hy showed that
when the two operators were combined, then the energy-barrier of the crit-
ical Hamiltonian was usually much higher for the prolate-oblate case then
the prolate-prolate (or oblate-oblate) cases. These points should be further
studied for different critical Hamiltonians, as the typical shape coexistence
in nuclei is found to be a prolate-oblate one.

The spectrum and transition of the critical Hamiltonian were also con-
sidered. Except for the two degenerate ground-bands, which are part of the
critical Hamiltonian construction, we were able to identify the two - and

two - bands using an analysis of the spectrum and transitions-strength. A
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comparison with the Alaga rules further confirmed that the ground- and (-
bands are indeed bands with K = 0, and that the vy, v and v, 8; bands are
bands with K = 2 (see Figures 5.2, 5.3).

In addition to the spectrum analysis, we have approximated the critical
Hamiltonian via normal modes around each minima. This approach was
used to identify the excited bands with their corresponding minima, and
a wave-function analysis confirmed this identification. The expansion into
normal-modes also gave us some insight about the bandhead energies of the
different bands. It was shown that the ratio between the two ~-bands is
independent of the coefficients hg, ho, and is only affected by the choice of
B1, B2. Furthermore, for a spherical-deformed-deformed situations (hy = 0),
it was shown that once the ratios between the two S-bands bandhead energies,
and the two y-band bandhead energies are fixed, then 32, 33 are set.

Lastly, we explored the effect of adding collective terms to the intrinsic
Hamiltonian. The different terms were added separately and their effect
on the spectrum and transitions of the two (formerly degenerate) ground-
bands were considered. Even with the addition of the collective terms, the
energies and transitions showed that the band-structure persists. The two
ground-bands energies and transitions were approximated by using a two-
state mixing approach. This showed a good agreement with the energies and
transitions for most cases, and it was shown that the effect of most of the
collective terms was to split the degeneracy between the two bands, but it
did not tend to mix them. An exception to this behavior appeared with the
collective term that is related with N OW’ this term was shown to strongly
mix the two bands L = 0, 2 states.

At this point there are a few important topics that can be studied. The
first is to extend the study of the three-body Hamiltonian away from the crit-
ical point. This work has focused on the critical Hamiltonian, but there is a
need to study the full evolution of the QPT. A second goal is to examine can-
didate nuclei, based on the derived signatures. Another interesting problem

that remains open is to find the constrains on the most-general three-body
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energy surface, such that the surface supports two degenerate minima. This

approach can be used to employ the full Hamiltonian directly.
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Appendix A

Critical Hamiltonian Energy

Surface

This section contains the analysis of the two energy surfaces. For complete-
ness, the hessian along the v = 0 line, for the general three-body energy

surface is given:

OE|  _,BC+38(D—3(A+ B))
852 v=0 a (1 + 62)5
255(6E —13C) +5843(A+ B — D) + 2F)
(1+p2)°
+533(2C — 3E) + B%(6D — 13F) + 3E + F
IPRALE ) <f+(52)5 ) + 35 (A.0.1)

PE| 98 (B (28B+C)+E)

O =0 B (1+62)°

PE|
0BOY| _y

A.l RgRO Energy Surface

This section gives a derivation of the important features of the RBRO energy
surface. First we identify that this energy surface has a trajectory in the

(B,7) plane with zero energy, and find this trajectory. then the other extrema

64
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points are identified. Lastly we find the energy barrier between the global
minima.

Inspecting the energy surface equation (4.4), and defining I' = cos(37) we
solve for I' = f(/3) such that Ey(S,v) = 0. For 0 <y < 7/3 we must require

B2(6% + BB + B3) — Bi B3

cos(3v) =T = (B + o) ;

N <1 (A.1.1)

Since T'(B) is a continuous function of 3, it is enough to test I" at the bound-
aries [' = —1,1 to understand for which values of § we have a solution. The
values of § for which I' = £1 are known from the energy-surface equation
with v = 0 (4.6). These are § = (1,05 for ' =1, and f = —f3 for I' = —1
(the minus sign is due to the fact that here J is treated as a radius variable
and we use v = 7/3). Differentiating Eq. (A.1.1) with respect to § and

plugging the roots, we obtain

= Gt 56+ 5) (26, + 5)
g B33
dl’ (B1 — B2)(2B1 + Bs) (A.1.2)

B BB+ B)

We see that at f = —/f5 the derivative is always positive, while for the
two other roots it is positive only for the smaller root and negative for the
bigger one.

The last two equations are to be interpreted as follows: there are two non-
connected trajectories in the (5,+) plane for which Ey(3,7) = 0. Choosing
0 < B2 < [, there is one trajectory that begins at (f3;,0) and continues
with a growing [ towards the (oo, 7/6) point. The other trajectory connects
between the (—f3,7/3) and the (fs,0) points (see Fig. 4.1, p. 25).

The next step in analyzing the energy surface is to find the other extrema
points for the surface. Differentiating Eq. (4.4) with respect to v it is seen
immediately that the extrema points must lie either on the trajectories al-
ready discussed, or on the v = 0,7/3 line. Setting v = 0, the solutions for
the other extrema is found by solving 0Fy(3,0)/08 = 0, where the § < 0
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solutions are identified with v = 7 /3,3 — |3|. Differentiating with respect
to B we find

0Ey(3,0)/08 =0 =
5(5 - 61)(5 - 52)(5 - 53)F(57ﬁ1752) =0 (A‘l'?’)

with

F(B; b1, 82) = B2 (87 + 5162+ B3) +3B(B1 + B2) — 2 (8152 + B3 + B7)

A(B) >0
(A.1.4)

Eliminating the three known minima solutions (1, 82, 83), we find the

three extrema

Bo=0 +/- _ —3(f1+ f2) £ A
° ’ r 2(5% + B152 + F3)
A = 9B+ Bo)? + 4(8F + BuB + B3) (2B + Bu B + B3) + 3562)

(A.1.5)
Fixing v = 0 and considering the energy surface as a function of g only
E(B) = Ey(B,0), the solution f = B is positive, and so it must satisfy
By < Bf < Bi and be a maximum of E(B). The 8 = 0 extremum is a
maximum as well. The last extremum 5 = (5 fulfill 5z < B3 and is also a
maximum of E(S). This is since it is evident from Eq. (A.1.5) that 83 < 0,
in addition it cannot be an inflection point because this requires that the
derivative of the energy surface with respect to 5 in Eq. (A.1.3) will be
proportional to (8 — f3)?", with n integer. As a consequence it cannot be
positioned between f3 and fy.
To test whether the points (5o,0), (85,0), (8z,0) are real maxima, the
Hessian should be calculated. It is already diagonal for v = 0 [11], accord-
ingly it is enough to calculate d>FEy/dy?. The result is

Py =305~ BB~ BB - fi)
o2 "0 35(1 + 32)3

(A.1.6)
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which shows that 3 is a saddle and 35 is a maximum (see Fig. 4.1).

That the second derivative of the energy surface with respect to ~ is
zero for f = f3; (i = 1,2,3) is a consequence of the zero-energy trajectories
described above.

The last result which is of interest for the current section is the energy
barrier between the global minima. From the analysis of the global minima
we see that such barrier does not exist between the points (52,0) and (s, 0).
To find the barrier between the two minima (3;,0) and (fs,0), we note that
the function Ey(5,~y) where 5 € (f32, /1) is monotonically increasing in 7.
Furthermore, any trajectory between the two minima must cross the arc
(B,7(t)),t € [0,7/3] where (3 is fixed such that 8y < 3 < ;. Using this fact
it is clear that the energy barrier is located at (3}, 0), which is the highest

point on the line v = 0 that connects the two points.

A.2 R; . Ry Energy Surface

This section derives the properties of the extrema points and the location of
the energy barrier. The energy surface is monotonic in v, and the condition

for the extrema points read

aE'2 (ﬁ? 7)
9B |

BB = B1)(B — Ba) (B%(51 + Ba) + B2(3 — 26182) — 28(81 + o) + a3
(1+5%)(B1 + f2) N

=0

(A2.1)

The three unknown extrema are the solutions of the equation

B(B1 + Ba) + B*(3 — 2B182) — 2B(B1 + Ba) + 12 =0 (A.2.2)

There are three global minima 0, 55, 81, and as such at least two maxima
must be positioned between them. Denoting the two maxima Si*, 53*, this

leaves the third extrema (5" unknown. It will now be shown that 55" is a
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maximum.

First, f5' cannot be an inflection point. This requires a Eq. (A.2.2) to
be proportional to (8 — 85")2. In addition, it cannot be a minimum, because
then there would have been two minima without a maximum between them.

It follows that %" is a maximum. It must be that 85" > max(f, 2, 0) or
By < min(p1, B2, 0) (otherwise there would be two adjacent maxima without

a minimum between them). The sign of 5§ can be found from the equation

maQm Qm __ 6152
=B B3 By = 5t (A.2.3)

For 0 < By < (31 then 85" < 0. For 8, < 0 < (3 then the sign of 5§* depends
on the expression £y + By: If 81 4+ B2 > 0, then 5" < 0, while for 51 + 5, < 0

we have 55" > 0 (this is also evident from the symmetry discussed in Section
4.2).

The next section will deal with the energy barrier. The energy surface is

Ey(B8,7; 61, 82) = N(N — 1)(N — 2)x
262 {B* — 2(B1 + B2) (B> + B1fa2) B cos 3y + (67 + 46251 + B3) B2 + 503}
T(1+ 62 (B + B2)”

(A.2.4)

We see that for a fixed 3, the energy surface is a monotonic function of ~,
either increasing or decreasing.

For the case 0 < 5 < (i (where the two minima are positioned along
the 7 = 0 line), the energy surface is always increasing in the positive 7
direction, and so the energy barrier must lie on the v = 0 line. It is located
in the (57, 0) point. This expression can be calculated, but its analytic form
is complicated.

For the second case, where 5y < 0 < (1 and (3; > |55, the energy de-
creases in the positive  direction for 3 € [~ By, /|81 52|) and increases in the
positive v direction for § € (\/m , f1]. Consequently, if the system moves

between the two minima along the line that connects between (—f,, 7/3) and
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V. |51L/32| B Ba T B1

(a) Negative and positive minima. The (b) Two positive minima. The energy
energy barrier is Fa(1/|8152|, and is lo- barrier is located at (8 = 87",y = 0), and
cated on the arc 8 = /|B162], v = BT is the biggest solution of Eq. (A.2.2)
arbitrary

Figure A.2.1: R; - Ry energy-surface. The dashed line shows the trajectory
that passes between the two minima and through the energy barrier.

(\/18182], 7/3), the arc (1/]B15s],7),7 € [0,7/3] and the line that connects
between the points (51,0) and (1/]51/32],0), see Fig. A.2.1. then the highest
point along this trajectory will be the energy barrier. This point is found, as
explained above, on the g = \/m arc. The energy at this point is

2 2
Ebarrier = E( V |ﬁ1ﬁ2|77; ﬁlaﬁQ) = N(N - 1)(N - 2)% <A25)



Appendix B

O(6)-(c) Decomposition of the

Intrinsic States

The normal-mode expansion allows to define the - and y- bands around each
minima by SO(3) projection from the intrinsic states defined in Eq. (1.7).
This section aims to show the decomposition of the 8 and v intrinsic states
for 5 = —1,7 = 0 into the SO(6) o-components

The intrinsic S-state and its o-decomposition is given by:

i N) =~ D 00 = |l = N =20yl = )

(B.0.1)

Here b}, b}} are the usual GNSB operators with § = —1 and y = 0 (see Section
1.2.2).

The method by which Equation (B.0.1) is proved, is by applying the
Casimir PJPO = [—00(6) + N(N +4)], where Pg =d"-d' — (s7)?, to the state
|bg; N). First, it is clear that this state can contain only irreps of (V) and
(N —2), since (b/)=Y has a good (¢ = N — 1) label ,and bs has a good
(o = 1) label. Thus it can be written as |bg; N) = aglc = N)+as|oc = N —2).
Applying PP, to this vector, the vector that belongs to the (¢ = N) is

70
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nullified, and we are left with the second vector:
PlPylbg: N) = [—0(0 +4) + N(N + D)]ag|oc = N — 2) = 4(1 + N)ag|o = N — 2)
The norm of this expression is

[11bg; N} || = 16(1 + N)*a; (B.0.2)

On the other hand, this result can be calculated directly with the help of the

commutation relations. First we note that (bf = st — dj, bg = st +d}):
Pl =d'-d — (s")? = 2[-blb}, + dbd', — d}d" ] (B.0.3)

and applying the Casimir we have

1
: tOTYN-T]0y —
e CIN
1
tr_ T N=1]0) —
Ril2bsb 0D .
B.0.4
vN -1
— 2P ———=(b1)"?|0) =
V(N —2)!
vN —1 _
— 4[=blb), + dbd", — didil]mwi)]\f ?10)
Taking the norm of (B.0.4), we use the commutation relations [d,,d}] = 1

and the fact that the bosons bg, b, d, (1 = —2,—1,1,2) are orthogonal and
that deu functions as number operators (as well as bib, and bgb/g). We then

have:

173 Po D5 (0D 0)[* =

1
N

16{(1+(N—=2))-1+1+1}(N—-1)=16(N — 1)(N + 1)

(B.0.5)

N -1

Comparing (B.0.2) with (B.0.5), we find ay = Nl

ag is then found to
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[ 2
beaozvl—a%: N——I—l

The intrinsic y-state that corresponds with the condensate | —1,0; N) is
orthogonal to the 8-band. As such it can be written as (see Eq. B.0.1):

1 !

643 N) = —=====01(6])"|0)
(v —21>! — (B.0.6)
=\ 7l =N 2=y Fale = M)+ W)

where |v) is orthogonal to the two other states. In addition, the di, have a
good (o = 1) label. It follows that |v) =0 and

[ 2 N—1




Appendix C

Matrix Elements of the

Collective Hamiltonian

C.1 Calculation of the Collective Matrix Terms

This section contains the “sandwiching” of the operators that compose the
collective Hamiltonian between the L-projected intrinsic states. Using these
calculations, the m;; matrix m;; = (8;; N, L|He|5;; N, L) of Chapter 6 can
be evaluated.

In the U(5) basis, the condensate states can be written as [32]:

BN L= Y %{1+(—1)nw]g<“> N ng, rona, L) (C.L1)

Ng,TNA
T<ng<N,7,na

and

VL) _ D) gy)-/2 (D) prd
Snarma = [T (O™ o (N —ng)l(ng — 1) (ng + 7 + 3)11]1/2

where F%J) (B) is the normalization factor: [F%) (8)] o< ||PL|N, B)||?. First the
expression (f;; N, L|(s")"s"|3;; N, L) will be calculated, then the other terms

will be calculated using it.

73
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Calculating s|3; N, L)
We note that:

57%1
(N —ng— 1)l(ng — 7)!(ng + 7 + 3)!1]1/2

F%)(ﬁ) -1/ (N—1,L)
= _— £ )
(o)

L _
¢ND /N —ng = [ (8) 218,

Fg\%zl</8 Ng,T,MA
(C.1.2)
so that:
1
s|8; N, L) = Z 5[1 + (=) TN SIN g, 7, na, L)

T<ng<N,7,na

1
= Z 5[1 + ( nd T gy(zjjer%A V nd|N 17 Ng, T, NA, L>

T<ng<N—-1,7,na

(L) _
— (M) 2 Z %[1 + (1) eV DN — 1 ng, T, na, L)

Fg\lf/zl(ﬁ) T<ng<N—-1,7,na fanna
Iy(8) \ 2
= (222 TN -1 L)
Iy (P)
(C.1.3)
or more generally:
r(B) \-1/2
s"|B; N, L) = ((]LV)—(B)) |B; N —n, L) (C.14)
Fan(ﬁ)

Calculating (f;; N, L|fB2; N, L)

The dependence on 3, beside the total normalization, is only in the 8™ term.
In addition we note that I' depends only on its argument squared, so that
['(—BY2) = T'(B?) (the value of T is given in Eq. (6.5), page 52). Using the
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above, we have
T2 = (B1; N, L|Bo; N, L) =

L L —1/2 (55) (TNA)Q
[ng)(ﬂl)rgv)wQ)] : Z (N —ng)l(ng — 1)1 (ng + 7+ 3)!

) ) 12F<L Y (v/BiB2) \/_B Ba)" fia )
=[CN" (BTN (B2)] / F(L( 5152 T;A N —ng)l(ng—)(ng + 7+ 3)!!
Y < DY (82)] 12 TV (vBi5a)

O (V/PiBa) ! [F%)(ﬁl)l“g\f)(@)]lﬂ

(C.1.5)

Calculating (f;; N, L|(s")"(s)" 5 N, L)

Using Egs. (C.1.4)-(C.1.5) we have

. T (B) \ 72 TP (B2) fl/z[riﬁmnr“)( Bo)]71/?
s = (s G0) (6 6y) T v

Fg\ﬁn(&
()
(N) | — B I'y (\/5152)
= S (B ) = (00 N LI585 N, 1 = o iy o

(C.1.6)

Note that Séfp = (B1; N, L|Ba; N, L) = 113

Calculating “sandwiching” of various operators between
the intrinsic states
Below we use the following notations to make it more readable. All terms

are L-dependent, but since the Hamiltonian is O(3) scalar, different L’s do

not mix:

L (81, B2) = Tn(B1)n(B2) (C.1.7)
2) = SO (B, o)
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Calculating (3;; N, L|ng|52; N, L)

(B1; N, LnalBa; N, Ly = D (81, 82) = NSY (Br, Ba) — SN (B1, B2)  (C.1.8)

Calculating (f;; N, L|ng(ng — 1)|82; N, L)

We have:
Ng(fg —1) = (N —ng) (N —ns—1) = N(N — 1)+ 2(1 — N)ns + ng(ns — 1)

so that

(B1; N, Llivg(fg — 1)|82; N, L) = DS} (B, o)
= N(N — 1)56\](/61,62) 2(N — )va(ﬁlyﬁz) + Sév(ﬁbﬁz)
(C.1.9)

Calculating (51; N, L|Cos)|fa; N, L)

(B1; N, L|Cos)|Ba; N, L) = Sy L(L + 1) (C.1.10)

Calculating (3;; N, L|n2|32; N, L)

We note that:
73 = (N —f,)* = N> — 2N, + 7>
and since (s7)2s? = (n, — 1)ns we get:
= N? — (2N + 1), + s's'ss
so that

(Br; N, L|A3|Ba; N, L) = N2SJ (Br, Ba) — (2N + 1)S7Y (B, Ba2) + 5o’ (B1, Ba)
(C.1.11)



APPENDIX C. COLLECTIVE HAMILTONIAN MATRIX 77

(or using the above results: 13 = f4(fg—1)+n, we have: (B1; N, L|n2|f2; N, L) =
DY (B, Bo) + DY (B, Ba) )

Calculating (f;; N, L|C’O(5) |Ba; N, L)

First we note that we can write [24]:

~

~Cos) + na(fa +3) = (d - d")(d - d)

fg, 72 are already known. We need to calculate (df - d')(d - d). This is done
by noting that the condensate |3,0; N) is annihilated by Py = d - d — 3?s%.
In addition because Py is O(3) scalar, it does not mix different L irreps, so
that Fy|f8; N, L) = 0. Using this we have

(d-d)|Be; N, L) = (Py + B335%)|B2; N, L) = B3 s°| Bo; N, L)
so that
(By; N, L|(d' - d')(d - d)|Ba; N, L) = (B12)? ¥ (B, Ba)

and

(B1; N, L|Cos)| 825 N, L) =

(C.1.12)
4DN (B, B2) + DY (B1, B2) — (B1B2)* S (B1, Ba)

~

Calculating (51; N, L|Cqg|f2; N, L)

We note that [24]:
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and using the same method as before:

(s> +d-d)|Ba; N, L) = (s*> + Py + 25%)|82; N, L)
= (1+33)s*2; N, L)

and we have:

(B1; N, L| A@ B2; N, L) = N(N +4)SY (B1, B2) — (1 + B7) (1 + 53)S5 (B1, B2)
(C.1.13)

Calculating (f;; N, L|ﬁdéo(5) |Ba; N, L)

We have ﬁdé’o(5) = (N —ﬁs)éo(5). The first part is immediate, for the second
we note that [s, 00(5)] = 0 so that:

and using Eq. (C.1.4) and Eq. (C.1.12) we get

(Bi; N, L| 2,Cos) |Ba; N, L) =

Tn(B) Tn(By) \-1/2
<FN1<B2>PN1<51)> .

(4D{V71(ﬁ17 52) + DéVil(ﬁla 52) - (5162)2 S§71<517 62))
(C.1.14)

The above results can be now combined into m;; of Eq. (6.4).
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C.2 Calculating the Transition Probability Be-
tween L-Projected States

The reduced transition probability between the L-projected states of two
states with given K: |aK) and |o/K') [22] is:

B(E2;aKL — o/ K'L') =
S, (LK 20| VK + p) [ drd(l ), (0) (e, K'[RO)T oK)
(K| [ drd52(0)R(O)| o/ K'Y (aK| [ drd$E) (0)R(0)|aK)

Here dr = d(cos#) with the integration limits # € [0, 7] and T® = dfs +
std+x(d'd)® (e, = 1). This expression will be calculated using |aK = 0) =
182) = (st + Bod])N]0) and |o/K’ = 0) = |81) = (st + B1d})¥]0). Beginning
with the numerator, the first term to be calculated is dj» s—{—sTcZi. Note that STCZi
is zero unless @ = 0. The other half of this expression is (Einstein summation
applies and dg.) = dg-)(@)):

(O1(Brdo + 5)™ R(B)dls (Badf + s')N|0) =
(applying s to the right

N0l (Brd + )V 57 d} (B, + 5T |0) = |
and rotating)

N2d'D 818j0(0|(Bido + )V (Bedyd}, + s)NT0) = (applying d] to the left)
N2d5) 3 (0|(Bido + 5)N ! (Badf df + 5N o)
(C.2.1)
Using the relation:
[B,A"] =\, B|0) =0, (0]AT =0, (0]0) =1

(C.2.2)
= (0|BN(ANN]0) = NIAY

and

[Bido + 5, Bod® (O)wod + T = 1+ B182d (O ok = 1 + B15ady)  (C.2.3)
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we have

Ndg; (6 )ﬁ1<0!(ﬁldo+8)N H(Bady (0)df + 51)VH0) =

)4 Vot (C.24)
NNUdg; ()51 (1 + 51 Bad 00 o)
Similarly for sfdy we have
(O1(Brdo + s)N R(9) s do(Badf + s1)™|0) = (applying « s', do —)
N?B5(0](Brdo + S)N H(Badiy (0)d), + 5TV 0) =
NN!ﬂQ( + ﬁlﬂQ 00 )Nil
(C.2.5)
For the full expression involving d's 4+ s'd we have:
/ drdE " (0)(K'|R(O)d]s + std;| K) =
(C.2.6)

NN! / drd\E " (0)[81d2(0) + 6;0B2] (1 + BrBad D )N

The other term (d'd) 52) can be calculated in a similar manner (remember

(0/(Bido + s)VR(0)(d'd){? (Bad + s1)N]0) =
> (@M 2M20)(=1)M (0] (Brdo + 5) R(O)d} s (Bad + 51)]0) =

M’ M
(20 20120) (0] (Bido + )N R(0)d]do(Badf + s1)N|0) =
N B5(2i 20(20)(0(B1do + s)N R(0)d! (Badl + sV |0) =

N?85(2i 20]2i)d® (8)0:81 (0] (Brdo + )N~ (B2d2) ()], + sHYN—1]0)
(C.2.7)

Using the above result, we have :

/ drd; " (6) (1| R(8)(d'd);” |2) =

(C.2.8)
NBf1(2i20[27)N! / drdE* (0)dD (0)(1 + By fodi)N
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The denominator is calculated as :
/ drdE (0 (s + Bdy)¥ R(O)(s" + BN |0) =
[ ard oi(s + 5do)¥ (51 + 5 @) = (C29)
Nt [ ard 00 + 545 0)"

Summing everything we have

B(E2; Byl — BiI)) =
N33, (L0 20| ps) [ drdly " [Budfy) + G082 + xBaB (21 2012 )iy | (1 + B Badgg) )N 1
(S ardl§" (14 B2 ) (] drdll” (1 + 5343
d\) = (LM')e= | LM)

(C.2.10)

and the same calculation is used to calculate the reduced matrix terms:

2L+ ) B LTV |5 L) =
N (Zu(L020]L'p) [ drdly [B1dS) + 8082 + xB25 (200 20120)d5 ) (1 + o)V )

(dedL)* (1 + B2dgy) ) (dedéé (1+ B3dig )N )/2

dipre =y (0)
(C.2.11)



