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E3570: Fermi gas in 2D+3D connected boxes with gravitation

by Hamody Agbaria

The problem:

Given a ’mezoscopic’ box with L× L× `. While L is a macroscopic size while ` is a mezoscopic
` << L. We insert N fermions with spin 1

2 and mass m in to a box. in sections a-d assume the
temperature is T = 0. (mezoscopic size is very small in relation to a large macroscopic size, in
relation to microscopic size).

(a) Describe the uniparticle states density and note what is the energy range which the uniparticle
states density in it are like a particle in a two dimensional box.

(b) Find the fermi level εF in condition it’s possible to relate to the box as a two dimensional
one. What is the maximum number of Nmax fermions it’s possible to insert in to the box in
this condition.

(c) For N < Nmax, as above, find the pressure P on the sided walls of the box, and the force F on
the horizontal walls. The box, as above, is attached to a tank with the dimensions L× L× L
which is D higher from the box. consider gravitation. (assume a very strong gravitation field
g, so the question will be reasonable from the order of magnitude).

(d) In the conditions of section b’, i.e. N = Nmax, What is the minimum hight Dmin to place the
tank so all of the fermions will stay in the box?

(e) The temperature of the system was raised a little bit. Assume temperature T and also
N = Nmax, D = Dmin. as a result, some of the particles that were in the mezoscopic box,
transferred to the tank. Estimate the number N ′ of these particles. For that, assume that the
chemical potential of the system is almost not changing as a result of raising the temperature.
Express your answers using T, g,m, L, ` only.
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The solution:

(a) Begin with the energy rang, we know that ε = p2

2m and the momentum

px = 2π
Lx

nx, py = 2π
Ly

ny, pz = 2π
Lz

nz so we got that:

ε =
1

2m
(
2π

L
)2(n2

x + n2
y) +

1
2m

(
2π

l
)2n2

z (1)

after some subsititution we got the energy rang

εrange <
3

2m
(
2π

l
)2 (2)

where n2
z = 22 − 12 = 3, and the energy in 2D

ε2D =
1

2m
(
2π

L
)2 (3)

so now we can define the energy total:

ε = ε2D + εrange =
1

2m
(
2π

L
)2 +

3
2m

(
2π

l
)2 =

k2
L~2

2m
+

3k2
l ~2

2m
(4)

Actually , being l is very small we can neglect the momentum kl = 0 so ε = k2
L~2

2m .

We know The uniparticle states density is D(ε) = dN
dε where N is the number of the states

dN =
2πL2

(2π)2
kdk (5)

D(ε) =
kL2

(2π)
dk

dε
(6)

we know that k =
√

2mε
~ when the DOS is:
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(2π)
k
dk

dε
=
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√
2m

~
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~
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2 ε

1
2 =
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π~2
(7)

(b) Being T = 0 so:

Nelc. =
∫ εF

0

L2m

π~2
dε (8)

in the end we got Fermi energy:

εF =
π~2

mL2
Nelc. (9)

to calculat the Nmax we use the fact that the maximum of the particals is when εF = εgap so

Nmax =
3L2

2π~2
(
2π

l
)2 (10)
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(c) We can use P = TKB
V ln(Z), Where the partition function is:

Z = (1 + exp[β(µ− εj)N (11)

then

P =
NT

V
ln(1 + exp[β(µ− εj) (12)

and to calculate the force we can use the fact that:

F = AP = L2 NT

V
ln(1 + exp[β(µ− εj) =

NT

L
ln(1 + exp[β(µ− εj) (13)

in which A is the surface of the box side.

(d) The incentive for the particles to still in the mezoscopic box is, the maximum energy should to
be small or equal to the minimum energy of the 3D box εmezoscopic ≤ ε3D,where,εmezoscopic =
εgap = 3

2m(2π
l )2 and ε3D = ε0 + εP = ~2k2

2m + mgD. The Dmin it’s when εmezoscopic = ε3D so
we got

3
2m

(
2π

l
)2 =

~2k2

2m
+ mgDmin (14)

and in the end

Dmin =
1

2m2g
[3(

2π

l
)2 − ~2k2] (15)

(e) The incentive for the particles to leave the mezoscopic box is that the minimum energy of
3D box should to be smaller than the maximum energy of the mezoscopic box. Where the
temperature was raised so the maximum energy of the mezoscopic box is Emax,Mez = εF +KBT
and the minimum energy of the 3D box is Emin,3D = ε0 + mgD.

the condition is :

ε0 + mgD ≤ εF + KBT (16)

To leave the mezoscopic box the particles should have energy bigger than or equal to Emax,Mez =
εF + KBT . The number of the particles is

N ′ =
∫ ∞

Emax,Mez

dED(E)fFD(E) (17)

where D(E) = mL2l(2m)
3
2

2π2~3

√
E − Emax,Mez

fFD =
1

1
z exp[βE] + 1

where z is the Fugacity z = exp[βµ] (18)

we defin that ε = (E − Emax,Mez)β.

then:

N ′ =
L2l(2m)

3
2

π2~3

∫ ∞

0
dε

ε
1
2

1
z exp[βε] + 1

(22)

after subsititution x = εβ and dε = KBTdx

N ′ =
L2l(2mKBT )

3
2

π2~3

∫ ∞
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N ′ =
L2l(2mKBT )

3
2

π2~3
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