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Separable states (reminder)

A pure state |¢) is called separable iff it can be written as 1)) = |A) ® | B) otherwise it is entangled.
An example for a pure separable state is | 17) = | 1) ® | T) = |00).

An examples for pure entangled states are the Bell states that are well known. The singlet state is
one of them: [singlet) = %ﬂ =111 = %(|01) —]10)) and we will use it later on.

A mixed state p is called separable (not entangled) iff it can be written as a convex combination of
pure product states:

p=> pilA) Al @|B)Bil =) pipi' @ p’ (1)

Where |A;) and | B;) are state-vectors on the spaces H 4 and Hp of subsystems A and B respectively,
and 0 < Di < 1, such that Zipi =1.1In general <AZ‘AJ> 75 61',]'7 <BZ|B]> ?é 51‘,]'.
An example for a mixed separable state that contains classical correlations, but no quantum corre-

lations, is p = $(| T)(17 [+ | LL)(LL ]).

An example for a mixed entangled state is a Werner state. This state is invariant under the unitary
U @ U, that is satisfy this: p = (U ® U)p(UT @ UT). We will discus Werner state later.

Operational separability criteria

A pure state has Schmidt rank r» < min(dimA, dimB) if it can be decomposed as the unique sum:
) = Z Vil Ai) ® | B) (2)

Where p; > 0, > " p; = 1 and (A;|A;) = (Bi|B;) = d;;. Note that p; are the eigenvalues of the
reduced density matrices (p?, pP) that are non-zero. The state |¢) is separable iff » = 1. If all the
Schmidt coefficients are non-zero and equal, then the state is said to be maximally entangled.

Peres-Horodecki criterion (positive partial transpose)

The derivation of this separability condition is best done by writing the density matrix elements
explicitly, with all their indices

Pmu,ny = Zpr(pf)mn(prB),uu (3)

Latin indices refer to the first subsystem A, Greek indices to the second one B. Note that this
matrix have non-negative eigenvalues. The partial transpose of a composite density matrix is given
by transposing only one of the subsystems. Thus, the entries of the density matrix that is partially
transposed with respect to A are given by

Ompny = (pTA)mu,nu = Pny,mu (4)



The o matrix is Hermitian. Assuming that p is separable, as any separable state, it can be decom-
posed according to (1), and it partial transpose is given by

ﬁ&%z}ZMO&MAmT@W&MBd:E:m@ﬁT®pf (5)

The transposed matrices (p)T = (p#)* are non-negative matrices with unit trace. It follows that
none of the eigenvalues of o is negative. This is a necessary condition for Eq. (1) to hold. In other
words, if p is separable, ¢ have non-negative eigenvalues. The result that pzef}) > 0 holds also for
partial transposition with respect to subsystem B: p’8 = (pT4)T.

It was shown that for bipartite systems the converse holds only for low-dimensional systems: 2 ® 2
and 2 ® 3. i.e. if pT4,p" > 0 then p is separable. In this case PPT is a necessary and sufficient

condition for separability. For higher dimensions it is only necessary.

Example for PPT: Werner state

A Werner state is a N x IV dimensional bipartite quantum state that is invariant under the unitary
U ® U for any unitary U.

In our terminology, we consider a pair of %—spin particles in an impure singlet, consisting of a singlet
fraction = and a random fraction (1 — x) for impurity:

1
pV = x|singlet) (singlet| + Z(l — )1 (6)

Where 1 is the identity matrix. With all the indices, Eq. (6) becomes

1
pﬂv‘{umv = ZSmu,nw + 1(1 — 2)0mnp,u (7)

Particularly our state p"V, take the form

1—z 0 0 0
1 0 rx+1 -2z 0
W—f
Po=3l 0 =22 z+1 0 (8)
0 0 0 1-=z

Our recipe is to partially transpose the density matrix with respect to one of the subsystems. The
state is defined by (4 x 4) matrix with 4 (2 x 2) blocks. Transposed with respect to B, is done by
transposing each one of the four blocks, and therefore:

1—2z 0 0 —2z
1 0 z+1 0 0
WN\Tp _ =
WIP=3l 0 0 wt1 0 ©)
—2z 0 0 11—z

By blocks inspection (p"V)7? has three eigenvalues equal to (1 4+ x)/4 and the fourth eigenvalue is
(1 — 3z)/4. The last eigenvalue is the lowest. It is positive if 2 < %, and the separability criterion
is then fulfilled. If the eigenvalue is positive, it is possible to write p"¥ as a mixture of unentangled

product states. This necessary condition is also a sufficient one (low-dimension). This result may
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Bell’s inequality because 2v/2 > 2. In Werner state the weight of the singlet is x, and therefore it

have to fulfil 2v/22 < 2 in order to hold Bell’s inequality.

be compared with other criteria: Bell’s inequality holds for x < —=. The singlet state is violating

Reduction criterion

According to the reduction criterion, if p is separable then

pPre1—p>0 and 10p%5-p>0 (10)

Where p' is the reduce density matrix related to the i-subsystem. Like the partial transpose criterion,
the reduction criterion is a necessary and sufficient separability condition only for dimensions 2 ® 2
and 2 ® 3, and a necessary condition otherwise.

Substitute p4 = Z,p,(pA)Tr(p?) = Z,.p.(p2) into Equation (10):

pA ®1l—-p= Erpr(p;q) ®1- err(pf) ® (prB) = Erpr(p;f‘) ® [1 - (prB)] proofs it.

The parenthesis are then non-negative, because 0 < \; < 1 for all (p2)s.
In the above example (Werner state) the reduce density matrices are

P = =5 (5 1) -5 (1)

According to our recipe we calculate for both p? and p?:

1+z 0 0 0
1 1 0o 1-2 —2¢ 0
WH\A =11y
Prytel=p=s5l=p=01 0 _2 1-2 0 (12)
0 0 0 1+z

We get here the same blocks as in the PPT, and hence the eigenvalues are non-negative for x < %

Concurrence

For both pure and mixed quantum states, there are good measures of the degree of entanglement
(entanglement of formation, distillable entanglement, relative entropy of entanglement). Concur-
rence qualifies as an ’entanglement monotone’, i.e. Ex(p) > 0. That is Ex(p) = 0 iff p is separable
while Ex (Bell State) = 1. For the special case of a pair of qubits, the concurrence is well define, as
we shall see.

Let us first consider a pure state |[¢)) of a pair of qubits. The concurrence C(%)) of this state is
defined to be

0 0 0 -1
] . - 0 01 0] .
Cw) =l Wl 1=l Wiey @iy 5 =0 00 0w (13)
-1 0 0 O
Where 1) is called the ’spin flip’ state of |1). Here o, denote the Pauli matrix BZ> and [1*)

is the complex conjugate. The spin flip operation, when applied to a pure product state, takes the



state of each qubit to the orthogonal state.
The connection between concurrence and entanglement is particularly clear if we express the state
in the standard basis:

1)) = a|00) + bJ01) + ¢|10) + d|11) (14)

One can show that [¢) is separable iff ad = be. A measure of entanglement can be taken as the
difference between ad and be. Indeed, this is what concurrence does: C(¢)) =2 | ad — be |.

We can define the concurrence of a mixed state p of two qubits to be the average concurrence of an
ensemble of pure states representing p, minimized over all decompositions of p:

Clp) =miny_p;C(w) (15)

Where p = Ej pjl)(¢;| and |¢;)’s are distinct (but not necessarily orthogonal) normalized pure
states of the bipartite system. For any pure product state |¢), C(¢)) vanishes according to the
definition. Consequently, a state p is separable iff C(p) = 0.

At this point we give, but do not prove, two remarkable facts about concurrence. First, there always
exists a decomposition of p that achieves the minimum in Eq. (17) with a set of pure states having
the same concurrence. Second, one can find an explicit formula for C(p). It is

C(p) = ma:c{O, )\1 - )\2 — )\3 - /\4} (16)

Where the \;’s are the square roots of the eigenvalues of pp in descending order. Here p is the result
of applying the spin flip operation to p:

p=(oy@ay)p*(oy @ay) (17)

And the complex conjugation is taken in the standard basis. Even though pp is not necessarily
a Hermitian matrix, its eigenvalues are all real and non-negative because it is the product of two
non-negative definite matrices.

The generalized definition of concurrence (I-concurrence) for a pure state is as follows:

IC(y) = \/2(1 — Tr(ph)?) ; P = Tr(p) (18)

This can then be extended to mixed states as in Eq. (17). In advance to measure the concurrence
of Werner state (mentioned above), we remember this property: oy ® o, is unitary and therefore
p" remain unchanged, i.e. p" = pW. This implies p"¥ pW = (p")2. This matrix have 3 identical
eigenvalues equal to %(1 — )% while the fourth is %(1 +3x)2. Hence, we calculate their square roots:

C(p") = maz{0, \y — 3Xa3.4} = maz 0, %(3:,; —1) (19)

Once again we get separability for z < %, and max. entanglement at x = 1. Moreover, one can see

the linear behaviour of the concurrence. Note that the maximal of tangle, define by 7(p) = (C(p))? =

[max{0, A1 — Ao — A3 — A4 }]? of bipartite system is given by 2(n—1)/n, where n = min(dimA, dimB).



