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The problem:
Consider an uncoupled occupied dot at t < 0, with E as its self energy on the left of a discrete chain
of N sites where the couplings are equal to −λ.
At time t = 0 the dot is coupled to the leftmost site of the chain with coupling −λ0.

(1) Calculate the density of states of the chain as function of the energy.

Now assume E = 0.

(2) What is the condition for the chain to have a resonance level to the dot?

Assume such condition holds for the next items.

(3) Calculate the matrix element to the resonant level.

(4) Write the Heisenberg time and the Wigner time.

(5) For the case of λ0 = λ calculate the survival probability, the answer should contain a summation.

(6) Sketch numerically different cases of ratio of couplings, write the different time scales on the
sketch.

The solution:

(1) The Hamiltonian represntation in the standard basis is:

H = (−1) ·



−E λ0 0 . . . 0
λ0 0 λ

0 λ 0 λ
...

λ 0 λ
... λ

. . . 0
0 λ

0 · · · 0 λ 0


Considering only the chain, the reduced Hamiltonian will be:

H̃ = −λ ·


0 1 0 . . . 0
1 0 1 . . . 0
0 1 0
...

. . . 1
0 1 0


This reduced Hamiltonian is analogous to a 1D potential well of length L = N with Dirichlet
boundary conditions.
Hence, the eigenstates and eigenenergies are:

|kn〉 =

√
2

N

N−1∑
x=1

sin (
πnx

N
) |x〉 ; En = −2λ cos (

πn

N
)
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The chain’s density of states function is given by:

dE
dn

= −2λ
π

N
sin (

πn

N
) −→ ρ(E) =

∣∣∣∣dEdn
∣∣∣∣−1

=
N

2πλ sin (πnN )

(2) In order to determine the chain’s resonance level condition, we’ll require that:

En = −2λ cos (
πn

N
)

!
= 0

The condition is given by:

πn

N
=
π

2
−→ n =

N

2

which means an odd number of sites.

(3) Represeting the Hamiltonian in the basis which diagonalize H̃ :

Hnew = T−1 · H · T =

=



0 σ1 · · · σN
2

+1 . . . σN−1

σ1 E1 0
...

. . .
...

σN
2

+1 0

...
. . . 0

σN−1 0 · · · 0 EN−1


Where T is:

T =


1 0 · · · · · · 0
0 | | |
... V1 V2 · · · VN−1

0 | | |


and Vn are the same eigenstates as written before.
From the matrix multiplication it is clear that the matrix element to the resonant level is given by:

σ ≡ σN
2

+1 = −λ0 ·
〈

1
∣∣∣VN

2
+1

〉
= −

√
2

N
λ0 sin (

π · 1
N
· N

2
) = −

√
2

N
λ0

(4) The level spacing is given by:

∆(E) =
1

ρ(E)

calculating for E = 0 :

∆(E = 0) =
1

ρ(n = N
2 )

=
2πλ

N
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computing Heisenberg’s time gives:

tH =
2π

∆
=
N

λ

Finally, according to FGR, Wigner’s time is given by:

tΓ =
1

Γ
=

∆

2πσ2
=

λ

2λ2
0

(5) In the case where λ0 = λ the Hamiltonian is:

H = −λ ·


0 1 0 . . . 0
1 0 1 . . . 0
0 1 0
...

. . . 1
0 1 0


As before, the system can be considered as a 1D potential well with dirichlet boundry conditions,
only this time of length L = N + 1.
Hence, the eigenstates and eigenenergies will be:

|kn〉 =

√
2

N + 1

N∑
x=1

sin (
πnx

N + 1
) |x〉 ; En = −2λ cos (

πn

N + 1
)

The initial state represented in the momentum basis is:

|ψ(t = 0)〉 = |1〉 =
N∑
n=1

〈kn|1〉 |kn〉

Therfore, the time dependent state is:

|ψ(t)〉 =

N∑
n=1

〈kn|1〉 |kn〉 e−iEnt

The probability P (t) to find the particle in the first site after time t is:

P (t) = | 〈1|ψ(t)〉 |2 =

∣∣∣∣∣
N∑
n=1

| 〈kn|1〉 |2e−iEnt

∣∣∣∣∣
2
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(6) All sketches were done for N=300.
a. For λ0 = 0.01λ and λ=1:

Figure 1: Weak coupling between the dot and the chain

b. For λ0=0.1λ and λ=1:

Figure 2: Medium coupling between the dot and the chain
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c. For λ0=λ=1:

Figure 3: Strong coupling between the dot and the chain

Notice, in figure 3 tH = 300 sec and it is not shown.
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