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Problem:

Particles are scattered from 3D cubic lattice, with the characteristic distance between atoms a. The
lattice contain (2N + 1)3 atoms, location of the j-atom:

n = a(ng€y + ny€y + n.€;) — N < ng,ny,n, <N
the atoms are identical and their potentials U(r) are identical as well.

a)find the differential cross section for the single atom in a first order Born Approximation.

b)find the scattering amplitude f(€2) and differential cross section g—g for finite N

c) find the differential cross section j—g for infinite N

Solution:

The total potential could be written:

V(r)= Z U(r —an) (1)

NgNyNz

Born approximation for the scattering amplitude:

£ = =50 [ V) == T 2

We may look at the total potential as a convolution of a single atom potential
and an array of 2N+1 delta functions, which we call comb, then we have
comb(x), comb(y) and comb(z):

V(r) = U(r)(x)comb(x)comb(y)comb(z) (3)

According to the properties of F.T.:

V(g) = FT.[V(r)] = FT.[U(r)] - F.T.[comb(x)] - F.T.[comb(y)] - F.T.[comb(z)] (4)
do 9 m? -,
diQ:U,( )l = 120k (9) (5)



b.

We find the F.T.[comb(x)] for finite N and then take it to infinity (see the Appendix),
and the results are:

the scattering amplitude for a finite N (see Appendix 1):
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the differential cross section for a finite N:

do m? sin? q ( +1/2) sin? g a ( +1/2) sin? g.,a(N + 1/2)
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C.

Here we check the limit NV — oo and obtain the next result (see Appendix 2):
do m? -~ . (2m)°
0= 10 @ g ;5( —7% 25 ——ny 25 —7nz (8)

From here we obtain the Bragg condition for scattering;:

q= 2 or 2l<:sm2 2“n

Definition: A = QJ,a = g

we obtain the known formula:
2asin o = n\

The indexes ng,n,,n, are called the Miller’s Indices.
Appendix 1

Calculation of F.T.[comb(x)]:

N
comb(zx) = Z d(x — na)
Ng=—N
Comb(q) = F.T.[comb(z)] = e N 4 ¢71aNF+) 41 4 4 ¢aa(N=1) 4 giaal

we use the known formula for the sum of the geometric progression S,, = by qév:llz
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It is easy to show (basic trigo) that under transformation o — « — 27v (v is an integer)
sin? a(N+1/2)

The expression a2

does not change.

Appendix 2

We want to analyze the expression
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This expression has the poles at o = 27n and the limit at o« — 27n is
(according to L’Hopitals Rule):
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If we have a large number of atoms (N — oco) and making the use of the fact
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We come to the conclusion that under this conditions (v — 2wn, N — oc0) we get an array of delta
functions.

Then
2m 2m
F.T.[comb(x)] = Comb(q) = — g d(q — —n)

a

As it was expected from the direct F.T. of infinite array of delta functions



