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The problem:

Consider a-symmetric double well, where a single lead is connected to one of the wells.The hopping
amplitude between the sites is c and the hopping amplitude to the continuum is σ.
(1) Derive the expression for effective Hamiltonian.
(2) Describe how the eigenvalues of H evolve in the complex plane as γ is increased from 0 to ∞.
(3) Assume the wells are the same energy level and find the eigenstates of the Hamiltonian for:

a)γ >> c
b)c >> γ.

The solution:

(1)

H =


ε0 c 0 · · · 0
c ε1 σ · · · σ
0 σ E1 · · · 0
...

...
...

. . .
0 σ 0 · · · En

 =
(
HP

0 V PQ

V QP HQ
0

)

ΣP = V PQGQ0 V
QP =

(
0 0
0 1

)[
δ(E)− i(Γ

2
)
]

Heff = HP
0 + ΣP =

(
ε0 c
c ε1

)
+
(

0 0
0 1

)[
δ(E)− i(Γ

2
)
]

(2) Let us find eigenvalues of the Hamiltonian.We will assume that δ(E) is → 0 at the continuum.

Γ = 2πρ(E)σ2 = 2γ

Heff =
(
ε0 c
c ε1 − iγ

)
det

∣∣∣∣ε0 − λ c
c ε1 − iγ − λ

∣∣∣∣ = 0 ⇒ λ± =
1
2

[
(ε0 + ε1 − iγ)±

√
(ε0 − ε1 + iγ)2 + 4c2

]
In the case ε0 = ε1 = ε:

λ± =
1
2

[
(2ε− iγ)±

√
−γ2 + 4c2

]
The simplest case of ε = 0 is illustrated in Figure 1 and 2. Where the green line represent λ− and
the red λ+.
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Figure 1: Complex plane of λ
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Figure 2: λ as function of Γ

We can see that there is an even decay for the two eigenstates when c2 − γ2 > 0

(3) The eigenstates are:

V± =

 c√
(ε−λ±)2+c2

−(ε−λ±)√
(ε−λ±)2+c2


a) γ >> c

λ± =
1
2

(
2ε− iγ ±

√
4c2 − γ2

)
∼=

1
2

(2ε− iγ ± iγ)

λ+
∼= ε =⇒ V+ →

(
1
0

)
= |R〉

λ− ∼= ε− iγ =⇒ V− →
( c

iγ

−1

)
→

(
0
−1

)
= |L〉
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b) γ << c

λ± =
1
2

(
2ε− iγ ±

√
4c2 − γ2

)
∼=

1
2

(2ε− iγ ± 2c)

λ+
∼= ε+ c =⇒ V+ →

1√
2

(
1
1

)
=

1√
2

(|R〉 − |L〉) = |A〉

λ− ∼= ε− c =⇒ V− →
1√
2

(
1
−1

)
=

1√
2

(|R〉+ |L〉) = |S〉
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