Ex6212: Hydrogen atom in magnetic field, probed by electric field
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The problem:

Consider a Hydrogen atom that is placed in a constant homogeneous magnetic field B that points
in the Z direction. An electric field £ is turned on. The interaction term is V = —e€ - r. The spin
of the electron can be ignored.

(1) Calculate the matrix elements of V' in the standard basis for £ that points in the Z direction.
(2) Calculate the matrix elements of V' in the standard basis for £ that points in the X direction.

(3) Repeat the derivation in the latter case using coordinates such that B points in the X direction,
and £ in the Z direction.

(4) Explain what are the selection rules of transitions in the following cases:
E = (0,0, cos(2))

E = (cos(2t),0,0)

E = (cos(Q2t), sin(2t),0)

Assume that €2 is comparable to the Zeeman splitting.

The solution:

(1) We use the standard basis |nim > and write
VYV =<nlm|Vn'l'm >= — < nlmlezE|n''m’ >
We note that in spherical coordinates z = rcosf and get

V= —¢& ?” 0O AT cosOUT Y 2 dr d
we use UMM = RMYIm where R™ are the Laguerre polynomials and Y™ are the Spherical har-
monics.

We note that cos(6) = /27y 10
And write the radial part as Sy, = fooo R r RV r2dr so that
Y=— /%egsnln/[/ f047r Ylm*YIOYl/m/dQ

It is known that the spherical harmonics’ parity is given by Y™ (—#) = (—1)'Y""(#) which means
the spherical harmonics are even when [ is even and odd when [ is odd.

From here we deduce that the condition for [ and I’ so that the integral won’t vanish is that [—1" = Al
has to be an odd number.

Angular momentum considerations allow us to further limit Al so that |Al| <1 (see last paragraph
for detailed explanation).

So finally we get Al = +1.

In order to find the condition on m, let us look at the ¢ component:
YV x fo% e~ i0meidm’ g
Since complex exponentials are orthogonal, the condition on m so that V won’t vanish is m = m/ .



So in total we got the selection rules:
Al=4+1,Am =0
and the matrix elements:

v {_1 [ 4 € S [oT Y YIOYIMAQ for Am =0 and Al = +1

0, otherwise
Where S, and the angular integral are easily calculated given particular n,m, (.

(2) Same as (1) but now we take x = rsin(0)cos(¢) = rsin(6) (e~ + €'?)
We note that sin(f)e*™® = /27y 1]

So now we get:
V= —e€ < nlmlz|n'l'm’ >= —,/ %ﬂeé’snln/l/(féﬂ ylm ylty ' qo 4 f047r ylim yt=lylm’qQ).

Y#1 are both odd, so from parity we get again Al = +1.

For the condition on m, we again look at the ¢ component:
V fo% e~ i0meibeiom’ g 4 fo% e~ me—ideien (g
we get that m —m/ = Am = £1 in order that V won’t vanish.

Hence:
—\/ EeE Sy [T Y Y Y140 for Am =1 and Al = £1
V=9 —\/ZeESur [T Y YITIYIMHLAQ, for Am = —1 and Al = £1
0, otherwise

(3) Now the magnetic field lies in the x direction, so the natural basis for the problem would be:
|nlmg >

Where m,, are the eigenvalues of L,.

We can represent m, by the standard basis as follows:

Inlmg >= R (51i,)|nlm >

Where R!(31,) is the rotation matrix for 90 degrees around the y axis.

Using this, we can now find the matrix elements:

V = — < nlmgle€znlmy, >= —e& < RY(5niy)nlm|zR (Zri,)|n'I'm/ >

V= —e& < nlm|R" (Z1i,)2R(Zai,) |n'l'm/ >

From the algebraic characteristics of rotations (see chapter 6.4 in the lecture notes):
RN (Z41,)zR(%1iy) =«

Plugging this into the former equation we get:

V = —e€ < nlm|z|n'l'm’ >

Which is exactly the same as in section (2)! So the selection rules are also the same:
Al =+£1,Am = +£1

(4) Given that © is comparable to the Zeeman splitting, we can use the Fermi golden rule. Hence
transitions that have I' # 0 are ones that have |Vj;| # 0, so for the first and second cases, the selec-
tion rules are simply those found in (1) and (2). That is, Am = 0, Al = +1 and Am = +1, Al = +1
respectively.

For the last case we can represent the electric field as follows:

E(t) = S5 Rel(@ + ig)e™"]

Now,
Vo &€ [ €™ (x +iy)e "™ dp = Ersind [ MPe e 04



The above integral vanishes for m —1 —m’ # 0 so we get the selection rule Am = m —m/ = 1, and
Al = +1 as before.

* Note that the selection rules derived from the integral over three spherical harmonics,

f(Yllml )*Ylgmz Y13m3 d9

are identical to the rules for addition of angular momentum. Consider the product Y!2m2ylsms,
which is analogous to the tensor product |lame > ®|l3ms > so the above integral can be written as
< llml‘(’l2m2 > ®”3m3 >).

We can now use the addition of angular momentum theorem, from which we ascertain that the
tensor product decomposes into states |j,m; > such that |l3 — 2| < j <l 413, and m; = ma + ma.
In this basis, the bra < lym;| stays the same since nothing is added to it.

The product then becomes < l3mq]j, me+mg > and the selection rules become evident since [ has to
be in the decomposition of lo®13 so |l3—I2| < 13 < ly+13 and the m’s have to match: m; = mg+ms.

Notice that this is compatible with the results obtained through manual inspection of the integrals
as done in the previous sections, when Iy = 1 and my = 0, £1 as is the case for z,y, z o< Y™, The
exclusion of Al = 0 is based on the parity of the spherical harmonics as is explained above.



