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The problem:
For a coloumb interaction between two hydrogen atoms which consists of
proton a and electron 1, proton b and electron 2

(a) Assuming that the distance between the nuclei is constant: Develop the
perturbation hamiltonian up to the second order in terms of r41 and 7ps.
Show that it results in a dipole interaction between the atoms.

(b) In the given approximation, using the normal basis of each of the
hydrogen atoms: Write a general expression for the adjustment to the ground
level up to the second order in the given perturbation. Show that this

adjustment can be written as —T%, and identify the coefficient A using the
ab

elements of the hydrogen atoms matrix.

(c) Using the approximation F; — Ey ~ E; in the denominator of the
receivced expression: Show that adjustment to the energy in this case is
—%(1s|HZ,,|1s). Use this approximation to show that A ~ 6aje?.
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The solution:
(a) The Hamiltonian of the systhem is:
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We neglect (—f—b) since 14 is constant.
a

‘H is combined of two hydrogen atoms and a perturbation.

We use the following relations:

T2 = —Tqa1 + Tap + Th2

Fbl = _Fab + Fal



Ta2 = Tab + Th2 (6)

therefore:
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V=—e2<— -+ > (7)
| =71 + Tap + Th2| | —Tap + Ta1|  |Tap + Th2|

The distance between the two atoms is much greater than the nucli to his
electron, so we use a taylor approximation.
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done to the 2™ order with respect to 741, 2.
We combine the contributions from (8), (9) and (10) to get
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V= - + = ((To2 - Ta1) — 3 (Fap - Tb2) (Pap - Ta1)) (11)
Tab Tab
Constant monopole Dipole-Dipole ineraction

(b) The hydrogen wave function for a single atom is:

Voim = Rp (T) Yim (9, ¢) (12)

Assuming two different Hilbert spaces, the total graund state of the systhem
is:

1 1
Vo = ‘I’g,()),o ® ‘Pg,g,o (13)

We difine the Z as 7. The dipole perturbation will be:
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V= — ($1l‘2 + Yy1y2 — 22122) (14)
Tab
Using spherical coordinates and orthonormal basis of the Hilbert space Y,
one gets:



r) (Yl(,l—)l - Y1(,11)> ®r® (Y1(,2_)1 - Yl(,21))
V-5 (2;) (0 (F, + YD) 01 (2, + %)) (15)
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The “0” order energy for the ground state:

EO) = —% - % = —2Ry (16)

The 1% order energy adjustment for the ground state:

(Ve|V|¥g) = EW (17)

where fY};knifl/m/dQ = 6ll’5mm"

The first order correction is zero, since the perturbation includes onlyl = 1
terms.

The 2" order energy correction for the ground state:
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First, we will calculate the perturbation for a single atom.
Yoo = \/% = const and therefore only Y}, which exist in the perturbation
will survive. Hence only states with [ = I’ = 1 will survive.
Using (15) and taking the root of the coefficient for both particles one gets:
2¢/me
Vil (60.6) [¥o0) = 22 (301 + 260) (19)
3r2,
2 47762
(Yim|V (0, 0) |Yoo)” = 93 (81 + 40m.0) (20)
Tab
The Y},,s obey I =1 so only n = 2 survive:
2 3,—=- 1 4 -3
(Ro1|r|Rio) = — | e aRordr = rte”2adr ~ 1.29aq (21)
ol vGa
<R21|T|R10>2 = 1.66a3 (22)

For the two states (210|,(211|, The possible combinations are Wo19Wa10,
Wo10¥o11, Yo11¥210 , Yo11¥ors.

E,=E, =" sincen=n'=2.



Substitusion into (18) gives:

2.2.7556 - a} 1672t atn?et atn?et
E® — 0. 164+4+4+1)=9072 = A =9.07-2
—3Ry 81r2b (16+4+4+1) Ryrgb Ry

Now we can write the perturbation matrix for the ground state:

Yi00%100, W211¥210, Yo11¥211, V210¥210 , Y210¥211

0 2 1 4 2
2
V- 4”5 1.29%a2 2 0
= 1 0
4 0
2 0

One can identify A using the element of matrix:

1672e%2.755a4 13.6e2a2 7?2
_ao <15|V2|15> _ _ap 1677 - ag (22+ 12+42+22) _ eﬁamr
e? e2 81r%, e

(c) Using the approximation F — Ey ~ Ej, we get:
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Z (100, 100|V'|nim, n'l'm’) (nlm,n’'l'm’|V2|100, 100)
—2F,

nlm,n'l’m’#£100

The completness of the base:
Z [nim)(nlm| =1
nlm

62 2

Ry~ —-——= —-2F =—-2Ry~ <
2a0 ao

(100[V2]100)

ap
- (1s|V?|1s) = Yo

From (25) we get:
1
A =13.6%a37* = A~ —9.07Tagn?e! <>
Ry
From (28) we get:

13.6e2adn? ~ 18.14¢*w%a)

And this is such a fine approximation!
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