Ex6162: The fine structure of the Hydrogen spectrum
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The problem:

Consider the Hydrogen atom with V) = —&<

By expanding the exact solutlon of the Dirac equation with respect to o one obtains

% =1- 2n2 +3 (2n2) 3 - g+1/2] .

Recover this expression by calculating the following corrections to the non-relativist result: The
kinetic correction W, = —Wp‘l, the Darwin correction Wp = WVQVO , and the spin-orbit
correction W, . Find also the o corrections due to Lamb shift. These arise because of two reasons:
an extra term Wy = —1=— MQCQV Vo , and an anomalous spin-orbit coupling g ~ 2 + (£). All the
results should be expressed in terms of and the quantum numbers (n, 1, m).

The solution:

(1) the non petrubed
the rest energy is M¢?
and the energy of the hydrogen atom is:
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let us remmeber: o = & and ap = 75

(2) The kinetic correction:

Here we add the kinetic correction Wy = —8—M13?—p4 to the Hemiltonian
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according to littreture:

| l _od\»[c| i _ a2M?c? |
r/ hn2 '\ r2 _(l+%)n3h2

2Mc a?M?c? 1 Mc? M2t
E2 2E7L 2 2— - - E2 2E7L 2 4
( Ay T T R o \ B T T T T

oM ¢?

1



from now on A =1
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(3) The Darwin Term
given the darwin term Wp = WVQVO, Lets find the first order correction to the energies.
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We recall that in the n,l,m basis:

¢°(0) =0 forany 1>0

3
¢0(0)|2:1<“MC> for 1=0

™ n

Thus we get the correction to the energy from the Darwin term:
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(4)The Spin Orbie correction
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(5) Lamb shift:
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according to litruture we know that for [ =0,m =0
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So for A =1 we get the term:
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