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The problem:

There are 2 particles with spin 1/2. The system is described via the Hamiltonian:

H=puS* 5B —h. (54 +85)

Where the magnetic field is in 7 axis. o o
The states of the system are defined in the standard basis: |Z2),|Z22),|Z22),|ZZ)

In experiment I the system was prepared in state | X X).
In experiment II the system was prepared in state |ZX).

In this question you are required to calculate the polarization vector M = ({(S,), (Sy), (S-)) Which
describes the polarization of particle B.
When answering (1), use the standard basis described above.

(1) Write the Matrix representation of the operator S, which describes the spin of particle B.
(2) Find the polarization vector after a duration t in experiment I.
(3) Find the polarization vector after a duration ¢ in experiment II.

The solution:

(1) We denote particle B as the one with "fast counter”. Then we get by outer multiplication:

1 /0; O
B _ ~ J
5 2(0 Uj)

Specifically:

1 /0o 0
B—, x
=5(% )

(2) We can write the Hamiltonian as follows, while remembering counting convention:

1 0 0 0 1 00 0
k|0 -1 2 o] (000 O
H_402—10h0000

0 0 0 1 00 0 —1

We notice that in the subspace of |ZZ),|ZZ) the Hamiltonian decompose into —1 + 20,.. Choosing
the symmetric and anti-symmetric basis in this subspace yields the singlet-triplet basis for the
Hamiltonian:

(), ), ), ) = (rzzx = 122)+122)), == (122) - |22) yZZ>)



Which is expected because 2® 2 =3 @ 1.

So in this basis the Hamiltonian takes the form:

—h 0 0 O
0 0 0 0

H = 0 0 —pu 0 + Const.
0 0 0 ~h

In the case of [¢) = [XX) = 3 (Jw1) + |wg) + V2|ws)) we are contained in the triplet subspace. It
is clear that the effective Hamiltonian is —hS, of spin 1. Therefore, the evolution operator is:

U = o~ tHt _ o—i€it-S

Where (3 = (0,0,—h). Therefore the second spin precess clockwise around Z with frequency h. As
a result, the polarization vector is:

M (t) = (cos(ht), —sin(ht),0)

(3) Now the initial state is: [¢) = [ZX) = 5 (V2]w1) + |wa) + |w3)).
Expressed in the singlet-triplet basis, the time evolution of this state is:
|the) = % (ﬁ\wﬂeiht + |w2) + ,w3>eiut>
Using the definition of M we calculate the observables: (S;) = S, (¢|wy) (wy| Sjlwy) (w 1) -

The spin matrices in the new basis are:

0 1 1
g _ L (1001
o211 0 0 -1
011 O
0 -1 -1 0
g _ i |10 0 -1
Yoo2 (1 0 0 1
0 1 -1 0
1 0 0 O
~ 0O 0 -1 0
Sz = 0 -1 0 O
0 O 0 -1

As a result the polarization vector is:

(5
M = = |cos (%t) sin ((§ — h) t)



