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The problem:

(1) Reduce the standard basis of spin S1 = 1 plus spin S2 = 1
2

(2) Write the transformation matrix between the old basis and the new basis
(3) Find the matrix elements of the J2 operator in the old basis

The solution:

(1) The standard basis of spin S1 = 1 is

|S1, S1z〉 : {|1, 1〉 |1, 0〉 |1,−1〉}

The standard basis of spin S2 = 1
2 is

|S2, S2z〉 : {|1
2
,
1
2
〉 |1

2
,−1

2
〉}

Addition the two spins will generate a dim = 3⊗ 2 = 6 dimensional space.

|S1, S2, S1zS2z〉 7−→ |S1z, S2z〉 : {|1,
1
2
〉 |1,−1

2
〉 |0,

1
2
〉 |0,−1

2
〉 | − 1,

1
2
〉 | − 1,−1

2
〉}

Because of mj = S1z + S2z the values of mj are 3
2 , 1

2 ,−1
2 ,−3

2 .

In additional −j ≤ mj ≤ j in jumps of one and |S1 − S2| ≤ j ≤ |S1 + S2| makes the new
basis:

|j,mj〉 : {|3
2
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3
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〉 |3

2
,
1
2
〉 |3

2
,−1

2
〉 |3

2
,−3

2
〉 |1

2
,
1
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〉 |1

2
,−1

2
〉}

The subspace j = 1
2 have dim = 2

The subspace j = 3
2 have dim = 4

Therefore the new basis keep dim = 2⊕ 4 = 6.

(2) By applying J− operator on the old basis and keeping the normalization we generat the new
basis.

J−|j,mj〉 =
√

j · (j + 1)−mj · (mj − 1)|j,mj − 1〉 J− = L− + S−
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1
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〉
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1
2
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1
2
〉 =
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1
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2
〉
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√
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√
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√
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〉
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2
〉 = | − 1,−1

2
〉

By writeing the j = 1
2 subspace vectors as linear combination of old basis vectors with S1z+S2z = ±1

2
and keeping the orthogonalization we get:
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The transformation matrix between the old basis and the new basis Tlk = 〈S1z, S2z|j,mj〉 is:

T =



1 0 0 0 0 0

0
√

1
3 0 0 −

√
2
3 0

0
√

2
3 0 0

√
1
3 0

0 0
√

2
3 0 0 −

√
1
3

0 0
√

1
3 0 0

√
2
3

0 0 0 1 0 0



(3) In the new basis J2|j, mj〉 = j · (j + 1)|j, mj〉
The matrix elements of the J2 operator in the new basis is:

〈jl,mj l|J
2|jk,mjk〉 = δlk · jk · (jk + 1)

J2 =



15
4 0 0 0 0 0
0 15

4 0 0 0 0
0 0 15

4 0 0 0
0 0 0 15

4 0 0
0 0 0 0 3

4 0
0 0 0 0 0 3

4


In the old basis the matrix elements of the J2 operator will be:

J2
old = T · J2

new · T † =



15
4 0 0 0 0 0
0 7

4

√
2 0 0 0

0
√

2 11
4 0 0 0

0 0 0 11
4

√
2 0

0 0 0
√

2 7
4 0

0 0 0 0 0 15
4
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