E486: Addition angular momentum of spin one and spin half
Submitted by: Tal Saggi

The problem:

(1) Reduce the standard basis of spin S; = 1 plus spin Sy = %
(2) Write the transformation matrix between the old basis and the new basis
(3) Find the matrix elements of the J? operator in the old basis

The solution:

(1) The standard basis of spin S1 =1 is
151, 512) + {I1,1) [1,0) [1,-1)}

The standard basis of spin Sy = % is

11 1 1
|S2,52,) : {’§7§> ‘57_§>}

Addition the two spins will generate a dim = 3 ® 2 = 6 dimensional space.

1 1 1 1 1 1
7> |1a_7> |07 - -

|S1,52,81:522) — |51z, 522) = {I1, 2 5

Because of mj = 51, + 52, the values of m; are %, %, —%, —% )

In additional —j <m; <j in jumps of one and |S] — Sa| < j < |S; + S2| makes the new
basis:

, 33 31 3 1,3 3 11 1 1
|3,mg) = Al

val a7y lpmy) ey lp

have dim = 2

D=

The subspace j =

The subspace j = % have dim = 4

Therefore the new basis keep dim = 2 @ 4 = 6.

(2) By applying J_ operator on the old basis and keeping the normalization we generat the new
basis.
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25y =11.2
55 =113)

33 1 1 1 1 1
_|=yz)=J-|1, ) =L_]1, = —11,2) =v2]0, = 1,—=
TS5 =T[5y = L1, 5) + S-[1,5) = V2|0, 5) + |1, =)
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3 1 1 1 2 1
= ‘57_§> - \/;‘ - 17 5) + \/;07_2>

3 1 1 1 1
S, -y =S8_ 2/—1,2)+L_ 2-v2|0,—2)=6]—-1,—=
T -3 =5 2=+ L 2:VE0,-3) =6~ 1,—3)

3 3 1
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By writeing the j = % subspace vectors as linear combination of old basis vectors with S1,+S2, = :l:%
and keeping the orthogonalization we get:

11 2 1 11
3= a5
11 11 2 1
I V= /210 == “11. 2
33 \/;0’ 2>+\/;| 5!

The transformation matrix between the old basis and the new basis Tj, = (512, S22, m;) is:
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(3) In the new basis J2|j,m;) = j - (j + 1)|4,m;)
The matrix elements of the J? operator in the new basis is:

(v gy | T2 ks M) = O - g - (e + 1)
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In the old basis the matrix elements of the J? operator will be:
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