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The problem:

The quantum state of spin 1
2 can be determined by 3 independent measurments. Assume these

measurements are Mj = 〈σj〉, for j=1,2,3.

1. Express the probability matrix elements using the polarization vector ~M componets. Show that
the resolt can be written as ρ = 1

2

(
1 + ~M · ~σ

)
.

2. Find the polarization vector ~M componets, for given probability matrices:

ρ =
(

1 0
0 0

)
, ρ =

(
1
2

1
2

1
2

1
2

)
, ρ =

(
1
4

1
4

1
4

3
4

)
.

Introduction:

The Pauli matrices, together with the unit matrix, make a complete set in the 2-site (as in spin 1
2)

system. Hence, Any operator can be written as a linear combination of these matrices:

Â = c1̂ + ασx + βσy + γσz

If we have measured σx,y,z, we can predict any other measurment by:

〈A〉 = c + α 〈σx〉 + β 〈σy〉 + γ 〈σz〉

One way of ”packaging” the three independent measurments is the polarization vector:

~M = (〈σx〉 , 〈σy〉 , 〈σz〉).

The solution:

1. The probability matrix elements are:

P11 =|↑〉〈↑ | =
(

1 0
0 0

)
= 1

2(1 + σz)

P12 =|↑〉〈↓ | =
(

0 1
0 0

)
= 1

2(σx + iσy)

P21 =|↓〉〈↑ | =
(

0 0
1 0

)
= 1

2(σx − iσy)

P22 =|↓〉〈↓ | =
(

0 0
0 1

)
= 1

2(1 - σz)

Representing the probability matrix using ~M componets we get:

ρ =
〈
P ji

〉
= 1

2

(
(1 + M3) (M1 − iM2)

(M1 + iM2) (1 − M3)

)
= 1

2

(
1 + ~M · ~σ

)
.
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2. Given ρ we can calculate ~M using the expectation value formula:

Mx = 〈σx〉 =
∑
i,j

σxi,jρj,i = trace(σxρ).

My = trace(σyρ).

Mz = trace(σzρ).

Then we get:

ρ =
(

1 0
0 0

)
7−→ ~M = (0, 0, 1).

ρ =
(

1
2

1
2

1
2

1
2

)
7−→ ~M = (1, 0, 0).

ρ =
(

1
4

1
4

1
4

3
4

)
7−→ ~M = (1

2 , 0,−1
2).

Now we can verify that indeed ρ = 1
2

(
1 + ~M · ~σ

)
, as proved.
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