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E283: Phase shifts in scattering from a delta function

Submitted by: Barak Gilboa

The problem:

Definition of 1D delta:
V (x) = uδ(x)
means ”rectangular” of width a and height U0 such that u = U0a, where a is taken to be very small.
similarly a 3D delta function is a sphere of radius a and ”height” U0 such that u = (4π/3)U0a

3 , where a is taken
to be very small and u is maintained constant. In this question you are requested to calculate the phase shifts in
scattering on a 3D delta function V (r) = uδ(x)δ(y)δ(z).

The solution:

first we need to define the regime in which this potential is. the ”height”, U0 is a function of u and a: U0 = (3/4π)ua−3.
it is undoubtedly a small sphere since for every energy E we can choose a sphere radius a > o so that kEa� 1.
since we can always start with a radius a such that U0 > E we present a solution for the inner part of the form:

ψ (r)r<a = jl (iαr) , α =
√

2m (U0 − E) (1)

the outer part solution is:

Rl
r>a

(r) = Ah−l (kEr) +Bh+
l (kEr)

= Ah−l (kEr) + ei2δlh+
l (kEr)

= C [cos (δl) jl (kEr) + sin (δl)nl (kEr)]
(2)

where hl is the Henkel function and jl, nl are the first and second order Bessel functions. the matching condition
demands equal logarithmic derivatives on the boundary. we define:

kl =
(

1
Rl (r)

dRl (r)
dr

)∣∣∣∣
r=a

(3)

for r < a.we can see that lim
a�1

α ≈
√

2mU0 =
√

(3/2π)mua−3/2 � 1 and also αa ≈
√

(3/2π)mua−1/2 � 1.

it is important to note that this is unique to the 3D case, whereas in the 2D case α = O
(
a−1

)
⇒ αa = O (1), and

in the 1D case α = O
(
a−1/2

)
⇒ αa = O

(
a1/2

)
. this leads to completely different behavior in the r = a boundary.

back to the 3d: We saw before that this is the small sphere regime. in this regime we have 2 approximations: the
hard sphere and Born. to check where we stand we need to look at what happens to kl in the limit of small a. first
we calculate kl from the interior solution. since αa� 1 we can use the long range estimate of jl we saw in class:

jl (kr) ≈
sin

(
kr − π

2 l
)

kr

for kl to get:

kl =
(

1
jl (iαr)

d (jl (iαr))
dr

)
r=a

= α coth
(
αa− π

2
l
)
− 1
a
≈ α− 1

a
≈

√
3mu
2πa3

→
a→0
∞

this means we’re in the hard sphere limit. we saw in class that:

tan (δl) = − klj (kEa)− kEj
′ (kEa)

kln (kEa)− kEn′ (kEa)
(4)

using the short range l� kEr estimates:

nl (r) ≈ (2l − 1)!!
(

1
r

)l+1
[
1 + 1

2(2l−1)r
2 + ...

]
jl (r) ≈ rl

(2l+1)!!

[
1− 1

2(2l+3)r
2 + ...

] (5)
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and kl =∞ we get:

tan (δ∞l ) ≈ − 1
(2l + 1)!! (2l − 1)!!

(kEa)
2l+1 (6)

which goes to 0 when a goes to zero. this is consistent with the born approximation in the short range for l 6= 0:

δBorn
l (0) ≈ − 2

(2l + 3) [(2l + 1)!!]2
3mu

4π~2a3
a2 (kEa)

2l+1 (7)

however, for l = 0 the born approximation gives a non vanishing term:

δBorn
0 (0) ≈ −2

3
3mu

4π~2a3
a2 (kEa) = − mu

2π~2
kE (8)

this is a mistake that is caused by the fact that the born approximation isn’t valid for U0 >
~2

ma2 . In our case:

U0 =
3u

4πa3
>

~2

ma2
⇒ a <

3mu
4π~2

so, the born approximation isn’t valid for any smaller radius.

Appendix:

in this exercise i chose to first take the hard sphere limit and then the short range expansion. however, this can be
also be done by first taking the short range approximation:

tan (δl) ≈ −
((2l + 1)!!)−1 (kl) (kEa)

l
[
1− (ka)2

2(2l+3) + ...
]
− kE

[
l (kEa)

l−1 − (l+1)(kEa)l+1

2(2l+3)

]
(2l − 1)!!

[
(kl) (kEa)

−(l+1)
[
1 + (ka)2

2(2l−1)

]
− kE

[
− (l + 1) (kEa)

−(l+2) − (l−1)(kEa)−l

2(2l−1)

]] (9)

and then taking the hard sphere limit kl →∞.


