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The problem:

A particle can be found in one of three sites |1,2,3) (all sites have the same binding energy).
The jump amplitude per time unit from site 1 to 2 is Ay.

The jump amplitude per time unit from site 2 to 3 is c.

At t = 0 the particle is placed in site number 2.

The goal of the question is to find the probability P(t) for the particle to be at site number |3).

(1) Write down the system Hamiltonian.

Assume that c=0.
(2) Write down the expression for the survival amplitude 12(¢) of being in site 2.
(3) Write down the expression for dwjt(t) , and find the first order solution for v3(t).

Assume that ¢ # 0. The goal is to find the exact solution for P(t).
(4) Find the eigenvalues and eigenstates of the system.

(5) Explain why one of the eigenstates is irrelevant to the solution.
(6) What is the oscillation frequency of the particle?

(7) Find the exact solution for P(t).

The solution:

(1) Defining

=101 [2
0 0 1

I
—
w
~
Il
o

The Hamiltonian is:

0 Ag O
H=]| Ay 0 ¢
0 c 0

(2) Assuming c=0, the Hamiltonian is now:

0 Ay O
H=1| Ag 0 0
0 0 O

The eigenstates are:

1 1 0
|S> = % 1 ) |A> = % -1 ) |3> = 0|,
0 1

and the eigenvalues are given by:

Egs = Ao, Ej = —Ao, E3 =0.



Expressing the initial state in terms of the eigenstates
[Y=0)) = 12) = F5(1S) —14)),
we can evolve it in time

) = 5 (e7140']8) — eB01]4)) = J [e=i00 (1) +[2)) — 9 (1) —[2))]
= % [(e‘mot — emot) 1) + (e‘mot + eiAot) \2>] = —isin(Apt)|1) + cos(Apt)|2)

and read off the survaival amplitude for staying at site 2,
Pa(t) = (2[th) = cos(Aot).

(3) The pertubtion ¢ # 0 is now turned on. To find 87/’5’75@)

st — F313) — i Y Vamth (1)

In our case, F3 = 0 and
0 0O

Vie =1 0 0 ¢

0 ¢ O

thus

8w§t(t) = —icha(t) = —ic - cos(Aot)
= 3(t) = ¥3(0) — Asin(Agt)
(4) For ¢ # 0, the Hamiltonian is:

A 0 Ay 0
H = Ao 0 C
0 c 0

The eigenstates are:

C A()
T\ 1 S\ __ 1 2 2 9\ __ 1
V=T Z C =gy | VA E | B = ey
A g

and the eigenvalues:

Eizo, EQZ Ag—}—CQ, Eg:—\/Ag—FCQ.

, we use Eq’(591) from the lecture notes



(5) The particle was prepared in state |2). In terms of the eigenstates,
28 (12) - 13).

The state is a superposition of |2) and |3). Since the intital state does not depend on the eigenstate
|1), it is not relevant to the solution.

2) =

(6) To find the oscillation frequency from site to site we evolve the state in time,

) = B2 (e7iPat|3) — e~iF3!(3))

= 72\/@ [QiAOSiH( A%+ 2t)[1) + 24/A2 + c2cos(y/AZ + c2t)[2) + 2ic - sin(\/AZ + c2t)|3)]

thus the frequency is w = /A2 + ¢2.
(7) To find the probability for being in site 3 we project on the state |3)

P = |<3|¢t>|2 = ﬁj_chilﬂ( A% + cQt),



