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The problem:

Given the Fourier transform of a general function, find the Fourier transform of its derivative. Use this result to find
the Fourier transform of a window function out of the Fourier transform of an antisymmetric pair of delta functions.

The solution:

We are given the following:

F.T[f(t)] = F(ω),

and we take into account that:

lim
t→±∞

f(t) → 0.

We begin by writing explicitly:

F.T[f
′
(t)] =

∫ ∞

−∞
f

′
(t)eiωtdt.

Integration by parts gives us:

f(t)eiωt|+∞−∞ − iω

∫ ∞

−∞
f(t)eiωtdt = −iωF(ω),

and we get:

F.T[f
′
(t)] = −iωF(ω).

Let us represent a window function in the region [−a, a] as a sum of two step functions:

Π(t) = Θ(t + a)−Θ(t− a).

We also note that

δ(t + a) =
d

dt
Θ(t + a).

Now, using what we have derived earlier we find:

F.T[δ(t + a)− δ(t− a)] = F.T[
d

dt
Θ(t + a)− d

dt
Θ(t− a)] = −iωF.T[Θ(t + a)−Θ(t− a)] = −iωF.T[Π(t)],

and,

F.T[δ(t + a)− δ(t− a)] =
∫ ∞

−∞
δ(t + a)eiωtdt−

∫ ∞

−∞
δ(t− a)eiωtdt = e−iωa − eiωa = −2i sin(ωa).

⇒ F.T[Π(t)] = 2asinc(ωa)
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