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Ex121

Submitted by: Eyal Shafran

The problem:

(a) Find the F.T. f(ω) of a step function Θ(t).

(b) Find the F.T. of a sgn(t) function.

(c) Calculate the inverse F.T. of f(ω) by closing the integration contour in the complex plane.

(d) Calculate the inverse F.T. of f(ω) by elementary integration (separating the main part)

The solution:

(a) Recall the elementary integral:

∫ ∞

0

exp−λt =
1
λ

f(ω) = FT [Θ(t)] =

∞∫
−∞

Θ(t) exp(iωt)dt =

∞∫
0

exp(iωt)dt

ω = ω′ + iε, ε > 0

∞∫
0

exp(iωt)dt =
1

−i(ω′ + iε)
=

i

ω′ + iε

For the limit ε→ 0 , ω′ = w and our final solution is:

f(ω) = FT [Θ(t)] =
i

(ω + iε)
.

(b)

sgn(t) = 2Θ(t)− 1

FT [sgn(t)] = FT [(2Θ(t)− 1] = 2FT [Θ(t)]− FT [1]

i

(ω + iε)
=

i(ω − iε)
ω2 + ε2

=
iω

ω2 + ε2
+

ε

ω2 + ε2
=

i

ω
+ πδ(ω)

FT [sgn(t)] =
2i

ω
+ 2πδ(ω)− 2πδ(ω) =

2i

ω
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(c)

f(t) =

∞∫
−∞

f(ω)
2π

exp(−iωt)dw =
i

2π

∞∫
−∞

1
(ω + iε)

exp(−iωt)dw =
i

2π
lim

R→∞

∫
Γ

1
(z + iε)

exp(−izt)dz

Let us examine the contour (Γ) for our case: When t > 0 we close the contour in the bottom half plane, and since we
are summing in a clockwise direction a factor of -1 must be taken into account. When t < 0 we close the contour in
the upper half plane.

Using the Residue Theorem we know that:∫
Γ

1
(z + iε)

exp(−izt)dz = 2πi
∑

j

Res(f, aj)

where aj stands for a pole of the integrand.

Notice we have one pole at z = −iε.
There are no poles enclosed in the upper half plane and therefore for t < 0 the integral yeilds 0.

Res(z = −iε) = lim
z→−iε

(z + iε)
1

(z + iε)
exp(−izt) = exp(εt) ≈ 1

Therefore when t > 0:

f(t) = (
−i

2π
)2πiRes(z = −iε) = 1

And our final solution is:

f(t) = Θ(t)

(d) In part b we saw the equality:

f(ω) =
i

ω + iε
=

i

ω
+ πδ(ω)

FT [f(ω)] =
1
2π

∞∫
−∞

i

ω
exp(−iωt)dω +

1
2π

∞∫
−∞

πδ(ω) exp(−iωt)dω =
1
2π

∞∫
−∞

i

ω
exp(−iωt)dω +

1
2

=

=
1
2π

∞∫
−∞

i cos(ωt)
ω

dω +
1
2π

∞∫
−∞

sin(ωt)
ω

dω +
1
2

cos(ωt)
w is an odd function and therfore the first integral on the right side falls.

Recall the elementary integral :
∞∫

−∞

sin(x)
x

dx = π

So our final solution is:

f(t) =
1
2
sgn(t) +

1
2

= Θ(t)


