Ex5662: Landau Levels in Grafene
Submitted by: Shmu’el Greenwald and Tom Weiss

The problem:

The effective Hemiltonian of an electron in a 2-D layer of Grafene is H = vpo(p — eA)
when o = (0,,0y,0.) and A is the vector potential for a pependicular magnetic field B in Landau
gauge. Be advised that the standard base for representing the electron is | z,y, m >, when m =|, 1.

(1) In the lack of a magnetic field, and for a given momentum p = (ps,p,) what are the eigen
energies of the particle?

(2) In Landau gauge ¥ = —(1/(eB))p, is a constant of motion. Write the Hemiltonian HY =
Hpom (py,y — Y) of after the seperation of variables. Please note that a linear combination of
canonical coordinates a = (sQ 4 iP/s)/v/2 is a ladder operator, and write the Hemiltonian in the
alternative way Hy, m.(a,al)

(3) Define the operator C' = (HY)? and calculate the eigenvalues A\, = 0,1,2...of C. Please note
that all the eiegenvalue except n=0 are degenerated.

(4) Since C'is a constant of motion it is possible to perform a second seperation of variables.Write
the 222 matrix representing HY".

(5) Find the energy levels Ey,, + for n >0

(6) Write the matrix form of the operator I(t) and represent it as a sum of Pauli Matrices. Find
the eigenstates and write them in the standard base. Be advised that the quantum state in the
standard base in represented by © — (&1(x,y), ¥|(z,y)). It is possible to make use of ¢"() for the
eigen functions of a 1-D harmonic oscilator.

The solution:
Preface: H = Voo - (p — eA) , B = B2 = {Lnadau — Gauge} = A = (—By,0,0)

0 = (O'I,O'y) y D= (pxapy) == 0 D=0zPy +0Oypy , 0" eA = —eByo,

0 (Pe + eBy — ipy)
Pz + eBy + ipy) 0 )
= E = Fuo(p2 + 2peeBy + (eBy)* + p2)/? = +uo(p* + 2pzeBy + (eBy)?)'/?

= H = vy[o,(pz + eBy) + oypy) = v < (

(1) for B=0= FE = $ug |p|

(2) .H = Voo (p+ eByi) , Let us define Y = —px/(eB) so that [H,Y] =0
0 y—Y —ip,/eB
y—Y +ip,/eB 0 )
Let us define @ and P as canonical conjugates in the following manner:
Q =Y — Yv P = py
and so we can define ladder oppeators a and afin the following way:
a=(sQ+ ZP/S)/\/§
al = (sQ —iP/s)/\V2
when s = v2eB and the Hemiltonian will take the form:

T
H = vo/2¢B ( 2 % >

= H = vlo,eB(-Y +y) + oypy) = voeB <

(3) [a,a] = aa’ —afa =1 = aal =1+ d'a

f f
. Y2 _ 12 a'la 0 2. a'a 0
C=(HY) =V; QeB( 0 aaT>_V0 2eB< 0 aTa+1>
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Let us define: N = ala so that N |n>=n|n >=—
U2 n 0
(3 )

n 0
un—<0>,un+1—<n+1),/\1—n,/\2—n+1

E2 = V02 -2eBn , A\, =n =0,1,2.... and E, is of degeneracy 2 for every n but n =0

i
(4) HY:VO.\/zeB<£T g) ,C= (HY)QZx/g.zeB(ao“ aTQOH ) so [H,C] =0

so C' and H share the same eigen states;

= In > w — 0
L= 0 2T Uinel >

we can rearrange the order of the base elements so that

2 n 0 n 0
C=(H") :V02~2eB<0 n+1_1>:%2-263(0 n>

(7 ) e

C’:(HY)2:>HY:\@:1)0\/2673<\;% ?)

we can rearrange the order of the base elements so that

ﬁ:HY’n:UO\/ﬁ<\Sﬁ ?)ﬁ

(5) HY™ =V, -v2eBn ( (1) (1) ) , By, ==+Vy-V2eBn

(6) In the first form of the Y blocks, the eigen vectors of the matrix:

0 a . T n > - In >
H_“OﬂeB(a 0 >lsu”_<|n+1>>’u"_<—|n+1>>

Using @ and P we see that the given Hemiltonian is analogous to one of a
harmonic oscilator, therefore we can rewrite the eigenvectors in terms of the
eigen functions of a harmonic oscilator;

U )

Though since the oscilator is shifted we need to add a phase factor of the form e~
so the eigen states of the given Hemiltonian will be:

P ' @n(y) > —ieBYz ,,— __ I Son(y) > —ieBY x

= ( ey > )€ T el y) > )°

* if we concider the eigen functions to be normlized, another normlizing factor should
be added

ieBY x



