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The problem:
Pauli Matrices, including the Identity Matrix, are defined as:

σ0 =
(

1 0
0 1

)
;σ1 =

(
0 1
1 0

)
;σ2 =

(
0 −i
i 0

)
;σ3 =

(
1 0
0 −1

)
The Pauli Matrices and the Identity Matrix together are the complete basis of all 2× 2 matrices.

We can define the representation of the given operator A by A =
∑
i
aiσi.

(1) Write these matrices using Dirac notation.

(2) Express Tr (σkA) and Tr (A) with ai.

(3) Generalize the formula for general case: calculate Tr (AB) of two operators.

The solution:

(1) The 2 × 2 matrices are two dimensional matrices. Therefore, we define two orthogonal states
(vectors):

|1〉 =
(

0
1

)
; |2〉 =

(
1
0

)
Let us use the Dirac notation for writing matrices:

A =
∑
i,j
|i〉Aij 〈j|

So we can use this for writing Pauli matrices:

σ0 = |1〉 〈1|+ |2〉 〈2|

σ1 = |1〉 〈2|+ |2〉 〈1|

σ2 = −i |1〉 〈2|+ i |2〉 〈1|

σ3 = |1〉 〈1| − |2〉 〈2|
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(2) At the beginning we express Tr (A):

Tr (A) = 〈1|A |1〉+ 〈2|A |2〉 =
∑
i
ai (〈1|σi |1〉+ 〈2|σi |2〉) = a0 + a0 + a3 − a3 = 2a0

Let us represent the multiplication of Pauli matrices by Pauli matrices:

σiσj = Iδij + iεijkσk

Now we can use those multiplications in the next expression:

Tr (σkA) =
∑
i
ai (〈1|σkσi |1〉+ 〈2|σkσi |2〉)

So we get:

Tr (σkA) = Tr

(
σk
∑
i
aiσi

)
= Tr

(∑
i
aiσkσi

)
=
∑
i
aiTr (σkσi) = akTr (σkσk) = 2ak

(3) With the replacing σk by the general operator B easily we can see that:

Tr (AB) =
∑
i,j
aibjTr (σiσj) = 2 ·

∑
i
aibi
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