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Two new modes of generating spiral pairs in an excitable medium have been found. They depend on a
geometrical structure (GS) inside the medium. This may be formed e.g. as a result of scars or fibrosis in
the heart tissue, or artificially built in a chemical reaction substrate. Both sources involve a GS composed
of a circular “convergent lens” bounded by two opaque “walls”. One mode can be induced by a single
wave and behaves as a “flip–flop” type of a limit cycle. The other mode is generated by a train of plane
waves impinging on the GS, and is created at the focus of the converging wave-fragments.

© 2009 Published by Elsevier B.V.
1. Introduction

Excitable media are important in many areas [1]: The safe prop-
agation of electrical information in the heart (3D) [2], and in neu-
rons and axons (1D) [3], the appearance of intricate and repeating
patterns in chemical reactions such as the Belousov–Zhabotinsky
[4], the use of chemotaxis by amoebae to form multicellular struc-
ture [5], the modeling of combustion propagation, oscillations and
fluctuations in various media [6], ecological dynamics ([7] and
references therein), bifurcations and hysteresis in electrical cir-
cuits [8].

They are characterized by the following: when not stimulated
or when the stimulus is below a certain threshold they remain
stationary. Stimulation above the threshold usually creates a single
pulse which propagates through the medium without change of
shape. Following that, the system returns to its stationary state.
No additional waves are created.

There are only a few ways of creating an internal continuous
source in an excitable medium. Thus a spiral wave source can be
created by the reentry mechanism [9] and by a subsequence of two
stimuli, the second appearing during a “vulnerable window” [10].
A spiral source can be created by the detachment effect [11,12].
A wave impinging on an opaque wall of finite length, instead of
turning back along the wall, can, under some conditions, detach
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from it and form a spiral. A hole in an otherwise opaque wall can
lead [13] in this fashion to a spiral-pair source. Another spiral pair
source can be obtained by a pair of pulses having a specific ge-
ometrical shape [14]. Recently, mixed-mode temporal oscillations
sources were realized by inhomogeneous boundary conditions [15]
and a source of traveling waves was obtained by a resonance-
inducement of a pacemaker [16].

Such “ectopic” sources, unwanted in this case, can appear for
example, in scarred heart tissue [9], causing severe malfunctions in
the natural heart electrical wave progress. The geometrical shape
of the scar can have major significance in determining the distur-
bance type. A well-known case is a ring shaped scar which can
lead to a spiral wave source by the reentry mechanism. And, as
will be presently shown, a scar of a different special shape can in-
duce, in two different ways, the creation of a spiral-pair source.
Such a spiral pair in the heart is denoted by “figure of eight” and
can lead to heart problems such as tachycardia and fibrillation (see
e.g. [17–20] and references therein)

A different mechanism leading to a creation of different geo-
metric structures in the heart is fibrosis [21]. Fibrosis is known to
be conducive to various heart deceases, although the exact mech-
anisms of this arrhythmogenecity are not known [22]. We discuss
here a special geometric structure (GS) which can lead to a spiral
pair source creation thereby inducing such malfunctions.

In this study two new methods to create spiral pair sources
are numerically simulated and discussed. It is demonstrated that
such sources can be created in specific geometrical structures, un-
der suitable excitability conditions.

0375-9601/$ – see front matter © 2009 Published by Elsevier B.V.
doi:10.1016/j.physleta.2009.03.030

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/pla
mailto:avinoam@bgu.ac.il
http://dx.doi.org/10.1016/j.physleta.2009.03.030


Y. Biton et al. / Physics Letters A 373 (2009) 1762–1767 1763

Fig. 1. The GS, and the corresponding a parameters: a central circle (CR), of radius R
with a = a2, is surrounded by a medium with a = a1 (a1 < a2). Hatched gray areas
designate the opaque walls with a = a3 (a1 < a2 � a3).

Fig. 2. A train of plane-waves passing through a higher a CR with no walls (a la
Ref. [24]), a1 = 0.12 and a2 = 0.16. Note the curving of the waves, such that the
rays perpendicular to them converge towards a focus (“lens” effect). Yellow color
filled contours indicate the space where the wave’s amplitude is larger than 0.1.
Arrows indicate the wave propagation direction. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
Letter.)

2. The model

In our two-dimensional (2D) simulations we consider the fol-
lowing FitzHugh–Nagumo (FHN) system [23]:

∂v

∂t
= D∇2 v + f (v, w),

∂ w

∂t
= g(v, w), (1)

where all the variables are dimensionless. Here, v is an activator
(the action potential in the heart tissue), and w is an inhibitory

Fig. 3. The transient part of the flip–flop sequence. R = 100, a1 = 0.12, a2 = 0.152,
a3 = 0.24. All other parameters have the same values as those in Section 2. A single
plane wave impinges on the GS from the left (a); Its outer parts are cut by the
opaque walls and its shape curves inside the CR (b); Emerging from the CR, the
free edges rotate backwards (c), creating a spiral pair (d).

variable (refractivity). The functions f (v, w) and g(v, w) are given
by:

f (v, w) = v(v − a)(1 − v) − w, g(v, w) = ε(v − dw). (2)

The coefficients D , a, and ε are, respectively, the diffusion constant,
the excitability parameter, and the ratio between the fast and the
slow time constants (a small parameter). The constant d depends
on the application of the model. It defines the slope of the w null-
cline. An infinite d marks the Van-der-Pol system while a small
enough d leads to a case of three fixed points, two of which are
stable. We use the value d = 3, which keeps the system in the
excitable regime. We solve the FHN system in a 250 × 250 point
(x, y) plane grid using explicit finite-difference numerical method.
The typical discretization step values were �t = 0.25 in time and
�x = �y = 0.5 in space. Recalculation with smaller steps showed
the approximation error to be very small and the two sets of re-
sults were visually indistinguishable.

We solve the equation in excitable medium with different a
values (see below) and with Neumann boundary condition. Fig. 1
displays the GS used here: a circular region (CR), with radius R
and a = a2. Two walls externally adjoin the circle, and have a very
high value of a = a3, making them ‘opaque’ to waves. The en-
tire structure is embedded in a surrounding medium with a = a1,
where a1 < a2 � a3. The other parameter values are: D = 0.2,
ε = 0.005, d = 3. The CR constitutes a less excitable medium than
the surrounding medium; the wave velocity there will be smaller.
Consequently, the CR acts as a “convergent lens”, i.e. (see Fig. 2)
rays—lines orthogonal to the waves passing through it—converge
towards a focus.

Fig. 2 displays the passage of plane-waves through a medium
with a circular lens, but no adjoining walls [24] for a1 = 0.12, a2 =
0.16 and R = 100. Note the lens effect of the CR and the complete
connectivity of the waves. The ratio between the wave velocities



1764 Y. Biton et al. / Physics Letters A 373 (2009) 1762–1767

Fig. 4. The flip–flop type of spiral-pair source: A typical cycle. The arms of the spiral
pair created by the wave (see Fig. 3) rotate backwards, encounter the CR (a) and the
opaque walls (b) thus leaving behind two fragments, which are moving to the left
while curving in the CR (c). The fragments coalesce (d), and create a spiral pair (e),
which, while moving to the left, its arms rotate in the right direction, encountering
the opaque walls and the CR (f). New fragments are thus created in the other side
of the CR (g) returning to the initial structure (h).

outside and inside the CR is Va1/Va2 = 1.35. This lens effect was
theoretically obtained [24] and experimentally demonstrated [25]
in chemical reactions.

It is precisely in order to avoid connectivity, and allow wave
propagation only through the circular region, that the two walls
with a high a3 = 0.24 were added to the GS.

Fig. 5. A map of possible a2 values generating a flip–flop behavior for a1 = 0.12
(squares) and a1 = 0.10 (circles). The Area between the two lines denoted by
squares (by circles) is the region where a flip–flop can be created for a1 =
0.12(0.10).

3. Flip–flop induced spiral pairs

Figs. 3 and 4 describe the method to develop a periodic flip–
flop type of spiral pair source. For this process, we used: R = 100,
a1 = 0.12, a2 = 0.152 and a3 = 0.24. All other parameters have the
same values as those in Section 2. The sequence starts at t = 0
when a single plane wave is launched at x = −240. This wave prop-
agates to the right with a constant velocity, until reaching the left
edge of the CR. Inside the circular region the wave slows down
since this is a less excitable medium (a2 > a1), while outside it
reaches the opaque walls (Fig. 3a). The outer parts of the wave are
then cut off. Fig. 3b shows that the wave segments close to the free
tips are ahead of the median segment. This is due to the fact that
they have traveled a shorter distance inside the slow medium than
the latter. The free tips themselves start spiraling backwards before
crossing into the fast medium ([26,27] and see a discussion of the
function of the walls in the last section of this work). The entire
wave segment however remains connected (Fig. 3c). The wave then
gradually takes the form of a “digit 3” figure, and develops until
(Fig. 3d) its ends penetrate back into the slow CR region. This is
the end point in time of the transient sequence, when the basic
wave shape has formed. Call this the “flip” position. From here on,
one witnesses a periodic sequence, as explained below.

Fig. 4 exhibits a typical cycle of the periodic part, picked up
some 9300 time steps later, starting at a flip position, when the
digit 3 figure moves outwards (Fig. 4a) until its backwards spiraling
branches encounter the opaque walls. Partial annihilation occurs at
the contact, leaving three separate fragments: a median fragment
propagating outwards to the right, and two small fragments which
enter the CR, Fig. 4b. These small fragments expand, approach each
other and join together while propagating to the left (Fig. 4c), and
eventually form an “epsilon”-shaped wave segment (Fig. 4d). Next,
the free ends of the epsilon leave the CR, while spiraling back-
wards relative to the motion of the full segment (Fig. 4e)—the
“flop” position. Further on, the epsilon undergoes a similar process
of fragmentation as the digit 3, i.e. the median segment continues
its motion to the left, while the end segments penetrate back into
the CR (Fig. 4f). The next two Figs. 4g and 4h show the reconstruc-
tion of the initial digit 3: cycle completed. The period duration is
∼1860 time units.

The flip–flop phenomenon is highly dependent on the set of
chosen parameters, especially on the values of a and R . Fig. 5 dis-
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Fig. 6. Convergent lens source of spiral pairs. R = 100, a1 = 0.12, a2 = 0.155. A train
of six plane waves impinges on the GS from the left (a). The opaque walls cut the
outer parts (b). Spiral pairs appear on the right side (c, d). On encountering the
walls and the CR, fragments are created on the left side (e, f). Only the sixth wave
causes fragments strong enough to generate new spiral pairs (g, h).

plays a bifurcation map of possible (a2, R) values generating a flip–
flop behavior for a1 = 0.12 (squares), and a1 = 0.10 (circles). As can
be seen, there exists a minimal radius R ∼ 70 below which no flip–
flop generation is possible. Moreover, the range of a values pro-
ducing the phenomenon is quite limited: 0.1485 < a2 < 0.1545 for
a1 = 0.12, and 0.14566 < a2 < 0.1555 for a1 = 0.10. We checked
the stability of the flip–flop phenomenon by adding random noise
to the system. This was carried out by adding to the right side of
the first equation in Eq. (1) a term B · rand(t) · rand(x, y), where

Fig. 7. The ratio Rcr/W , where Rcr is the critical (minimal) radius of a circular hole
through which a plane wave can pass and W is the width of this wave, as a function
of a, and the ranges of a where the hole in the wall (HWD), flip–flop (FF) and the
convergent lens (CL) mechanisms occur.

rand is a random function between +1 and −1 and B is a mul-
tiplication constant. Changing B . It was seen that for a B value
of 0.01 or less the flip–flop was retained and only for larger values
of noise the configuration became distorted and eventually disap-
peared.

4. Convergent lens source of spiral pairs

The GS here is the same as shown in Fig. 1. For this process,
however, a different set of parameters is used: R = 100, a1 = 0.12,
a2 = 0.155 and a3 = 0.24. All other parameters have the same val-
ues as those in Section 2.

In order to create the source here, a single wave is insufficient.
The reason for that will presently become clear. For the chosen
set of parameters, six consecutive initiating waves, or more, are
needed. Fig. 6a describes a train of six right moving plane-waves
created at the left side of our domain (x = −240), with an inter-
wave time interval of 160 time units. As the waves pass through
the center of the lens, only the central parts continue to travel, while
the remainder is blocked by the walls (Fig. 6b). This behavior is
different from that shown in Figs. 2 and 3, in that the segments
shrink and loose contact with the CR perimeter. Note the effect of
the lens depicted in the monotonous decrease in segment lengths
as they pass through the CR. Similar to the behavior in Fig. 3, each
segment tip starts to bend backwards ultimately creating a spiral-
pair (SP) motion (Fig. 6c). All waves experience the same process.
However, due to the influence of the refractory regions in the wake
of the former waves, later ones get retarded and cannot proceed
as far from the CR as did the former waves. Therefore, while the
arms of the first SP to emerge from the CR reach the walls and are
annihilated, the next SP’s, spiral closer and closer to the CR and
succeed in injecting parts of their arms back into the latter. But
these parts are too far apart from each other and eventually dis-
appear (Figs. 6e, 6f). Note that at the time of Fig. 6e all six waves
have emerged from the CR. The arms of the 5th SP, although join-
ing together inside of the CR, are not curved enough to create a tip
that can become a new source. The arms of the 6th wave, how-



1766 Y. Biton et al. / Physics Letters A 373 (2009) 1762–1767
Fig. 8. A hole in the wall (HWD) with no lens for a = 0.12. No spiral pair is created (compare with Fig. 6).
ever, penetrate the CR, begin to rotate inside and join together just
outside the CR perimeter (50,0). At the point of contact, they an-
nihilate each other leaving only the tip of the wave (Figs. 6f, 6g).
The latter does become an independent source for generating new
waves (Fig. 6h). Thus, only the 6th wave, in this case, was able to
create a tip, “strong” enough [28] to become a spiral pair source.
This is the reason for the need, in this case, of several waves to
create the source. A similar source, obtained by a different method,
was discussed in Ref. [28].

Since the conditions for obtaining this effect are rather strin-
gent in a 7-dimensional parameter space, it is quite possible that
it is present in very small, isolated regions, making the mapping
hardly conceivable.

5. Discussion

Besides its theoretical interest, study of the GS effects can be
of importance for several applications. The possibility of a GS of
such a specific form is small. Nonetheless, its appearance in the
cardiac system can cause malfunctions severe enough to warrant
its analysis. Such an appearance can be due either to an elongated
blocking scar with a middle section of diminished excitability or to
a string-fibrosis tissue with a middle section of diffuse fibrosis [21]
which can lower excitability thus diminishing wave velocity there.

It should be noted that the two mechanisms for inducing spi-
ral pair sources presented here are unlike any previous ones. In
particular, we wish to show that they are hardly comparable to
the mechanism of “hole in the wall” detachment (HWD) method
[11–13]. The basic difference between the present model and the
HWD is that detachment from the walls is achieved in the present
model by the lens effect and it is therefore unnecessary to obtain
it through lowering the excitability as in the HWD case.

This is intuitively seen by considering the converging effect of
the lens which brings the tips of the segment away from the wall
edges, and can be quantitatively gleaned from Figs. 7 and 8. Fig. 7
shows the Rcr/W ratio of Cabo et al. [11,12]. Here Rcr is the min-
imal 1D hole radius (half of its aperture) through which a plane
wave can pass and W is the width of such a wave. Detachment
in the HWD case occurs [11,12], when this ratio has approximately
the value of 1 or higher, a situation which occurs when excitability
becomes low. Fig. 7 depicts the variation of Rcr/W with the value
of a1 of the FitzHugh–Nagumo system and the ranges where HWD,
flip–flop and the convergent lens mechanisms occur. It is clear that
both latter cases do not fall within the HWD range.

Furthermore, compare Fig. 8, depicting a situation in which
there exists a hole in the wall but no lens, with Fig. 6, both of
which figures are calculated for the same a1(= 0.12). In the for-
mer case no detachment is possible and no source is created while

a source is created in the case of Fig. 6 since a wave segment ap-
pears there by lens convergence.

The function of the walls is two-fold. On the one hand they cut
off the parts of the plane waves or any other wave parts imping-
ing on them and on the other hand they retard the tips of the
remaining segment so that they start to turn backwards, leading
to rotation and eventually spiraling. It was also checked that the
higher is the excitability constant a3 of the walls, the more will
the tips be retarded, reaching saturation at about a3 = 0.3.

6. Conclusion

The use of a geometric structure consisting of a convergent lens
surrounded by two “opaque” walls was shown to elicit two dif-
ferent sources of spiral pairs. Such a structure may arise in the
heart tissue due to a scar having two ‘opaque’ parts with a gap in
between of a lower excitability than the normal tissue or in fibro-
cystic heart tissue of an appropriate shape.
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