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Current versus driving

Driving ; Stochastic Motive Force ; Current

Regimes: LRT regime, Sinai regime, Saturation regime
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Master equation description of dynamics

Htotal = diag{En} − f(t)Vnm + F (t)Wnm +Bath

Quantum master equation for the reduced probability matrix:

dρ

dt
= −i[H0, ρ]− ε2

2
[V, [V, ρ]] +Wβρ

Corresponding stochastic rate equation:
dpn
dt

=
∑
m

wnmpm − wmnpn wnm = wεnm + wβnm

wεnm = wεmn ∝ ε2

wβnm

wβmn
= exp

[
−En−Em

TB

]
Steady state equation:

ρ̇ = Wρ = 0



The Stochastic Motive Force

If we had only a bath

wnm
wmn

= exp

[
−En−Em

TB

]
We define a ”field”

E(x) ≡ ln

[
wnm
wmn

]
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The ”potential” variation along a segment

E(x1 ; x2) =

x2∑
x=x1

E(x) =

∫ x2

x1

E(x)dx

E∩ ≡ maximum
{
|E(x1 ; x2)|

}
E	 ≡

∮
E(x)dx if no driving = 0



The emergence of Sinai regime

Sinai [1982]: Transport in a chain with random transition rates.

Assume transition rates are uncorrelated.

; exponential build up of a potential barrier E∩ ∝
√
N

; exponentially small current.

But... we have telescopic correlations: En,n+1 ∼ ∆n ≡ (En−En+1)

E	 ≈ −
∑
n

[
1

1 + gnε2

]
∆n

TB
∼ 1

TB


ε2, ε2 < 1/gmax

1/ε2, ε2 > 1/gmin

[±]
√
N∆, otherwise

Build up may occur if gn are from a log-wide distribution.
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“Sparsity” of weakly chaotic systems

Htotal = diag{En} − f(t)Vnm

R

Ly
Lx

not a Gaussian matrix...
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mean[|Vnm|2] ≈ (2π%)−1 C̃cl(En−Em)



Motivation for this line of study

Appendix + Chapter5 from the book of Joe Imry

Question:

How to go beyond linear response?

• Average value?

• Typical value?

Answer:

“Resistor network average”

G = π%2 〈〈|Vnm|2〉〉

Estimate:

“Effective range hopping”

Applications:

Heating of cold atoms due to vibrating walls

[beyond the “wall formula” of Swiatecki]

Mesoscopic conductance of EMF-driven rings

[beyond the “Drude formula”]

Low frequency absorption of metallic grains

[beyond Gorkov-Eliashberg]



Rate of heating

Htotal = {En} − f(t){Vnm}

gs ≡
〈〈|Vnm|2〉〉s
〈〈|Vnm|2〉〉a

f(t) = low freq noisy driving

; diffusion in energy space:

DSLRT = gsDLRT

; energy absorption:

Ė = (particles/energy)×D

DLRT = gc
4

3π

m2v3
E

L2
Lwall ḟ 2

[The “Wall Formula”]

Φ

DLRT = gc

( e
L

)2

vELfree Φ̇2

[The “Drude Formula”]



Some numerical results

Beyond the “Wall Formula”

[ Dependence on deformation U ]
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Beyond the “Drude Formula”

[ Dependence on disorder W ]
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RMT modeling, generalized VRH approx scheme

• finite bandwidth b

• log-normal distribution s

s = (median/mean)2

gs ≈
√
s exp

[
2

√
− ln
√
s ln(b)
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The energy absorption rate: the LRT to SLRT crossover

Htotal = diag{En} − f(t)Vnm + F (t)Wnm +Bath

Driving
System

Work (W)Heat (Q)

Bath
SB(ω) SA(ω)

En

Bath Driving

th
er

m
al

 b
at

h 

ε2 ≡ Driving intensity

TB ≡ Bath temperature

DLRT = wn

DSLRT =
h
1/wn

i−1

Expressions above assume

near-neighbor transitions only.



The generalized Fluctuation-Dissipation phenomenology

Htotal = diag{En} − f(t)Vnm + F (t)Wnm +Bath

Ẇ = rate of heating =
D(ε)

Tsystem

Q̇ = rate of cooling =
DB

TB
−

DB

Tsystem

Driving
System

Work (W)Heat (Q)

Bath
SB(ω) SA(ω)

Hence at the NESS:

Tsystem =

„
1 +

D(ε)

DB

«
TB

Q̇ = Ẇ =
1/TB

D−1
B +D(ε)−1

Experimental way to extract response:

D(ε) =
Q̇(ε)

Q̇(∞)− Q̇(ε)
DB

D(ε) exhibits LRT to SLRT crossover

SLRT requires resistor network calculation

DLRT = wn

DSLRT =
h
1/wn

i−1

Semi-linear response:

D[λw] = λD[w]

D[wa + wb] > D[wa] +D[wb]

Experimental implication:

D
h
λS̃(ω)

i
= λ D

h
S̃(ω)

i
but...



Beyond the Fluctuation-Dissipation phenomenology:

Topological term in EAR formula

Q̇ =
∑
n

[
wβ←−n pn − w

β−→n pn−1

]
∆n

≈
[
DB

TB
− DB

T (0)

]
+ TBE	 I

≈ DB

TB

[
(gnε2)− (gnε2)2 + Var(g)ε4

]
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The EAR is correlated with the current.



Why “sparsity” is interesting

• The energy absorption rate (EAR) requires a resistor network calculation.

• Semi-linear response characteristics, beyond LRT.

• Sparsity implies a novel NESS that has glassy nature.

• Novel quantum saturation effect.

• Current versus driving: emergence of a Sinai regime.

• Applications:

Heating rate of cold atom in billiards with vibrating walls [beyond Swiatecki]

Absorption of low frequency irradiation by metallic grains [beyond Gorkov-Eliashberg]

Conductance of mesoscopic EMF-driven ballistic rings [beyond Drude]

Radiation

grain
Metallic

Φ



Conclusions

(*) Wigner (∼ 1955): ”The perturbation is represented by a random matrix

whose elements are taken from a Gaussian distribution.” Not always...

1. “weak quantum chaos” =⇒ log-wide distribution, “sparsity” and “texture”

2. The heating ∼ a percolation process.

3. Resistors network calculation to get the response coefficient.

4. RMT modeling ; generalization of the VRH estimate.

5. Experimental fingerprint: semi-linear response characteristics.

6. SLRT applies if the driving is stronger then the background relaxation.

7. The stochastic NESS has glassy characteristics (wide distribution of microscopic temperatures).

8. Definition of effective NESS temperature, and extension of the F-D phenomenology.

9. For very strong driving - quantum saturation of the NESS temperature (T → T∞).

10. Topological aspects: The emergence of the Sinai regime.

11. Topological term in the formula for the heating rate.

12. Applications: beyond the “Drude formula” and beyond the “Wall formula”.
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