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Stabilize an inverted pendulum (¢ = 7):
@ Periodic driving (Kapitza) e — @
@ Noisy driving ‘ (L)

Stabilize condensate in BHH
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Bose-Hubbard dimer is like a pendulum

U . Ata | ata
H = 5 Z fii(f; — 1) — —(agal—i—alag)

i=1,2

N particles in a double well
is like spin j = N/2 system

H =UJ? — KJ,

J, = occupation difference

2

Analogous to Josephson junction
if the occupation difference < N/2

H(n,p) = Un? — NQ—KCOS(@)

n = occupation difference

1
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@ Condense all bosons upper orbital (7 state) ~ (aJ{ — ag)N |0) .



Stabilizing using noisy driving

@ Condense all bosons upper orbital K

(7 state) U
@ Stabilizing: noisy driving (QZE):

H = UJ2 — [K+Q)]J, 1

Dynamics near the 7-point o 0

@ Gaussian around hyperbolic point

e Equations of motion
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The model

@ Stochastic Differential Equation in 2D
@ 2-parameter® model: w, D

e Langevin equation (Stratonovich):

Tt = wr — Q)y
y = —wy + Qt)z
Q) =2D6(t —t')

@ z,y coordinates ~ major axes of the hyprebolic point

* scaling time: ¢ — wt. One parameter (w/D).
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The model

Langevin equation (Stratonovich):

T = wzr — Qt)y

y = —wy + Qt)x — e W - T —
Ny / - ’ x| \y

(QQ)) =2D6(t —t')

w generates a squeeze: x = xge’t, y = yoe W
log (1) ~ wt

€)(t) generates rotations
log () ~ const

Interplay between w and D
log(r) ~ Diffusive spreading (D,) with drift (w,)

r? = 22 + 42



Drift and Diffusion of log(r)

@ Initial condition 7
@ log(r) — Normally distributed
e log(r) — Drifts & diffuses
o i =wpt 0% = D,t
@ w, and D, - functions of w and D
P (log(r)) 7 =50.
o121 T =100.
o-10¢ T =150.
0.08 | T =200
0.06 | T =250
ooak 7 =500
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Main results: Drift (w,.) and Diffusion (D,.)
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@ Naive result: w,/w =w/4D and D,/w = w/8D

o wy = wX;~w[l—exp(—4%)]

o D, = - EVA X w0

n

X, = (cos(2ng))e = In(5%)/Io (35)
Ap = Cn(0) = 3 (Xnp1+ Xno1) = Xn X

w - Squeeze D - Rotation I, (z) - Modified Bessel

20
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log(r) ~ Normal: moments of r can be obtained (orange):

log(r") = pn +

Fails when diffusion is big
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e log(r) ~ N(0,02?)
e log <r2> =207
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@ Red line - analytical

e Green and Blue, sample mean: 102 and 10° samples
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Part II - Derivations
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Drift and Diffusion for the radial coordinates

In polar coordinates r, :

$» = —wsin(2p) + Q(t)

r = [wcos(2¢)] r

Q")) = 2Ds(t—t)
In (r) performs Brownian motion:

% In(r) = wcos(2¢p)

After transient time In(7) drifts (w,) and diffuses (D)

Need angular distribution p(¢p, t)
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Angular spreading

Langevin:
¢ = —wsin(2p) + Q1) Q) =2Ds(t —t')

Corresponding Fokker-Planck:

dp 0 d )
oa oo [<D8g0 —i—wsm(?gp)) p]

Steady state (“detailed balance™):
w
Y os(2 }
plp) o exp |55 cos(20)
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Drift and Diffusion for the radial coordinates

In (7) performs Brownian motion:

d
ZI(r(t)) = weos(2p)
Drift:
4 B _ L(w/2D)
wp = Jim 25 () = {weos(20))oe = 0oy
Diffusion:

1. d
D, = 3 tlggo aVar In(r)

D, = 000 [w? (cos(2¢) cos (2¢1)) o, — w?] dt
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Diffusion coefficient (sketch)

Reminder: D, = w? [ [(008(290) cos (2¢1)) oo — <cos(2g0)>go] dt
o Use FPE to obtain differential recursive equations involving the
integrand.
o Integrate to obtain non-homogenous recursive equation for D,..

@ Solve non-homogeneous equations
( Use homogeneous solution)

@ Obtain D,:
--25
Xn = (cos(ny)), = In(35)/Io (3%)

An = Cn(O) = %( n+1 +Xn 1) XnXI
w - Squeeze D - Rotation I, (z) - Modified Bessel
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(even) moments of r

e Find <r2> , <r4>
@ Use cartesian coordinates: x, y
@ Use FPE to obtain equation of motion for the the moments of x, y

Langevin equation (Stratonovich):
Z; = vj+ g; Q1) Q') =2Ds(t —t')

with v; = (wz, —wy) and g; = (—y, x).

Associated FPE:
dp 0 0
at = o [Ujp — 905~ (gz‘P)]

T

Moments equation (X = X (z;)):

d _ /09X (9,
i = (o, (v 50a))
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(even) moments of r

° X:.T2, 92, ry

o Equations of motion from FPE:

() - [ssmm el ()
o @y = —AD(xy)

e Initial isotropic distribution, (z*), = (y?), = r¢:

= 3 (1 i)
exp [2 ( w? + D*)V/? — D) t]
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Extra
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Diffusion coefficient - recursive equation

oo
D, = w2/ [(cos(2<p) cos (2¢¢)) o — (cos(ng))io] dt (Reminder)
0
Initial delta distribution po () = 6( — ¢0). Moments:

ealtivn) = (cosnen)y = (cos(2ne)), = [ cos2nee) plethpo)de
o
dt
Steady state X, = zn (c0)

Tn = —4Dn?z, + wn (Tn—1 — Tnt1) (FPE and integration by parts)

Cn(t) = (zn(t;po) cos(2¢0)) oo — XnX1 (Conditional probability)

C1(t) is the integrand
Chr (t) obeys the same recusrive equation as x,

o0
Cn = / Ch (t)dt (Obtain Recursive equation with D)
0
4Dn?% ¢, — wn (en—1 —cnt1) = Ap (co =coo =0)
Solve and obtain D, = w?cy
= (="
D, = — Z Ap Xnpw (In(x) — Modified Bessel)
n=1 n

w w 1
Xp=1In (ﬁ)/lo (E) An = Cn(0) = 5 (Xnp1 + Xno1) = XnXs
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Solving the recursive equation

Solve:
- WﬂLCn-&-l 4+ Ancn — W, eno1 = Ap (co =coo =0)
We have W,T = —wn W, =wn Ap = 4Dn?
First solve homogenous equation. Denote solution X, :
— W;’Xn_H +AnXn —W, Xn-1 =0 (X7, is steady state solution)
Otherwise use Ry, = X, /X, —1 to reduce to first-order

Rewrite using: ¢, = Xpcn
- W;Xn-&-lén-&-l + Aanén - W’;Xn—lén—l = An
— W Xna1(@na1 —én) + Wy X 1(én — En_1) = An (Use homogenous solution)

Reduce to first order equation:

— W;Xn+1&n+1 =+ W;Xn_lan = Ay, (an = Cn — 5nfl)
= % = Wit = A _
an = Ry [An + an+1] (Rn = ': Rn7 An = 7:_7 an = Xnan)
Wh, n
Solve a,, with ase = 0
Finally:
cn = Rncp_1+an (C() = 0)
~ ~ ~ ~ ~ R ~ ~
c=a1=RiA + RiRAs +.. = (-1)"X, (Ri-+ Rn = (—1)"Xn)
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