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Are 2D Ising spin glass domain walls
described by

a Stochastic Loewner Evolution?

Denis Bernard, PLD, Alan A. Middleton

cond-mat/0611433

Q: Can some property (interfaces)
of a system w. quenched disorder (ising spin glass)
be described using conformal invariance (SLE) ??

Pure 2d critical systems Conformal Invariance (CFT)

interfaces SLE

Christian Hagendorf



idea:ISG domains may exhibit Conf.Inv
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Conformal Invariance and SLE

in Two-Dimensional Ising Spin Glasses

We did several direct tests of SLE

cond-mat/0601711



Outline

• what is SLE ?

• 2d Ising spin glass DW 

• numerical evidence



Schramm 1999

Probability measure on set of curves in
upper half plane       such that:

• conformal invariant

• Markov property

Is

Greg Lawler,Ode Schramm,Wendelin Werner



conformal maps, conformal invariance

unit disk upper half-plane
Brownian Motion has a CI:

same exit proba



Outline SLE

• uniformizing maps

• Markov property:SLE

• Loewner equation

• Critical interfaces



uniformizing map (segment)

map from \ to



Riemann mapping theorem

unit disk

simply connected

open subset of fixed
3 real conditions

unique if



uniformizing map and growth

curve



Loewner equation

curve

driving function

t is capacity



Schramm Loewner Evolution

driving function
is Brownian Motion

resulting probability measure on curve is
non crossing

trace is simple 
curve no touching

trace touches itself
infinitely many
double points

space-filling



Critical interfaces

Critical Ising model



Critical interfaces

Critical Ising model

(Domain) Markov property



Conformal invariance

SLE



SLE and 2D critical models

duality: hull boundary of

isAlso O(n) and Potts model, ..



Probability trace passes left of point



can SLE describe other phenomena?

Surface quasi-geostrophic
turbulence

• 2D turbulence

inverse cascade

Bernard,Boffetta,
Celani,Falkovich,2006

nlin.cd/0609069

• systems with quenched disorder ?



2d Ising spin glass

i.i.d.

unit gaussian

T=0 for given J find ground state pair

T > 0 disordered

free

free

periodic

excitations size



Ground state and domain walls

bond satisfactions in G.S.

flip spins in a block of frontier

all closed loop

along a column

over all
top to bottom paths

study distribution (over J) of

DW is where bond satisf changed



numerics

two types of BC: free-free

localized-free

Find exact GS (map to matching problem) and DW

A. Middleton

Up to 720² 
or 1024*512

samples



compare with what?

chordal SLE

half-plane

annulus SLE

radial SLE

• chordal near origin

• dipolar when

• radial when

dipolar SLE

infinite strip

find SLE only free-free

For SGlass:

fixing endpoint is bad



SLE tests

• probability DW passes left of point (chordal SLE)

• winding around long cylinder (radial SLE)

• hitting probability of top (dipolar SLE)

• iterated slit maps – is driving funct Brownian Motion?

free-free BC:

fixed endpoint BC: tests 1,3,4 give

find consistent value all tests

Loop Erased RW absorbing BC:

Minimal spanning tree

reflecting BC: not Markov

not SLE

not conformal inv. (Wilson) fails test 2



probability of passage right

Chordal SLE

Schramm



winding around long cylinder

gaussian



endpoint distribution on a strip

location of endpoint
relative to start

prediction from dipolar SLE

Bauer,Bernard



endpoint distribution P(x) residuals



endpoint distribution for various aspect ratio



iterated slit map



iterated slit map



Dipolar maps

strip height



driving function

tests of Brownian motion



driving function



conclusion

• multiple tests of SLE suggest

AP/P domain walls in 2D Ising Spin Glass

are free-free BC

NOT for fixed endpoints

look for SLE in other 2d systems

• exact domain Markov property on lattice

surprising because:

arise in continuum limit ?

• no known conformal field theory

correlation of boundary changing operators ?

look at other geometrical observables, 
numerics in various domains





Markov property





independent of

implies conformal Markov property


