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Are 2D Ising spin glass domain walls
described by
a Stochastic Loewner Evolution?
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Pure 2d critical systems Conformal Invariance (CFT)

interfaces SLE

Q: Can some property (interfaces)
of a system w. quenched disorder (ising spin glass)
be described using conformal invariance (SLE) ??
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Conformal Invariance and SLE

in Two-Dimensional Ising Spin Glasses

We did several direct tests of SLE



Outline

e what is SLE ?

e 2d Ising spin glass DW

e humerical evidence



Schramm 1999

Probability measure on set of curves in
upper half plane JH such that:

e conformal invariant

e Markov property

Is SLE,{,

Greg Lawler,0Ode Schramm,Wendelin Werner



conformal maps, conformal invariance
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Outline SLE

e uniformizing maps
e Loewner equation

e Markov property:SLE

e Critical interfaces



uniformizing map (segment)

Z ia’ g > w — g(Z)
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oo o
O O
a >0
g(2) = /22 + a? g1 (w) = \Jw? — a2

map from JH\[O,a] to JH



Riemann mapping theorem

< qg w = g(2)
> unit disk
lw| < 1

simply connected unique if g(zp) = 0 "
/ : 3 real conditions
open subset of (l: Argg’'(zg) fixed
) 2 1—w
w = Zl—l—w

g

9(z) =2+ 0(3) z— <



uniformizing map and growth

Yt4-dt gt I
< Yt
— &t = gt(Vt)
dgy
0 gt4-dt l
curve V¢ > f.—|-dt
t

dge(z) = &+ \/(2 — &)% 4 4dt

gi+qr(z) = dgt(gt(2))

_ 2dt
= 9i(2) 9t(z)—&




Loewner equation

_ 2

Orgt(2) = gt(2)—&; curve v € H
gi—0(2) = 2 |

driving function & € IR

Yt
gt
Z —> .
&t = g9t(vt)
&0

gt(Z) ~z—o0 2 2; ..

t is capacity



Schramm Loewner Evolution

L 2 driving function
Orgr(2) = 9:(z)—¢&;  is Brownian Motion

(B(t)B(")) = o(t — )
gr=0(z) = 2 &t = VKB

resulting probability measure on curve ¢ is S L F
non crossing

?ﬁ A

4<K <8
trace is simple trace touches itself space-filling
curve no touching  infinitely many

double points df — 1 |

aY
/<.:<8 S



Critical interfaces

b Critical Ising model K = K,
— — t—+ ¢ Z = 3_5;=+1 XP(K > <ij> 5iS;)

& +
0 T Pp(vap) = ZDZ(E;“’”)




Critical interfaces
Critical Ising model K = K,

- b+ 4 n Z =3 g,=+1XP(K X ij> SiS;)
()7 Z
_I_ —_—
10 ¢ - Pp(vap) = Dz('};“”)

PD(’Ya,bh/CLC)
— PD—fyac(’ch)

(Domain) Markov property




Conformal invariance

h(b) = b

EPLEY

h(c) = a

Pp(Yeplvac) = PD—WQC(’ch)
— Ph(D—fyac)(h(’ch))
= Pp(h(vep)) —— SLE



SLE and 2D

critical models

Lattice model K ¢ | ds(k)
Loop-erased random walk 2 —2 h/4
Self-avoiding random walk 8/3 0 4/3
Ising model

spin cluster boundaries 3 /21 11/8
Dimer tilings 4 1 3/2
Harmonic explorer 4 1 3/2
Level lines of Gaussian field 4 1 3/2
Ising model

FK cluster boundaries 16/311/2 5/3
Percolation cluster boundaries 6 0 7/4
Uniform spanning trees 8 —2 2

L (k—4)2
c=1-3 5

k' = 16/k

CH}, — Cgk

duality: hull boundary 9K; of SLE,
Also O(n) and Potts model, ..

IS SLE,{/



Probability trace passes left of point
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can SLE describe other phenomena?

e 2D turbulence
inverse cascade
Bernard,Boffetta,
Celani,Falkovich,2006
Surface quasi-geostrophic

turbulence

nlin.cd/0609069 Kk —= 4

e systems with quenched disorder ?
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FIG. 3: A portion of a candidate SLE trace obtained from the vorticity field. The red curve is a

zero-vorticity line in the upper half-plane. The dashed blue line is the "outer boundary” of the

red curve, ie.

the boundary of the region that can be reached from infinity without getting closer

than Ly to the red curve. The green dots mark the necks of large fjords and peninsulae.



2d Ising spin glass

H — _Z<7)j> sz,jS’z,Sj Jis i.i.d.
S = +1 P(—J) = P(J) unit gaussian

T > 0 disordered

T=0 for given ] find ground state pair o« ;=57
B Si=-57

free

excitations size [ _ _
AE ~ ]9 %periodic
0 <0 :

free



Ground state and domain walls

F;y = J;;5757 bond satisfactions in G.S. @
flip spins in a block of frontier 7y @

AE =2 ic~ FO > O all closed loop ~y

= i =
o o = o along a column
— O
Eantiper — Eper = Miny 2 Z'Lj@y Fg over all 7y

study distribution (over J) of Yopt top to bottom paths

DW is where bond satisf changed



numerics

Find exact GS (map to matching
t ~ N2 A. Middleton

problem) and DW

Up to 7202
or 1024*512

> 104 samples

two types of BC: free-free
localized-free
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Epw ~ LY 6= -0.28(1) -

v ~ L% dy = 1.28(1)



compare with what?

O O ©

annulus SLE

chordal SLE dlpolar SLE ~adial SLE
half-plane infinite strip _
b C
S 1)
a a ;
%4
e chordal near origin For SGlass:
e dipolar when W > L find SLE only free-free

e radial when L > W fixing endpoint is bad



SLE tests
e probability DW passes left of point (chordal SLE)

e winding around long cylinder (radial SLE)

¢ hitting probability of top (dipolar SLE)

¢ jterated slit maps - is driving funct Brownian Motion?
kK =38(dy —1) =2.24(8) dy = 1.28(1)
free-free BC: find consistent value all tests k — 2.32(8)

fixed endpoint BC: tests 1,3,4 give k ~ 2.8

» Loop Erased RW df — 1.25 absorbing BC: SLEH;:Q

reflecting BC: not Markov
not SLE

> Minimal spanning tree
dr = 1.2 17(3) not conformal inv. (Wilson) fails test 2



P(0)-P,(0)

probability of passage right
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winding around long cylinder

2 — K

2L  gaussian

p = 68.0175
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: I e
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Tl */ — Fitwith k=2.32(2)
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Figure 2: Winding probahilities w,, for different large p as a function of the winding number n. The continuous
curves are the predictions from the Gaussian model (a guideline for the eyes) with x = 2.32,



endpoint distribution on a strip

location of endpoint prediction from dipolar SLE

relative to start
Bauer,Bernard

P(x) = A(cosh( ))“

prx* Eor p * D.6B




2

Residual from kappa

endpoint distribution P(x) residuals
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endpoint distribution for various aspect ratio

<}{2>c

e
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I
log p
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Figure 1: Log-log-plot for the second cumulant (x%), = (%) — (x)? as a function of the modulus p. The

straight 1-_.11.:1-_ ].111{35 correspond to the predictions f1-:_1111 dipolar and radial SLE with » — 2.32 for small and
large p respectively.
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iterated slit map




iterated slit map
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Dipolar maps
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Wide sample, domain wall in 2D ISG: (g L ( ) "Et)
Sequence of dipolar

transformations. Yo
L554 strip height 7/2
'r‘.‘m{E:. {
G 5N
/i:??’% &
: 3
;J/ I;Z K
57
ﬁ-‘}uﬁ:} ,.rgh { {’:
;’".."L.H‘gf e 3 oo — s a
£ &, ;3 —— t= 405.2 (100 steps)
Ko ST — t=1609.0 (200 steps)
;‘Mﬁ:{ L _,J"--J‘L--’r'd 5;’ —— 1t=3566.5 (300 steps)
o L H;.P § —— t=7239.4 (500 steps)
s B §
hE‘-\ Y ) "E. "‘?




400
200
& o
-200
400

driving function

tests of Brownian

- M -
B ' lk‘.l r'J k\ﬂ
\ In'rlqurr V w .III.I i
= I.Fi' o J"’" A i _
K'Wh \’wt o VY 'u'l 7N
E|b~ | I f A
V l_".._,-"v\l fl
A A
- | l"'.k_/) II ]
|
0 5{];{][} let05
motion



Figure 2: Plot of an effective diffusion constant k.g =
. . . £2(2t) — £2(t)/t, for W > 4L. Lines indicate k = 2.24, 2.32,
d FlVI n g fu n Ctl O n 2.40, 2.85, and 3.00. The range 2.24 < k < 2.40 fits the data
for curves with F-AP BCs, while 2.85 < & < 3.00 describes
the diffusion measured from a constrained domain wall end.
Inset: Part of a sample conversion of a domain wall in the
2D Ising spin glass to a sequence £(¢;), 1 = 1...5. The left
curve is the initial domain wall with £(0) = 0, while the red
[lighter| curve is the remainder after 500 applications of the
dipolar map, giving £(fs00 &= 7239.4) == 101.5.

I [ Yy Iy ]

1=256, from constrained end
v [=128, from constrained end
+ [=128, floating BCs ]
m [=64, floating BCs —
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conclusion

e multiple tests of SLE suggest
AP/P domain walls in 2D Ising Spin Glass

are SLFE, xk=232(8) [free-free BC

NOT for fixed endpoints
surprising because:

e exact domain Markov property on lattice Pp(Yap|vac)
= Pp_
arise in continuum limit ? D—ac(Yeb)
e no known conformal field theory

correlation of boundary changing operators ?

look at other geometrical observables,
numerics in various domains

look for SLE in other 2d systems






Markov property

A-LERW, |y,|=6, [v,|=1
A-LERW, |y,|=6, |y,=4 .
R-LERW, |y, |=6, |y,/=1 /I"
R-LERW, [y,/=6, |y,/=4
2D ISG, [y,|=6. [v,=1
2D ISG, |y,[=6, |1,/=4
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Figure 3: Plot of (), cumulative probability of ranked val-
ues for r(7y1,72), as defined in the text. Large deviations from
r = 1, as clearly seen for R-LERW, indicate a failure of the
domain Markov property.
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Yi4-dt

Yt fs — ft independent of St’
s>t t' <t
§s — &t 1= &t—s

O
implies conformal Markov property



