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Abstract

Small superconducting grains are discussed in the frameworks of both the reduced BCS Hamiltonian and the Universal Hamiltonian.
It is shown that fluctuations of electrons in levels far from the Fermi energy dominate superconducting properties in small and ultrasmall
grains. Experimental consequences related to the spin susceptibility and persistent currents of grains and rings with weak electron–elec-
tron interactions are discussed.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The paradigmatic framework in the study of supercon-
ducting fluctuations in small grains [1] is the reduced
BCS Hamiltonian

Ĥ ¼
X

j;r¼�
jcyjrcjr � kd

X

i;j

cyiþcyi�cj�cjþ: ð1Þ

Here k is the dimensionless interaction constant, d is the
mean level spacing, and the indices i, j correspond to dou-
bly degenerate time reversed states of energy
EF � xD < � < EF + xD.

While the mean field (BCS) [2] solution of this Hamilto-
nian was extremely powerful in explaining the properties of
bulk superconductors, grains of finite size pose additional
challenges. In such grains the number of electrons is fixed,
their size may be smaller than the coherence length n and
the magnetic penetration depth, and zero resistance is not
achievable. Still, already in 1959 Anderson postulated that
superconducting grains maintain superconducting proper-
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ties for sizes much smaller than n, down to the size in which
the single electron level spacing d equals the bulk energy
gap D (the ‘‘Anderson size’’ [3]). For clean grains this size
is of order n1=3k2=3

F � n.
Much of the recent theoretical interest in the study of

small superconducting grains (see Ref. [1] and references
therein) was initiated by the experimental work of Ralph
et al. [4], who found a parity dependent gap in the excita-
tion spectrum of single ‘‘small’’ Al grains (with d < D),
but not for ‘‘ultrasmall’’ grains having d > D. More
recently, it was also found that the Meissner effect sharply
disappears at grain sizes consistent with the Anderson size
[5–7].

While superconducting characteristics reminiscent of
bulk properties indeed vanish at the Anderson size, signa-
tures of pairing correlations persist to smaller sizes. These
signatures are a result of superconducting fluctuations of
electrons at energies larger than the gap energy, up to the
cutoff energy given by xD. For example, the spin suscepti-
bility of ultrasmall superconducting grains is predicted to
exhibit a re-entrant behavior both as a function of temper-
ature [8] and as a function of magnetic field [9,10], with a
long tail, persisting up to the temperature/magnetic field
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equivalent of xD. The superconducting fluctuations of
electrons further than D from the Fermi energy EF affect
significantly also grains in an intermediate regime, where
D2/xD < d < D. In particular, in this regime the energy gain
of the system by the attractive interaction is much larger
than that given by the mean field treatment of BCS [9], with
the same being true for the pairing parameter [11]. More-
over, it was shown that these far level fluctuations affect
differently single particle and collective properties, and
therefore one has to define correspondingly two different
pairing parameters [11] when discussing small supercon-
ducting grains.

While the above properties, and specifically their depen-
dence on the high energy cutoff, stem from the exact solu-
tion of the reduced BCS Hamiltonian [12,13], the question
to their relevance to real superconducting grains may arise
[14]. This question is of particular relevance since specific
predictions for the experimental consequences of the fluctu-
ations of the far levels (e.g. the long tail of the spin suscep-
tibility discussed above) are made. Here we discuss the
significance of the superconducting fluctuations of the far
levels by considering both the reduced BCS model and
the model of the Universal Hamiltonian [15]. While the
reduced BCS Hamiltonian is an effective Hamiltonian
whose validity in describing high energy properties may
be questioned, the Universal Hamiltonian was shown,
using renormalization group approach, to control the low
energy physics of metallic grains with weak interactions
and large dimensionless conductance [16,17]. We thus
establish the significance of the superconducting fluctua-
tions of the far levels up to the high energy cutoff of the
Universal Hamiltonian given by the Thouless energy ETh.
We then discuss the significance of the Debye energy in
general, and for the problem of persistent currents in
particular.
2. Reduced BCS Hamiltonian and Universal Hamiltonian –

exact solution

The reduced BCS Hamiltonian (1), with finite number of
electrons, was solved exactly by Richardson [12,13]. The
structure of the solution takes advantage of the fact that
the interaction scatters only pairs and not single electrons.
Thus, the solution is obtained separately for subspaces of
the Hilbert space defined by the identity of the singly occu-
pied levels. The singly occupied levels are neglected at first,
the problem of N pairs in M states is solved, and the singly
occupied levels are then trivially added to the solution (see
Refs. [12,13] as well as Ref. [18] for details).

While the reduced BCS Hamiltonian is motivated by the
specific phonon-mediated attractive electron–electron
interaction, it was recently shown that any metallic grains
with large dimensionless conductance g � ETh/d, weak
interactions, and negligible spin–orbit interaction, can be
described by the Universal Hamiltonian [15], which
includes only three interaction parameters
H ¼
X

n;r

�ncyn;rcn;r þ EcN̂ 2 þ J cT̂ yT̂ þ J sŜ2: ð2Þ

Here N̂ ¼
P

n;rcyn;rcn;r is the number operator, ~̂S ¼
1
2

P
n;r;r0c

y
n;r~rr;r0cn;r0 is the total spin operator, and

T̂ ¼
P

ncn;�cn;þ is the pair annihilation operator. The index
n spans a shell of doubly degenerate time reversed states of
energy EF � ETh < �n < EF + ETh. Ec is the charging energy
and Jc(s) = kc(s)d, where kc and ks are the dimensionless
interaction parameters in the Cooper channel and in the
spin channel respectively.

Interestingly, for isolated grains the solution of the Uni-
versal Hamiltonian is given by Richardson’s solution for
the reduced BCS Hamiltonian. First, the Coulomb term
can be neglected, since the number of electrons in the iso-
lated grain remains constant. Then, other than a different
cutoff energy (ETh compared to xD), one remains with
the reduced BCS Hamiltonian with the additional
exchange term. The latter commutes with the rest of the
Hamiltonian. Moreover, the pairing interaction involves
solely the paired levels, while the spin interaction involves
solely the singly occupied levels. One can then obtain the
solution for the Universal Hamiltonian by following the
steps in Richardson’s solution of the reduced BCS Hamil-
tonian, with the additional consideration of the spin term
for the singly occupied levels.
3. Large contribution of the far levels

Considering the reduced BCS Hamiltonian (1) and using
Richardson’s exact solution, the condensation energy of
small metallic grains was calculated as a function of the
coupling constant k [9]. The condensation energy was
defined as the difference between the energy of the Fermi
state and the real ground state of the system, i.e.

EcondðkÞ � EF:g:sðkÞ � Eg:s:ðkÞ: ð3Þ

For bulk superconductors this energy is given by D2/(2d), is
extensive, and is a non-analytic function of k. For finite size
grains it was found that the condensation energy is analytic
at k = 0, and is very well estimated by Econd ’ D2/
(2d) + ln2k2xD. The first term gives the contribution of
the levels within D of EF and the second, perturbative term,
is the contribution of the far levels. Interestingly, due to un-
ique analytical properties of the condensation energy, the
perturbative term expresses the contribution of the far lev-
els not only within the regime of validity of perturbation
theory (k < 1/lnN, or d > D), but also in the regime where
d < D [9]. An immediate outcome of this result is that for a
large intermediate regime, D2/xD < d < D, the condensa-
tion energy is much larger than that given by the BCS term.
Note that the perturbative term is intensive, and therefore
negligible as the size of the grain becomes large.

Similarly, the contribution of the far levels is found to be
significant when considering generalizations of the bulk
order parameter that are suitable for finite size grains [11]
(see also Ref. [1] and references therein). For all standard
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definitions of the order parameter, the far level contribu-
tion results in a term linear in xD, with the order parameter
being much larger than its mean field value in the interme-
diate regime defined above (see Ref. [11] for details). Thus,
in contrast to the common belief that the order parameter
turns from being extensive to being intensive at the Ander-
son size (d � D), it actually becomes intensive already at a
much larger size, i.e. when d � D2/xD. Furthermore, the
significant contribution of the far levels separates collective
properties of the superconductor, such as the condensation
energy, from single particle properties such as the energy
gap for single particle excitations. While in bulk supercon-
ductors both energies are related to the bulk order
parameter D, for small grains one has to define two differ-
ent order parameters to describe collective and single par-
ticle properties [11]. While the cutoff energy affects the
former linearly, it affects single particle properties only
logarithmically.

Interestingly, using the similarity of the reduced BCS and
the Universal Hamiltonians, and their exact solution, the
results discussed above for the reduced BCS Hamiltonian
are immediately applicable to the Universal Hamiltonian,
with the only change being substitution of the cutoff from
xD to ETh. Thus, as long as the grains obey the conditions
of applicability of the Universal Hamiltonian described
above, one obtains the intermediate regime, defined now
by D2/ETh < d < D, in which, e.g. the condensation energy
is much larger than the mean field BCS value, and therefore
intrinsic. The predictions of re-entrant spin susceptibility as
a function of temperature [8] and magnetic field [9,10],
which result from the pairing correlations of the far levels,
can also be made on the basis of the validity of the Univer-
sal Hamiltonian. Importantly, all the above characteristics
do not depend on the interaction being constant up to the
upper cutoff, nor do they depend on the existence of a sharp
cutoff. It is sufficient that one can bound the interaction
from below by c1kc within a window of c2ETh from EF,
where c1, c2 are constants of order unity. Thus, based on
the validity of the Universal Hamiltonian one can argue
for the applicability of the above results for the condensa-
tion energy and spin susceptibility for real physical systems.
Note that, within the regime of applicability of the Univer-
sal Hamiltonian, one can uniquely relate the excess spin sus-
ceptibility as a function of the magnetic field to the existence
of pairing correlations, as the exchange term cannot
account for such behavior. Furthermore, by examining
the behavior of the spin susceptibility of an ensemble of
small metallic grains, the interaction parameters of the Uni-
versal Hamiltonian can be determined [10]. Another conse-
quence of the above analysis is that the interesting question
of whether the noble metals have a weak attractive interac-
tion and therefore are superconductors albeit with a very
low Tc can be addressed as well, in small grains and by
extrapolation in bulk. This is since, unlike Tc, which is expo-
nentially small in kc, the excess spin susceptibility as a func-
tion of the magnetic field is quadratic in kc and therefore
detectable for small kc.
4. Persistent currents and the significance of xD

In the discussion above it is argued that the interesting
physics related to the pairing correlations of the far levels
is independent from the validity of the reduced BCS model
in describing the properties of small grains at energies of the
order of xD. Still, the energy scale of xD is a physical energy
scale, related to the retardation of the phonon-mediated
interaction. Especially since a constant interaction and a
sharp cutoff at xD are not necessary for the applicability
of the above results (as was mentioned for the Universal
Hamiltonian), it is plausible that indeed the energy scale
of xD dictates the magnitude of the condensation energy
of small grains, the boundary of the intermediate regime
and the extent of the tail in the excess spin susceptibility.

However, in relation to persistent currents, a rigorous
understanding of the interaction is even more crucial. Since
the persistent current in a normal metal ring is given by the
derivative of the energy with respect to the flux, it is plausi-
ble that for metals with weak attractive interaction the large
contribution of the far levels to the condensation energy will
affect the persistent current and will result, within the
reduced BCS model, in a large persistent current related
to the energy scale of xD. Indeed, in Ref. [19] it was shown
that the value of the derivative of the persistent current at
zero flux is much larger within the reduced BCS model in
comparison to the value obtained within the standard the-
ory of momentum independent interaction [20]. Here, how-
ever, the difference in magnitude of the persistent current is
related to the high energy cutoff being xD rather than ETh,
and is thus crucially related to the specifics of the model
considered and to the exact form of the interaction. In par-
ticular, the BCS interaction assumes that only time reversed
states interact, i.e. that the total incoming momentum of the
scattered electrons q must be zero. While this is a simplified
form of the momentum dependence of the interaction, the
subsequent result of the much larger magnetic response
[19] in comparison to the value obtained within the momen-
tum independent picture points to the importance of taking
correctly the dependence of the interaction on q, especially
since a significant q dependence of the attractive interaction
is motivated by the retardation of the phonon-mediated
interaction [19,21]. We believe that a rigorous understand-
ing of the form of the interaction, and in particular its q

dependence, could lead to a better understanding of the
long standing question regarding the value of the ensemble
averaged persistent current in small metallic rings.

Acknowledgements

This work was supported by NSERC of Canada and
PITP.
References

[1] J. von Delft, D.C. Ralph, Phys. Rep. 345 (2001) 61.
[2] J. Bardeen, L.N. Cooper, J.R. Schrieffer, Phys. Rev. 108 (1957) 1175.



M. Schechter / Physica C 468 (2008) 350–353 353
[3] P.W. Anderson, J. Phys. Chem. Solids 11 (1959) 26.
[4] C.T. Black, D.C. Ralph, M. Tinkham, Phys. Rev. Lett. 76 (1996) 688;

D.C. Ralph, C.T. Black, M. Tinkham, Phys. Rev. Lett. 78 (1997)
4087.

[5] S. Reich, G. Leitus, R. Popovitz-Biro, M. Schechter, Phys. Rev. Lett.
91 (2003) 147001.

[6] W.H. Li, C.C. Yang, F.C. Tsao, K.C. Lee, Phys. Rev. B 68 (2003)
184507.

[7] S. Bose, P. Raychaudhuri, R. Banerjee, P. Vasa, P. Ayyub, Phys. Rev.
Lett. 95 (2005) 147003.

[8] A. DiLorenzo, R. Fazio, F.W.J. Hekking, G. Falci, A. Mastellone, G.
Giaquinta, Phys. Rev. Lett. 84 (2000) 550.

[9] M. Schechter, Y. Imry, Y. Levinson, J. von Delft, Phys. Rev. B 63
(2001) 214518.

[10] M. Schechter, Phys. Rev. B 70 (2004) 024521.
[11] M. Schechter, J. von Delft, Y. Imry, Y. Levinson, Phys. Rev. B 67

(2001) 064506.
[12] R.W. Richardson, Phys. Lett. 3 (1963) 277.
[13] R.W. Richardson, N. Sherman, Nucl. Phys. 52 (1964)

221.
[14] E.A. Yuzbashyan, A.A. Baytin, B.L. Altshuler, Phys. Rev. B 71

(2005) 094505.
[15] I.L. Kurland, I.L. Aleiner, B.L. Altshuler, Phys. Rev. B 62 (2000)

14886.
[16] G. Murthy, H. Mathur, Phys. Rev. Lett. 89 (2002) 126804.
[17] G. Murthy, R. Shankar, Phys. Rev. Lett. 90 (2003) 066801.
[18] J. von Delft, F. Braun, in: I.O. Kulik, R. Ellialtioglu (Eds.), Quantum

Mesoscopic Phenomena and Mesoscopic Devices in Microelectronics,
Kluwer, Dordrecht, 2000.

[19] M. Schechter, Y. Oreg, Y. Imry, Y. Levinson, Phys. Rev. Lett. 90
(2003) 026805.

[20] V. Ambegaokar, U. Eckern, Europhys. Lett. 13 (1990) 733.
[21] M. Schechter, Y. Oreg, Y. Imry, Y. Levinson, Phys. Rev. Lett. 93

(2004) 209702.


	Superconducting fluctuations in small grains - The Universal Hamiltonian and the reduced BCS model
	Introduction
	Reduced BCS Hamiltonian and Universal Hamiltonian - exact solution
	Large contribution of the far levels
	Persistent currents and the significance of  omega D
	Acknowledgements
	References


