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Spin magnetization of small metallic grains
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Small metallic grains which satisfy the conditions of the universal Hamiltonian are considered. It is shown
that for such grains the effects of the interactions in the spin channel and in the Cooper channel on their spin
magnetization are well separated, thus allowing the determination of the interaction parameters within this
model. In particular, the existence of pairing correlations in small grains and the sign of the interaction in the
Cooper channel can be uniquely determined.
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l. INTRODUCTION currents>1° which depend linearly on the interaction. Fur-

In general, the problem of disorder and interaction in eIeC__thermore, the magnitude of the effective attractive interaction

tron systems is a very difficult one. However, it was :cn thetf]e metals Tay b% size (;jepeQd;ent, as can be inferred
showrl—* that for small diffusive metallic grains with large drorrtll € aptpa.relgljzzle epﬁn lencglgtn many ﬁ.u;r)]e.rcon-t
dimensional conductancg=Eq,/d the problem simplifies er:C mgtmat\)ena ' n pgr |c,;u ar, ba”'(mfjm’ which 1S no "
considerably. Hered is the mean level spacing angh, own 1o be a superconductor in bulk form, was recently
=#D/L2 is the Thouless energy which is the inverse time toreported to be superconducting at very low temperatures in

5
diffuse across the graiD is the diffusion constant and is granular form:

the grain’s size. The low energy physics of such small grain%ul\ll(v mlztetEZIsdgearrzli?rTg:ﬁ? tgékthi? vsggcatlll\r/:a(ljmerfccglor?izg] d
is described to leading order in d/by the “universal ' y 9

Hamiltonian,” in which only the diagonal matrix elements that weak pairing qorr(illeétlons can be detected in small “su-
. . o perconducting” grain&®-18In these works it was shown that
of the interaction survive: . o : : .
the existence of weak pairing correlations will result in mea-
{u/d . R o surable effects in the spin susceptibitty’ and specific
H=20 2 6Ch ,Cno + ENZ+ I TIT+ IS () heat® of the grains. All these works considered the reduced
=l o BCS Hamiltonian, in which only the pairing interaction ex-

The indexn spans a shell ofd/d doubly degenerate time ists. However, in a real system other interactions exist, and in
S Qids At . order to experimentally determine the existence of pairing
reversed states of energy, N=X, 21> C, C, , iS the number : _
S w0/ ; oo, i correlations one has to show that the measured effect is
operator,S=352,-1%,,/Cp s, Cno IS the total spin opera- yniquely caused by the pairing interaction itself.
tor, andT:Ef]’:"l’cn,_cm is the pair annihilation operatdg, is Small disordered metallic grains wittp>1 and not too
the charging energy anijs=\qd, where\, and\q are the  strong interactior?s® are favorable from this point of view, as
dimensionless interaction parameters in the Cooper chann#ey satisfy the validity conditions of the universal Hamil-
and in the spin channel, respectivefy.is of the order of tonian model, and therefore the constraints this model dic-
Eqn, and we take)/d=2g. Recently, a similar problem of a tates on the interaction terms. In this paper we calculate the
ballistic grain with chaotic boundary conditions was ad-ensemble averaged differential spin susceptibjifyat T=0
dressed using renormalization group approach, and it wagf such isolated grains, and show that the effects of the dif-
showr?8 that for weak interactions the low energy physics isferent interaction terms are well separated, thus allowing an
indeed controlled by the universal Hamiltonian. unequivocal determination of the existence of pairing corre-
This relatively simple description of the low energy phys-lations in such grains, and furthermore, a determination of
ics of diffusive metallic grains provides the opportunity to the sign and magnitude of the effective interaction constants
consider theoretically, and eventually experimentally, probas they appear in the universal Hamiltonian. Actually, we
lems which in bulk systems are much harder to attack. Onéonsider the determination af andA only. Since the grains
interesting problem is the question of whether metals such a&re isolated, the charging eneryis not relevant, and could
gold, copper, and silver are superconducting or not at verye determined by complementary tunneling experiments. We
low temperature$,i.e., if their effective interaction in the consider the regime ofi.|,[\s| <1. Note, that forA;<0
Cooper channel is attractive or repulsive. While all thesgwo regimes exist, the perturbative regime and the supercon-
metals are not found to be superconducting down to curducting regime, for whict| >1/In[Ey,/d].1” We first con-
rently accessible temperatures, it may well be that their efsider the former, and then the latter regime.
fective electron-electron interaction is attractive but small.
.SinceTC' depe_nds exponentially on the interaction, such weak Il. THE PERTURBATIVE REGIME
interaction will lead to unmeasurable. However, small ef-
fective attractive interaction in such metals would affect Using the universal Hamiltonian, we assume that the spin-
other properties, like the proximity efféct and persistent orbit interaction is small and neglect4itThis assumption

0163-1829/2004/7@)/0245214)/$22.50 70024521-1 ©2004 The American Physical Society



M. SCHECHTER PHYSICAL REVIEW B70, 024521(2004)

should be verified when comparing our results with experi- B k

ments, keeping in mind the specifics of spin-orbit interaction Egcs= >, €+ > E,, (5)

in small grains(see e.g., Refs. 19 and R0rhroughout the i v=1

paper we will be interested in the ensemble averaged differy 4 the many-body wave function is also given in terms of
enti_al spin susceptibility at magnefcic_fielH@ d/ug. Inthis o energy parameter&,} which solve the equation).
regime we can neglect !evel statistics and assume that tr§”|nce the electrons participating in the pairing interaction
energy Ievel_s in the grains are equally spaced. leferenceﬁave zero total spin, including the spin term and the Zeeman
between grains with Odd. ”“mber gnd even number of el.ect'erm does not change Richardson’s equations, energy param-
trons can be neglected in this regime as well, and for S'Maters, and orbital wave function. The spin and Zeeman terms

plicity we consider grains with even number of electrons.dO change the enerav of the svstem. for a qiv E
For detailed considerations regarding the neglect of level sta-, d|(|+% and Ez:—%yMBH rESp)E/:ctiveI,y giveoy E;
S 1] .

t!st|cs and even-odd effects see Sec. III. of Ref. 17. In par- The total energy can therefore be written as
ticular, ensembles of the order of ®@rains or larger are

required for the shift in the magnetizatigsee belowto be B k
larger than the fluctuations due to level statistics. We also E() :2 g+ E,+ JdI(1+1) - 2l pugH, (6)
neglect orbital magnetization. This can be achieved in pan- ] v=l

cake shaped grainsee e.g., Ref. 21when the field is ap-  or, in accordance with Eq3),
plied in the direction of the thin part. Practically, orbital mag-

netization cannot be completely avoided, but its relative
magnitude can be experimentally determined by changing

k
E()=Ep+12d+ >, 8E, + \JI( +1) - 2lugH,  (7)

the direction of the applied magnetic field. t
The spin magnetization of a grain is given by wheredE, =E,-2¢,. Therefore E ;=\ dI(I+1) +E,y, where
k
M= n,-n.), 2 _
el =) @ Epar= 3 OE, ®)
v=1

wheren, andn_ are the number of electrons with spin par-

allel and antiparallel to the magnetic field, respectively. Weis the energy due to the interaction in the Cooper channel,
definel as the number of flipped spins, such thgt-n_ and the problem reduces to findirg,(l). In Ref. 17 this
=2l. It can be shown that among all states witlflipped  was done to second order in the interactiogn Here we use
spins, the one that has the lowest energy hassadites above  Richardson’s exact solution for the determinatiorEgf(1).

Er and| states belovE singly occupied by electrons with This formalism allows a rigorous inclusion of the spin term.
spin parallel to the magnetic field. The numibéhat is real- |t also allows the possibility to give a general expression for
ized at a given magnetic field is the one minimizing the tOtaIEpair(I)a and then obtain the result to second ordexiras an

energy of the grain: expansion of the exact result.
| | Manipulating Eq.(4) one obtain¥’
E(1) = Eg + Eyjn + Ejny = 2 ugH. (3 d
C
HereE, is the energy of the noninteracting Fermi statéth Y1 +\ea, 9
=0, no singly occupied single particle stateELm:IZd is
the kinetic energy cost of flippint pairs, E. , is the energy ~Where
due to the interaction, and H23H is the Zeeman energy. In u 1 k >
order to calculate Ej, we use Richardson’s exact a,= d(E - > ) (10)
solution?223 Although this solution was derived for the re- i#v26~E, o1 Eu—E,
duced_BCS Hamilt_onia_n, it car_w be easily generiilized to. soIV(AFor the lowest energy solution, we approximae, by
the universal Hamiltonian for isolated grains. TR&term is
then not relevant, and the only relevant extra term in the SE°=Xd where N = A (11)
universal Hamiltonian compared to the reduced BCS Hamil- v "1+naY
tonian is the spin term. 0_ o
Givenl flipped spins, levelg—I+1---g+I=B are singly anda,=a,(A:=0) is given by

occupied, and do not participate in the pairing interactibon. U 1 k 1
Denoting U=Q\B, and neglecting the spin term, Richard- aS: > = - (12
son’s solution is given by a set &fcoupled nonlinear equa- = 2720 Gy KTV
tions, thexth equation of which is given By This approximation is exact to second order\ig and its

K U accuracy to higher orders i, was studied in Ref. 17,

_1 2 D 1 _ 0 (4) cannow be calculated to any orderNpby inserting expres-
\d e, E.-E, T 2¢-E, ' sion (12) in Eq. (8). To second order in. this gives
gl

Herek is half the number of the “paired” electrons, and in Epaill) =Ad(g - 1) + }AgdZ In{g +l+ V] (13)
our casek=g-I. The total energy of the system is given by =1 2 +v
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Inserting Eq.(13) into Eq. (7) and differentiating with M xo [ ()\C—)\S)d] )
f . e un— + ,
respect td we obtain an equation fdrthat minimizesg(l) H 1+x 2ugH
_ 2 9_ _ and the 1H correction does depend on the sign\@f Once
2d + A2+ 1)~ Aed +hod In{m] 2neH =0, (14) \s is either known or small, the sign of; is easily deter-
_ ) mined. Note, that in principal the information given ky
which results in and by M/H is equivalent. However, their high magnetic

2 _ field behavior is different, and therefore both the sign and
M = pel2pgH/d = Ao IN[Ery/ (2ugH)] + A )‘3]. (15  magnitude ofz; can be obtainedActually, both can be ob-
1+ tained from the behavior d¥1/H. However, the susceptibil-
ity measurement is preferable for the determination of the

assumd < g and replacé with its noninteracting value. The magnltude_ O because it is mcjependent of any other 'mer'
action. It is also a more precise measurement experimen-

| that minimizes&(1) as obtained from Eq14) is given by tally.) The magnetic field range for which our treatment is

the condition that the energy gain from the Zeeman term_ /7. "~ o
when flipping another electron and creating two additionalvalld is given above Eq(16), and depends on the specific

. - . . . metallic grain, as well as its size and its dimensionless con-
singly occupied states with spin up electrons is equal to the

- . : - ductance. For example, for Copper grains of size 50
energy cost of flipping this electron, resulting from the ki- _ A
netic energy, spin interaction, and pairing interaction. Th X 50 nn’ andg=25 the level spacing is roughly 0.06 K, the

kinetic part alone produces the noninteracting refutin “Thouless energy 1.5K, and therefore the magnetic field

Eq. (16) below for the susceptibilifiy The leading contribu- range would be between 0.1 and 2.5 T.

tion of the spin part to the total energy is proportional4o

like _the_ kinetic energy, _and this results in an effective renor- Ill. THE SUPERCONDUCTING REGIME

malization of the density of states. The second part of the

spin term, as well as the leading part of the pairing interac- So far we considered the perturbative regime, which for
tion, contribute to the total energy terms which are linear inattractive interaction corresponds to\.| <1/In[Eq,/d]

[, like the Zeeman term, and therefore result in a constanivhich is equivalent tal> A whereA is the bulk gap in the
shift of the magnetization, and do not affegf The field mean field BCS approximation. In the crossover regime,
dependent correction tgs comes from the higher orders of whered= A, the behavior ofys changes considerably in the
the pairing term, of which the second order gives the domidlow magnetic field regimeygH < d. However, the properties
nant contribution. This part gives a negative correction to thef y, at high magnetic fielgkgH > A?/d are similar to those
energy which is monotonically decreasing with increading in the perturbative regim¥, and the interaction parameters
therefore contributing a positive, field dependent contribucan be similarly determined. The parameters of the universal

In Egs.(14) and(15), for the values inside the logarithm, we

tion to ys. Hamiltonian can also be determined in the “BCS regime,”
Differentiating with respect té1 we obtain the ensemble where |\.| >1/In[E;,/d] and the level spacingl<A and
averaged spin susceptibility fal/ ug<H<Eqp/ ug, can therefore be neglected. In this regimeis easy to de-
5 termine, e.g. by measuring the excitation gap. In order to
Xo= Xo <1+ Ad ) (16) determine\ in this regime we revisit the spin magnetization
14N\ 2ugH of the system. Foh=0 it is well knowrf>2% that the spin

L ) o , magnetization of a superconductor is zero below a value of
This is our central result. The interaction in the spin channeH:A/(\@ﬂB) where a sharp step to the value of the spin
results in anH mdepe_nde_nt shift of the_s_u_sceptlbmty b_y a magnetization of noninteracting electrons at the s&hec-
factor of 1A1+Ag. This gives the po§5|b|l|ty to determine curs. The area between the magnetization curves of the non-
As, by e.g. the Sommerfeld-Wilson ratio, that compare®®  jnteracting and superconducting systems gives the condensa-
the linear specific heat coefficient. The interaction in thetion energy,A2/(2d). We have already shown that finite
Coo.per_char_m.el rgsults in alﬂi/gorrechon tOxs: This cor- changes the slope of the spin magnetization of noninteracting
rection is a finite size effect, as it is proportional to the Ievelelectrons[see Eq(16) with \.=0]. Here we show that it also
spacing. Moreovetthis correction unequivocally signals the changes the value ¢f at whicch the step in the magnetization

presence of pairing correla_tions in_sm_all metall_ic graires of a superconducting system occurs, as to keep the area be-
it does not result from the interaction in the spin channel O veen the magnetization curves to eqnal (2d). Thus, one
the charging energy, and all other interactions haveg 1/

smallness. Interestingly, the H/correction does not depend _on determind in the superconducting regime by the mag-
on the si n of the intgr);ction and therefore exists forpattrac[]e'[iC field value of the magnetization step. This valuias
. 9 L where the normal and superconducting states have the same
tive as well as repulsive interaction in the Cooper channel : :
; . : i . energy, i.e., when the equation
Thus, measuringys in small metallic grains at magnetic
fields H>d/ ug determines the magnitude &f, but not its ) A2
sign. In order to obtain the sign of. one has to look at 1°d + Jd (1 + 1)+2_d‘2|MBH =0 (18)
M/H. Unlike the case in the susceptibility, where the first
order term in the interaction is not field dependent, and therehas one solution. This occurs whdrA/\2d(d+Jy), or
fore does not contribute, here, to leading ordekdn when
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A —— finite size grains, and cannot directly determine if a certain
H= 5 V1+As (19 material is superconducting at low temperatures in bulk
Veks form, a systematic measurement of the interaction param-
The shift in the magnetic field value of the spin magnetiza-eters as a function of grain size can suggest the bulk behavior
tion step is a direct measure ®f in this regime. as well.
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