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We consider aclassically chaotic system that is described by a Hamiltonian H (Q, P; x), where x isa
constant parameter. Specifically, we discuss a gas particle inside a cavity, where x controls a deformation
of the boundary or the position of a “piston.” The quantum eigenstates of the system are |n(x)). We
describe how the parametric kernel P(n | m) = |[(n(x) | m(xo))|> evolves as a function of §x = x — xq.
We explore both the perturbative and the nonperturbative regimes, and discuss the capabilities and the
limitations of semiclassical as well as random waves and random-matrix-theory considerations.

PACS numbers: 05.45.Mt, 03.65.Sq

Consider a system that is described by a Hamiltonian
H (0, P;x) where (Q, P) are canonical variables and x
is a constant parameter. Our main interest is in the case
where the parameter x represents the position of a small
rigid body (“piston”) which is located inside a cavity, and
the (Q, P) variables describe the motion of a“gas particle.”
It is assumed that the system is classically chaotic. The
eigenstates of the quantized Hamiltonian are |n(x)) and the
corresponding eigenenergies are E, (x). The eigenenergies
are assumed to be ordered, and the mean level spacing will
bedenoted by A. Weareinterested in the parametric kernel

P(nlm) = [n(x) [ mGo)l> = tr(papm). (1)

In the equation above, p,,(Q,P) and p,(Q,P) are the
Wigner functions that correspond to the eigenstates
[m(xp)) and [n(x)), respectively. The trace stands for
dQdP/(2mh)¢ integration. The difference, x — xo, will
be denoted by §x. We assume a dense spectrum. The ker-
nel P(n|m), regarded as a function of n — m, describes
an energy distribution. As §x becomes larger, the width
as well as the whole profile of this distribution “evolves.”
Our aim is to study this parametric evolution (PE).

The understanding of PE is essentia for the analysis
of experimental circumstances where the “ sudden approxi-
mation” applies[1]. It also constitutes a preliminary stage
in the studies of quantum dissipation [2]. The function
P(n|m) has received different names such as “strength
function” [3] and “local density of states’ [4]. Some
generic features of PE can be deduced by referring to
time-independent first-order perturbation theory (FOPT),
and to random-matrix-theory considerations [4,5]. Other
features can be deduced by using classical approxima-
tion [4,6], or its more controlled version that we call
phase-space semiclassical approximation [2]. Still another
strategy isto use time-domain semiclassical considerations
[1]. In the case of cavities, one can be tempted to use
“random-wave” considerations as well. Depending on the
chosen strategy, different results can be obtained. The
“cavity” system is a prototype example for demonstrating
the“clash” between the various approaches to the problem.

0031-9007,/ 00/ 84(13) /2841(4)$15.00

We are considering the cavity example where we have a
“gas’ particle whose kinetic energy isE = % mv?, where
m is its mass and v is its velocity. The gas particle is
moving inside a cavity whose volume is V and whose di-
mensionality is d. The ballistic mean free path is €y,,. The
area of the displaced wall element (piston, for brevity) is
A, while its effective area is A.¢r; see [2] for geometrical
definition. The mean free path €.,; = V /A between colli-
sions with the piston may be much smaller compared with
£11. The penetration distance upon acollisionis¢ = E/f,
where f istheforcethat is exerted by thewall. Upon quan-
tization, we have an additional length scale, which is the
de Broglie wavelength Ag = 277/ /(mv). We shal dis-
tinguish between the hard walls case, where we assume
{ < A\g < £y, and soft walls, for which A5 << €. Note
that taking # — 0 implies soft walls.

For the convenience of the reader we start by listing the
various expressions that can be derived for P(n | m), along
with an overview of our PE picture. We then proceed
with a detailed presentation. We are going to argue that
four parametric scales dxd < Sxny <K Sxpn <K Sxsc
are important in the study of PE.

Standard FOPT assumes that P(n | m) has a simple per-
turbative structure that contains mainly one state:

P(n|m) = 8,, + tal(n — m). 2
We define 8x¢" to be the parametric change that is re-
quired in order to mix neighboring levels. For 5x > 8xc
an improved version of FOPT implies that P(n | m) has a
core-tail structure [2]:

P(n|m) = core(n — m) + tail(n — m). 3)
The core consists of those levels which are mixed non-
perturbatively, and the tail evolves as if standard FOPT
is still applicable. In particular, we argue that the tail
grows like 8x2, and not like 5x. We also explain how
the core width depends on §x. It should be noted that
Wigner’s Lorentzian [4,5] can beregarded as a special case
of core-tail structure.
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Another strategy is to use semiclassical considerations.
The simplest idea is to look at the definition (1) and to
argue that p,(Q,P) and p,,(Q, P) can be approximated
by microcanonical distributions. This is equivalent to the
classical approximation that has been tested in [6]. If we
try to apply this approximation to the cavity example we
should be aware of acertain complication that isillustrated
in Fig. 1. One obtains
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@

A detailed explanation of this expression is given in a
later paragraph. A more careful semiclassical procedure
is to take the width of the Wigner function into account.
Namely, we can approximate p,,(Q, P) and p,,(Q, P) by
smeared microcanonical distributions. It can be used in
order to get an idea concerning the quantum mechanical
“interpretation” of the Dirac’'s delta function component
in (4). Theresult is

P(n|m) = <1 -

1 O0Esc
T ‘SEgC + (En - Em)2

with 8 Esc = hi/11, Where 7, = €y,1/v. However, we
argue that the latter procedure, which is equivalent to the
assumption of having uncorrelated random waves, is an
oversimplification. It is better to use the time-domain
semiclassical approach which is based on the realization
that P(n | m) isrelated to the so-called survival amplitude

5(n — m) —

()

+—=+ displacement

FIG. 1. Phase-space illustration of the energy surface (repre-
sented by bold solid line) that supports the Wigner function of
a given eigenstate |m(xo)), and the energy surfaces (light solid
lines) that support the Wigner functions of some of the eigen-
states |n(x)). Theleft illustration refersto a hypothetical generic
case, whiletheright illustration refersto the cavity example. The
associated P(n | m) is plotted below each of the phase-space il-
lustrations:  The classical behavior is indicated by the black
lines, and the quantum mechanical behavior is represented by
the grey filling. It should be realized that detailed quantal-
classical correspondence is assumed, which is guaranteed only
if 6x > Sxgc. In the qguantum mechanical case, classical sharp
cutoffs are being smeared (“tunneling” correction). In the cavity
example the classical delta singularity is being smeared as well.
In the latter case a naive phase-space picture cannot be used in
order to determine the width of the smearing.
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via a Fourier transform [1], leading to the identification
SEsc = I/ 7co1, Where 7eo1 = €eo1/v.

The important point to realize is that (4) with (5) is
fundamentally different from either (2) or (3). The main
purpose of this Letter is to give a clear idea of the route
from the regime where perturbation theory applies to the
nonperturbative regime and where semiclassical consider-
ation becomes useful. We will explain that the width of
the corein (2) defines a “window” through which we can
view the “landscape’ of the semiclassical analysis. As dx
becomes larger, this window becomes wider, and eventu-
ally some of the semiclassical structure is exposed. This
is marked by the nonuniversal parametric scale xny. For
dx much larger than §xny, the nonuniversal structure (5)
of the coreisexposed. Still, the perturbative tail of (3) may
survive for relatively large values of 6x. One wonders
whether this tail survives for arbitrarily large 6x. While
the answer for the latter question may be positive for hard
walls, it is definitely negative for soft walls, as well as
for any other generic system. Assuming soft walls, one
should realize that the perturbative tail of (3) occupies a
finite bandwidth. It is well known [7] that having finite
bandwidth is a generic feature of al quantized systems,
provided 7 is reasonably small. Therefore one should
introduce an additional parametric scale dxp. For 6x >
dxpr the core spills over the bandwidth of the perturba-
tive tail, and P(n|m) becomes purely nonperturbative.
The nonperturbative P(n | m) does not necessarily corre-
spond to the classical approximation (4). We introduce one
more additional scale, dxsc. For 6x > Sxgc, detailed
quantal-classical correspondence is guaranteed, and (4)
with (5) becomes applicable.

Expression (2) is a straightforward result of standard
time-independent FOPT, where

o= |(55), | &2 ©

An estimate for the matrix elements (0 H /dx),,,, follows
from simple considerations [2]. Upon substitution into (6)
it leads to

Plnlm) ~ <5i§m )ﬁ (n — 1m)2+7

forb(x) <|n —ml<b (7)
with 8 = 2 and b(x) = 0. We have defined

s — [T+ 3/) 1
e 402 A

We shall refer to the dependence of [(0JH /dx),.|> on
n — m as the band profile. It is well known [7] that the
band profile is related (via a Fourier transform) to a clas-
sical correlation function. If successive collisions with the
piston are uncorrelated, then we have y = 0. But in other
typical circumstances [8] we may have 0 < y. The matrix
(0H /9x),m IS NOt @ banded matrix unless we assume soft
(rather than hard) walls. In the latter case, the bandwidth

AL (8)
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A, = (h/7q) is related to the callision time 7, = €/v
with the walls. Having hard walls (¢ < Ag) implies that
A, becomes (formally) larger than E. The notion of band-
width is meaningful only for soft walls (¢ > Ag). In di-
mensionless units the bandwidth isb = A, /A.

The standard result (2) with (6) of FOPT is vaid as
long as 8x < Sx¢ . Once dx becomes of the order of
Sxc, we expect few levels to be mixed nonperturbatively.
Consequently (for 8x > 8xc), the standard version of
FOPT breaks down. As éx becomes larger, more and
more levels are being mixed nonperturbatively, and it is
natural to distinguish between core and tail regions. The
corewidth b(x) is conveniently defined as the participation
ratio (PRR), namely b(x) = {3 ,[P(n|m)]?}"". The tail
consists of all of the levels which become “occupied” due
to first-order transitions from the core. It extends within
the range b(x) < |n — m| < b. Most of the spreading
probability is contained within the core region, which im-
pliesanatural extension of FOPT: Thefirst stepisto make
atransformation to anew basiswheretransitionswithin the
core are eliminated. The second step is to use FOPT (in
the new basis) in order to analyze the core-to-tail transi-
tions. Details of this procedure are discussed in [2], and
the consequences have been tested numerically [8]. The
most important (and nontrivial) conseguence of this proce-
dureisthe observation that mixing on small scales does not
affect the transitions on large scales. Therefore we have, in
the tail region, P(n | m) « 8x? rather than P(n | m) « &x.
The above considerations can be summarized by stating
that (7) holds with 8 = 2 well beyond the breakdown of
the standard FOPT.

We turn now to the discussion of the nonperturbative
structure of the core. The identification of b(x) with the
inverse participation ratio is a practical procedure as long
as we assume a simple energy spreading profile where the
core is characterized by a single width scale. Aslong as
this assumption (of having structureless core) is true we
can go one step further and argue that

Sx \2/1+Y)

Sxd" )

The argument goesasfollows. Assuming that thereisonly
one relevant energy scale [b(x)], it is implied by (7) that
P(n|m) has the normalization (8x/8xc )?/[b(x)]'*.
This should be of order unity. Hence, Eq. (9) follows.
The tail should go down fast enough (y > —1) or our
“improved” perturbation theory does not hold. Namely,
for y < —1 the core width becomes cutoff dependent
(via its definition as a PRR), and consequently it is not
legitimate to neglect the “backreaction” for core-to-tail
transitions. Thetail should go down slow enough (y < 1)
in order to guarantee that the core width is tail determined.
Otherwise, if v > 1, then the core width is expected to
be determined by transitions between near-neighbor levels
leading to a simple linear behavior b(x) = (6x/8xc ).

Nonperturbative features of P(n | m) are associated with
the structure of the core. In order to further analyze the

b<x>|pRR=zw2( L hl<1. ©

nonperturbative features of P(n | m), we will apply semi-
classical considerations. An eigenstate |n(x)) can be rep-
resented by a Wigner function p,(Q, P). In the classical
limit, p,(Q,P) is supported by the energy surface
H(Q,P;x) = E,. However, unlike microcanonical
distribution, it is further characterized by a nontrivia
transverse structure. One should distinguish between
the “bulk” flat portions of the energy surface (where O
describes free motion), and the relatively narrow curved
portions (where Q is within the wall field of force). In
the curved portion of the energy surface (near the turning
points), Wigner function has a transverse Airy structure
whose “thickness’ is characterized by the energy scale
Asc = [(h/7q)*E]"/3. This latter expression is valid for
soft walls (Ag < €). In the hard wall case (¢ < Ap) it
goes to Asc ~ E. Unlike the curved portions, the bulk
flat portions of the energy surface are characterized by
Asc = (h/1p1). Now we consider two sets of eigenstates,
[n(x)) and |m(xp)), which are represented by two sets of
Wigner functions, p,(Q, P) and p,,(Q, P). The probabil-
ity kernel (1) can be written as P(n|m) = tr(p,p.,). If
p.(Q,P)and p,,(Q, P) are approximated by microcanoni-
ca distributions, then P(n|m) is just the projection of
the energy surface that corresponds to m, on the “new”
energy surface that corresponds to n. This leads to the
classical approximation, Eq. (4). In the classical limit, n
and m become continuous variables, and Dirac’s delta just
reflects the observation that most of the energy surface
(the bulk component) is not affected by changing the
position of the classically small piston. The second term
in (4) has the normalization (7 /7¢01), and corresponds to
the tiny component which is affected by the displacement
of the piston. For 6x < € it extends over an energy range
S8E. = féx,where f isthe force which is exerted on the
particle by the wall. When §x becomes larger than ¢ the
energy spread becomes of order E.

In the quantum mechanical case, we should wonder
whether (4) can be used as an approximation, and what
is the proper interpretation of Dirac’s delta function. It is
relatively easy to specify a sufficient condition for the
validity of the classical approximation. Namely, the
transverse structure of Wigner function can be ignored if
Asc < |E, — E,,| < 8E,. For hard walls Agc ~ E,
and therefore the classical approximation becomes
inapplicable. For soft walls, the necessary condition
Agc < 6E is satisfied provided 6x is large enough.
Namely, dx > bxsc, With xgc = (6/\%3)1/3.

We want to go beyond the classical approximation,
and to understand how the classical Dirac delta function
in (4) manifests itself in the quantum mechanical case.
Thus we are interested in the singular overlap of the bulk
components (see Fig. 1), and the relevant Agc for the cur-
rent discussion is /i/7y;. The most naive guess is that the
contribution due to the overlap of bulk components
becomes nonzero once |E, — E,,| < Asc. Equivalently,
one may invoke a random-wave assumption: One may
have the idea that |n(x)) and |m(x)) can be treated as
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uncorrelated random superpositions of plane waves.
Adopting the random-wave assumption, it is techni-
cally lengthy but still straightforward to derive (4) with
8Esc = li/Ty.

The naive phase-space argument that supports the
random-wave result (5) is definitely wrong. One should
redize that |E, — E,,| < Asc is a necessary rather than
a sufficient condition for having a nonvanishing bulk
contribution. This latter observation becomes evident if
one considersthe trivia case 6x = 0 for which we should
get P(n|m) =0 for any n # m. Thus h/ry should
be regarded as an upper limit for § Esc. We are going
to argue that the correct result (for large enough éx) is
indeed (5), but 7, should be replaced by the possibly
much larger length scale 7).

In order to go beyond the random-wave assumption
we use the time-domain semiclassical approach which is
based on the realization that P(n|m) is related to the
so-called survival amplitude via a Fourier transform [1]:

ZP(nlm)Zw'(S(w - %)
el o

Note that |m) is an eigenstate of HH (Q, P; xo) while H =
H (Q, P;x). The knowledge of the short time dynamics,
viaclassical considerations, can be used to obtain the “en-
velope® of P(n | m). Adopting Wigner's picture, the evolv-
ing |m) in the right-hand side of Eq. (10) is represented by
an evolving (quasi) distribution p,,(Q, P;t). Let us as-
sume that the piston is small, such that the collision rate
with it (1/7¢1) is much smaller than 1/7y,,. Because of
the chaotic nature of the motion, successive collisions with
the piston are uncorrelated. It follows that the portion of
pm(Q, P; r) whichisnot affected by collisionswith the pis-
ton decays exponentially as exp(—1/7¢01). It is reasonable
to assume that any scattered portion of p,,(Q, P;t) loses
phase correlation with the unscattered portion. There-
fore the right-hand side of (10) is the Fourier transform
of an exponential. Consequently, P(n|m) should have
the Lorentzian shape (5), but the correct energy width is
0Esc = ﬁ/Tcol rather than ﬁ/Tbl.

For an extremely small parametric change such that
Sx < Sxé", wehavethe simple perturbative structure (2).
Then, for larger values of §x, the energy distribution de-
velops a core. As long as this core is structureless it is
characterized by the single width scale b(x) of (9). Now
we would like to define a new parametric scale xny. By
definition, for 6x > Sxny nonuniversal features manifest
themselves, and the coreis characterized by more than one
width scale. For our cavity example, this happens once the
semiclassical Lorentzian structure (5) is exposed, and b (x)
of (9) becomes larger than § Esc /A, leading to

1 A 1/2
Sxny = — <(d +1) > Ag. (11
41

Actr

2844

Let us reemphasize that the semiclassical argument that
is based on (10) applies to the nonuniversal parametric
regime 6x > Sxnu, Where the semiclassical Lorentzian
structure (5) is exposed. It is adso important to realize
that in the nonuniversal regime we do not have a theory
for the b(x) of (7). The derivation of (9) is based on the
assumption of having a structureless core, and therefore
pertains only to the universal regime.

It is well known [7] that for any quantized system
(0H /9x)nm is characterized, for sufficiently small 7, by
a finite bandwidth A,. Consequently, it is possible to
define a nonperturbative regime éx > dxp, Where the
condition b(x) < b is violated. In the nonperturbative
regime, expression (7) becomes inapplicable because
the core spills over the (perturbative) tail region. Thus
P(n|m) becomes purely nonperturbative. Hard walls are
nongeneric as far as the above semiclassical considera-
tions are concerned. In the proper classical limit al of
the classical quantities should be held fixed (and finite),
while making 7z smaller and smaller. Therefore the proper
classical limit implies soft walls (A < €), leading to
finite bandwidth A, = i/7,. From (9), it follows that
the condition b(x) < b is definitely not violated for
dx = dxnu. Hence we conclude that 6x, > dxnu, but
we cannot give an explicit expression since (9) becomes
invalid in the nonuniversal regime.

In the parametric regime dxny <K 0x <K 8xpr, We
have, on theone hand, 6 E;; > A, and, on the other hand,
b(x) < b by definition. Therefore we cannot obtain in
this regime a contribution that corresponds to the second
term in (4). A necessary condition for the manifestation
of this second term is 6x > dx,. However, it should be
remembered that 6x >> Jx,y IS not a sufficient condition
for detailed correspondence with the classical approxi-
mation. For our cavity example, detailed correspondence
means that the whole classical structure of (4) is exposed.
As discussed previoudly, the sufficient condition for
such detailed correspondence is §x > Sxsc. This latter
condition is always satisfied in the limit 7 — 0.
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